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Preface 



On the 16th of October 1843, Sir William R. Hamilton made the discovery of the 
quaternion algebra H = qo~\- qii + q 2 j + qsk whereby the product is determined 
by the defining relations 

= ij = -ji = k. 

In fact he was inspired by the beautiful geometric model of the complex numbers 
in which rotations are represented by simple multiplications z ^ az. His goal was 
to obtain an algebra structure for three dimensional visual space with in particular 
the possibility of representing all spatial rotations by algebra multiplications and 
since 1835 he started looking for generalized complex numbers (hypercomplex 
numbers) of the form a bi cj. It hence took him a long time to accept that 
a fourth dimension was necessary and that commutativity couldn’t be kept and 
he wondered about a possible real life meaning of this fourth dimension which he 
identified with the scalar part as opposed to the vector part q\i + q 2 j + qsk 
which represents a point in space. In any case the product of two pure vectors 
q = qii q 2 j + qsk^ q' = q[i + + ^ 3 ^ gives a quaternion of which the scalar 

part is minus the inner product —{q^q') and the vector part is the cross product 
q X q', which are the two products that are considered in the so called vector 
algebra of triples (xi,X 2 ,X 3 ) developed by Josiah W. Gibbs since 1881-84 as part 
of vector calculus. Hamilton also already introduced in 1846 the Nabla operator 
V = idx jdy + kdz from which he also obtained the three most important 
operators in vector calculus: the gradient of a scalar function, the divergence of a 
vector valued function and the curl of a vector valued function, operations which 
play a crucial role in the formulation of electromagnetism. 

One could hence argue that quaternion algebra already contained all the ele- 
ments of vector calculus, yet vector calculus can and was developed independently 
from quaternions and became part of the standard mathematical education, to- 
gether with the matrix algebra which was introduced by Arthur Cayley in 1858. 
Since then, for a long time quaternion algebra was considered as a rather eso- 
teric and somewhat suspect topic. This would probably not have been the case, 
should computers have been developed at that time. Inspired by the complex mul- 
tiplication and before the development of matrices, Hamilton was looking for a 
representation of rotations as products of the form q ^ aq^ q being a vector and a 
being a unit quaternion, but noticed that this product can be a rotation if and only 
if q is orthogonal to the vector part of a. Later in 1845 however, Cayley discovered 
that all rotations in may be represented by quaternion products of the form 
q aqa~^. These are called spin-rotations as opposed to the standard represen- 
tation of rotations in terms of matrix products x Ax, which is part of classical 
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vector calculus. For a long time the importance of spinor rotations was not under- 
stood. Only if it comes down to problems in which a huge number of rotations has 
to be computed in real time, the quaternion representation of rotations turns out 
to be much better than the matrix representation. Examples are problems having 
to do with aircraft orientation, spacecraft stabilization, robotics, computer vision, 
virtual reality and so on. It is well known that the use of quaternions for aircraft 
motion applications was a well hidden secret during the cold war. But to incorpo- 
rate both translations and rotations into a single multiplication, quaternions are 
not enough; one needs the geometric algebra of William K. Clifford, also called 
Clifford algebra for short. 

Inspired by the quaternions of Hamilton, Clifford searched for a higher di- 
mensional algebra in which the higher dimensional generalizations of the inner 
product and the cross product can be obtained from the algebra product. 

A higher dimensional generalization of the cross product was already intro- 
duced by Hermann G. Grassmann in 1844, namely the exterior algebra (at that 
time called extensive algebra) in which the basis elements of space satisfy the 
product rules CjCk = ~^k^j for all j, fc = 1, . . . , m. 

This algebra enables the definition of higher dimensional volume elements 
and was later incorporated in the algebra of differential forms introduced by Elie 
J. Cartan. But the inner product is missing and it is the geometric algebra of 
Clifford which contains both the inner and wedge products. The defining 
relations for are given by 

“I” ^ f 5 • • • 5 

and the inner and wedge products of vectors x = Ylj V ~ J2j ^jVj given 

by 

xy + yx = -2(x,y), xy - yx = 2 x Ay. 

For m = 1, one re-obtains the complex numbers, while for m = 2 the quaternions 
by making the identification i ei, j C2, k — > 6162- But this identification is 
asymmetrical in the sense that i, j are vectors while A: is a bivector. Also the inner 
product is obtained with a minus sign. Therefore, Clifford suggested the use of the 
following alternative definition for the Clifford algebra: 

ejek = -ekej, j^k and = +1. 

This choice of signature was adopted later on by David O. Hestenes as the basis 
for what he called geometric calculus. In the three dimensional case one has as 
basis elements 
scalar 1 

vectors ei, 62, 63 
bivectors 6263, 6362, 6162 
trivector (pseudoscalar) 6162^3 

and already Clifford identified the quaternions with the bivectors 
i = j = esei, k = 6162. 
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In this way the quaternion unit sphere that is used to represent rotations coincides 
with the spin group Spin(3). In general one may introduce the spin group Spin(m) 
as a compact subgroup of elements of the form s = wi' - ’W 2 h I ^ wj being 
unit vectors, and rotations in may be represented as Clifford multiplications 
X sxs~^. But nowadays for the sake of geometry as well as analysis and in any 
case for mathematical physics, one needs to consider the Clifford algebra of 
mixed signature with defining relations 

~ ') 3 ^ 1 ? j f ? • • • 5 P? ^ ? j P 1 5 • • • j P H” 

Special examples are: the Hestenes’ space-time algebra = H{2) which is 
isomorphic to the algebra of Dirac matrices (that is itself an extension of the 
algebra of Pauli matrices representing the quaternions) and the alternative version 
of the space time algebra that is isomorphic to the algebra i?(4) of Majorana 
matrices. 

For the general development of Clifford algebra and spinor theory we also 
mention the work by E. Cartan, R. Lifschitz, R. Brauer, H. Weyl, C. Chevalley, 
M. Riesz, I. Porteous and the late P. Lounesto, who incorporated the Cayley- 
octonions into CliflFord algebra. Of course the list is incomplete. 

The consideration of a mixed signature is also essential for the algebraic 
representation of rotations, translations and other conformal transformations by 
CliflFord multiplications. We hereby mention work by L. Ahlfors, H. Maass and 
more recent work by D. Hestenes, P. Lounesto, J. Cnops, J. Maks and many 
others. Recently the Spin(3,l) model for the three dimensional conformal group is 
used extensively by geometry-oriented people who are interested in applications in 
robotics, artificial vision cristallographics etc. Also there are the research groups 
inspired by Hestenes’ work. See the results of G. Sobczyk, S. Gull, A. Lasenby, 
J. Lasenby, C. Doran, G. Sommer, L. Dorst, H. Li and also to the proceedings of 
conferences edited by these people. 

“Clifford analysis” was the title of a paper by John Ryan and of a mono- 
graph by Fred Brackx, Richard Delanghe and Frank Sommen presenting the basic 
function theory for the generalized Cauchy-Riemann operators with values in a 
Clifford algebra with applications to distributional boundary value theory and 
Fourier analysis. Since then and up to now the name Clifford analysis refers to an 
autonomous mathematical discipline centered on the study of the Clifford algebra 
valued Dirac operator dx = ^jdxj^ applications of this operator to problems in 
physics and engineering and more generally involving the study of any system of 
special partial differential operators that arises naturally from the use of Clifford 
algebra as a calculus tool. Also the theory of the Dirac operator on manifolds, 
in which Clifford bundles are employed, is considered by some authors as part of 
Clifford analysis. 

Before the eighties, the function theory of the Dirac operator was considered 
as part of hypercomplex analysis which was the term used for any generalization 
of the Cauchy-Riemann system {dx -h idy)f{x + iy) = 0. It included quaternion 
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analysis in the sense of K. Rudolph Fueter, the Moisil-Theodorescu matrix-system 
in three dimensions which is equivalent to the quaternion system {idx + + 

kdz)f = 0 and also CliflFord algebra valued analysis which was already developed 
by V. Iftimie and Fueter and his students, in particular by W. Nef. Apart from 
that the name hypercomplex analysis is also used for various other generalizations 
of the analysis of one complex variable such as the theory of Vekua systems and the 
more general Doughs systems which were investigated by R.P. Gilbert, H. Begehr, 
G. Hile and others. In this connection we also mention the work by K. Habetha 
on function theory for general first order elliptic systems. 

Hence one could say that Clifford analysis found its origin in quaternion 
analysis as developed by Fueter, student of Hilbert from 1928. He was mostly mo- 
tivated by problems in number theory which he tried to generalize from the com- 
plex to the quaternion case. Another important generalization of complex analysis 
was the theory of holomorphic functions of several complex variables, initiated 
by H. Behnke. For a while there was a kind of competition between quaternion 
analysis and several complex variables as to which should be the best generaliza- 
tion of complex analysis. Several complex variables quickly evolved into a major 
mathematical discipline while the theory of regular or “monogenic” functions of a 
quaternion variable, solving {dqo + idqi + jdq 2 + kdq 3 )f{q) = 0 remained some- 
what marginal perhaps due to the fact that the product of monogenic functions is 
no longer monogenic. Also the theory of monogenic functions in Clifford analysis 
suffers from the same defect, which is a serious barrier in the generalization of 
complex analysis to higher dimensional Clifford analysis compared with several 
complex variables. On the other hand, the holomorphic functions of several com- 
plex variables may be seen as special monogenic functions. One may go further 
and consider monogenic functions in several complex variables. 

Hence the old competition between complex analysis and quaternion and 
Clifford analysis faded away. 

In fact the real breakthrough of Clifford analysis came during the last three 
decades of the 20th Century, starting with the development of the basic theory 
of monogenic functions by R. Delanghe and F. Brackx, followed by important 
contributions from the “Ghent school” (Delanghe, Brackx, Sommen, Cnops, Van 
Hamme, Pincket, Constales, Van Acker, Van Lancker) including two books and 
various papers. Also the complexified version of Clifford analysis as developed 
by V. Soucek, J. Bures and J. Ryan in combination with the conformal geometry 
lead to important progress. Also important work on boundary value problems with 
applications in engineering and physics is one of the cornerstones of the success 
of Clifford analysis. Hereby we mention several interesting books and papers by 
the German school with W. Sprofiig, K. Gurlebeck, S. Bernstein, H. Malonek, U. 
Kahler and P. Cerejeiras. 

CliflFord analysis was introduced to the study of the boundedness of singu- 
lar integrals on Lipschitz surfaces by Margaret Murray in her thesis (1983) written 
under the supervision of Raphy Coifman. She showed how Clifford analysis could 
be used to prove the boundedness of the double layer potential operator on 
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surfaces with small Lipschitz constants by using multilinear expansions, a method 
extended to all Lipschitz constants by Alan McIntosh. 

Together with Chun Li, Tao Qian and Stephen Semmes, McIntosh went on 
to give more direct proofs and related results, including Fourier transformation 
and multiplier theory of monogenic kernels and bounded holomorphic functional 
calculi of Dirac operators forming operator algebras of singular integrals on Lips- 
chitz graphs. This study was highlighted at the Clifford analysis conference held 
in Arkansas in 1993. The analogous theory on spheres and their Lipschitz pertur- 
bations was developed by Qian using Fueter’s theorem and its generalizations on 
inducing monogenic functions. 

The use of Clifford analysis helped in the proof of Rellich inequalities, which 
are used to show that operators such as the double layer potential operator are in- 
vertible on a Lipschitz surface. This leads to an increased understanding of bound- 
ary value problems for the Laplacian as well as for Maxwell’s equations. 

There is extensive research involving the interplay between Clifford and har- 
monic analysis by many people including J. Gilbert, G. David, J.-L. Journe, G. 
Gaudry, R. Long, P. Auscher, P. Tchamitchian, Z. Wu, T. Tao, Yu Y. Qiao, S. 
Huang and A. Axelsson. Marius Mitrea made many contributions to this theory 
and gave a good presentation of the field in a book. 

There were also books and papers on boundary values and operator theory 
in Clifford analysis written by M. Shapiro, N. Vasilevski, V. Kisil, V. Kravchenko 
with important applications to electromagnetism and strong interaction. 

There is in addition a long list of people involved in the theory of Dirac 
operators on manifolds initiated by Sir M.F. Atiyah, Sir R. Penrose, D. Hestenes 
and T. Friedrich. 

Recently there are also important contributions from Clifford analysis into 
the theory of wavelets, in particular by M. Mitrea, L.Z. Peng, H.P. Liu, the current 
Ghent school (including N. De Schepper), and, in relation to Paley-Wiener and 
Shannon interpolation theorems, by T. Qian and K.I. Kou. 

Also the theory of Dirac operators on the hyperbolic unit ball is an impor- 
tant topic of current investigation, mentioning hereby H. Leutwiler, T. Hempfling, 
S.-L. Eriksson-Bique J. Cnops, P. Van Lancker, F. Sommen and D. Eelbode, P. 
Cerejeiras and U. Kahler and J. Ryan and S. Liu and others. In connection with 
Rarita-Schwinger systems there is important progress by the group Bures-Soucek- 
Sommen-Van Lancker-Bernardes, while in connection with hyperfunctions and al- 
gebraic analysis we mention the Italian school D. Struppa, I. Sabadini, F. Colombo 
including F. Sommen. 

Some aspects of octonion analysis have been studied by P. Dentoni, M. See, 
C.A. Manogue, T. Dray, L.Z. Peng and X.M. Li. 

Last but not least there are important application of Clifford analysis in 
number theory with Eisenstein series and higher dimensional modular forms by S. 
Kraufihar. 
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Needless to say this list of developments is highly incomplete, but we think it 
does give evidence of the fact that nowadays Clifford analysis has become a major 
discipline of mathematics with a vast field of applications. 

This volume is devoted to analytic and geometric aspects of Clifford anal- 
ysis and its applications. There are two sources of the collected papers. One is 
the satellite conference to the International Congress for Mathematicians, August 
2002, Beijing, held August 15-18 at the University of Macau; the other articles are 
invited contributions not presented at the satellite conference. All the selected pa- 
pers were strictly refereed, and all contain unpublished new results. Some of them 
include comprehensive surveys in the particular research areas of the authors. 

The three parts of the book reflect the diverse aspects and applications of 
Clifford analysis all of which use Clifford algebras as a main ingredient. 

Part A on Differential Equations and Operator Theory starts with a survey 
by A. Axelsson and A. McIntosh on the I/ 2 -theory of boundary value problems 
for the exterior and interior derivative operators on a bounded, weakly Lipschitz 
domain in Particularly, the Hodge decompositions of the derivative operators 
play an important role for the development of a theory of nilpotent operators in 
these L 2 "Spaces. 

S. Bernstein shows that monogenic functions of bounded mean oscillation in 
the unit ball of can be properly defined. A duality theorem is proved which 
connects to the Hardy space of right monogenic functions. In a further joint article 
with K. Giirlebeck, L.F. Resendis and L.M. Tovar S., monogenic H^’^-functions are 
characterized in terms of harmonic majorants. This is mainly done in the unit disc 
of using quaternions. The same setting is used for the study of series expansions 
of monogenic B^-functions in the contribution by K. Giirlebeck and A. El Sayed 
Ahmed. 

The survey by F. Brackx, R. Delanghe and F. Sommen summarizes what is 
known on distributions in the Clifford analysis setting and introduces in a unifying 
way new kinds of distributions generalizing the known ones and crucially making 
use of spherical monogenics. Further, particularly the action of Dirac operators on 
these distributions is studied. 

Hypermonogenic functions, introduced by H. Leutwiler in the beginning of 
the 1990s, have a lot of nice properties — particularly, powers of vectors are hy- 
permonogenic functions — but so far missed a Cauchy-type theorem. Two papers 
by S.-L. Eriksson-Bique, the first of these jointly written with H. Leutwiler and 
included in this volume, lead to integral formulas for hypermonogenic functions. 

S. Liu and T. Qian examine a new approach to the pointwise convergence 
of Fourier series on the unit sphere in R^. The usage of Clifford analysis leads to 
analogs of Riemann-Lebesgue and Dini type theorems. 

Conformally fiat manifolds are examples of objects where explicit calcula- 
tions can be performed, such as for Cauchy kernels, integral formulas and Dirac 
operators in the Clifford analysis setting. J. Ryan considers in his contribution 
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conformally flat manifolds that are conformally equivalent to open subsets of the 
n-dimensional sphere in 

Several extensions of Clifford analysis are proposed in the survey of I. Saba- 
dini and F. Sommen. The authors collect known facts under the important view of 
monogenic forms and then introduce to the theory of several vector variables and 
to Clifford algebra valued systems of differential equations defined on bivectors 
and ^-vectors. 

In Part B on Global Analysis and Differential Geometry Y. Homma is con- 
cerned with the construction of Bochner-Weitzenbock formulas for hyper-Kahler- 
ian gradients, using Lie theory and the Clifford algebra representation of symplectic 
groups as main tools. 

The sheaf of harmonic spinors on complex two-dimensional space lies in 
the heart of T. Kori’s article. A Runge type approximation theorem, cohomol- 
ogy groups and a Riemann-Roch type theorem are proved for conformally flat 
manifolds. 

M. Martin surveys the diverse connections between Clifford analysis, spin 
geometry and seminormal systems of Hilbert space operators. Particularly, a new 
approach to joint seminormality is given, leading to a Putnam type inequality for 
Riesz transform models. 

The contribution by Zhong Chunping and Zhong Tongde defines a mean value 
Laplacian for strongly Kahler-Finsler manifolds which generalizes the Kahlerian 
Laplacian. Coordinate representations and several properties are proved, and the 
definition is extended to Hodge-Laplace operators on differential forms. 

Applications to artificial intelligence, number theory, numerical analysis, and 
physics are given in Part C of the book. 

Non-commutative determinants of Moore and Dieudonne are applied in S. 
Alesker’s work to characterize plurisubharmonic functions and Monge-Ampere 
equations in quaternionic variables. 

K. Giirlebeck and W. SproCig study Galpern-Sobolev equations and their 
discretization, leading to an implicit approximation scheme and to representation 
formulas for the solutions. 

Surprising links to number theory are provided in R.S. KrauChar’s survey. 
Clifford algebra valued automorphic forms are intensively discussed and a wide 
range of applications is given. Eisenstein and Poincare type series play a funda- 
mental role in this new theory of modular forms. 

Clifford algebras also serve as framework for automated geometric theorem 
proving in the contribution of H. Li. One reason is that these algebras are perfectly 
suitable for invariant computations in metric geometry. Li introduces to Clifford 
bracket algebras and Clifford expansions and gives several examples. 

An introduction to the theory of (quaternion-valued) wavelets is offered by 
L. Peng and J. Zhao. Multiresolution analysis, scaling functions and filters are 
discussed for smooth orthogonal wavelets with short support and symmetry. 
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Hodge Decompositions on Weakly Lipschitz 
Domains 

Andreas Axelsson, Alan McIntosh 



Abstract. We survey the L 2 theory of boundary value problems for exterior 
and interior derivative operators = d + kieoA and Sk 2 = S k 2 eoj on a 
bounded, weakly Lipschitz domain C for ki, /c 2 G C. The boundary 
conditions are that the field be either normal or tangential at the boundary. 
The well-posedness of these problems is related to a Hodge decomposition of 
the space L2{0>) corresponding to the operators d and S. In developing this 
relationship, we derive a theory of nilpotent operators in Hilbert space. 

Mathematics Subject Classification (2000). 35J55, 35Q60, 47B99. 

Keywords. Maxwell’s equations, boundary value problem, Hodge decomposi- 
tion, Lipschitz domain, first order system, nilpotent operator, exterior deriv- 
ative. 



1. Introduction 

The aim of this paper is to survey and further develop the Hilbert space theory 
of boundary value problems (BVP’s) for the exterior (d) and interior derivative 
(d) operators in a bounded domain ft C with a boundary E = of minimal 
regularity. The BVP we have in mind is the following. Given a (j — l)-vector field 
G G L 2 (fi; which is fc 2 -divergence free, i.e. 5^2^? = 0, find a j-vector field 

F G 1/2 (fi; A-^) such that 

dk^F = 0 in n, 

< Sk^F = G in fi, (1) 

u A f = 0 on E. 

Here f := F\^ and u denotes the outward pointing unit vector field on E. Thus 
the boundary condition u a f = 0 means that F is normal on the boundary. 

The authors were supported by the Australian Government through the Australian Research 
Council. The research was conducted at the Centre for Mathematics and its Applications at the 
Australian National University, Canberra. 
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The differential operators are the zero order perturbations dk^ = d fcieoA and 
5k2 = S + k26oJ oi the operators d and 5 defined in Section 2, where G C are 
the wave numbers and eg G A Ms the time-like vector. An important property of 
these operators is that they are nilpotent, i.e. d^^ = 5l^ = 0. 

Example 1.1. When j = I and k\ = k 2 = fc, the BVP (1) is essentially the Dirichlet 
BVP for the Helmholtz equation (A + k‘^)U = G, where U : f] = C. To see 
this, let F = dkU = VU + ke^U so that 

8kF = SkdkU = (A + k^)U = G. 

Since u = /7|s = 0 implies that / is normal, i.e. a / = 0 on S, we see that the 
two BVP’s are equivalent. Note that since G in this case is a scalar function, the 
condition Sk^G = 0 is automatically satisfied. 

Similarly, the Neumann problem corresponds to (1) with tangential boundary 
conditions, i.e. u j f = 0. 

Example 1.2. When n = 3 and j = 2, the BVP (1) coincides with the electro- 
magnetic BVP for time-harmonic = —iu) Maxwell’s equations with frequency 
a; G C and =R?\Q being a perfect conductor. Assuming that ft is composed 
of a linear, homogeneous, isotropic, possibly conducting material with permittivity 
€ > 0, permeability fj,> 0 and conductivity a > 0, we consider the electromagnetic 
field 



F — y/^{—ieo) A {EiCi + £262 + E^e^) 

-f -^{Bi 62 a 63 -h ^263 A Ci H" B3C1 A 62) : fi ^ A^R^, 

where E and B are the electric and magnetic fields and e* := e-\- ia/uj. If we let 
ki = k2 = k = then Faraday’s induction law and the magnetic Gauss’ law 

combine to dkF = 0 whereas Maxwell’s-Ampere’s law and Gauss’ law combine 
to SkF = G, where the four-current G = — y/pJ satisfies the continuity 

equation SkG = 0. 

In this paper we investigate BVP’s from the point of view of splittings of 
function spaces following our earlier work Axelsson-Grognard-Hogan-M^Intosh 
[4], Axelsson [2] and [1]. The splittings relevant to this paper are Hodge type 
decompositions of the Hilbert space L 2 (fi; A). For simplicity, assume /c 2 = — fci^. 
Then the operators ^ and are adjoint, where ^ denotes d/^ with 

normal boundary conditions and denotes 5^2 without boundary conditions 
in fi, as in Definition 4.1. Consider the following diagram. 



L2(fl;A) — ^{dk2,n) ^ ® 






^ki,Q 



— R(^/c2,o) 0 Fl N(d^^ q) 0 ^{^ki,n) 



a) 
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What is needed here is to prove a Hodge decomposition, i.e. that the space 
^{^k2,n) of “harmonic forms” is finite dimensional and that the ranges 

^{Sk2,n) and R(d^ are closed, or equivalently that R(r) is a closed subset of 
finite codimension in the null space N(r) for both choices 6k2,n and ^ for F. 

Note that Fredholm well-posedness of the BVP (1), put into operator theo- 
retic language means that 

is a Fredholm map. Clearly this holds if we have a Hodge decomposition as above. 
The Hodge decomposition in the case ki = k2 = 0 for a general weakly Lipschitz 
domain is due to Picard [21], and the extension to the case ^2 = — is straight- 
forward. Although the Hodge decomposition is not valid for general fci, ^2 G C, 
nevertheless the BVP (1) is well-posed in the Fredholm sense. Indeed the following 
result will be proved in Section 4. 

Theorem 1.3. Let Q C be a bounded weakly Lipschitz domain, as in Defini- 
tion 2.1, and let ki, k2 E C. Then R{Sk2,n) ci'nd R{d^ are closed subspaces of 
finite codimension in N{Sk2,n) O'Tid respectively. The maps 

<5/0., n : — /V(4„n) (2) 

(3) 

are Fredholm maps with compact Fredholm inverses. 

For the Hodge decomposition with tangential boundary conditions, i.e. with 
^/C 2 ,r 2 CLnd replaced by 5^^-^ and in Definition 4.1, the corresponding 

result holds. 

W.V.D. Hodge’s pioneering work on harmonic integrals on Riemannian man- 
ifolds during the 1930’s was published in his book [12]. The splitting of a dif- 
ferential form into its exact, coexact and harmonic parts, now referred to as the 
Hodge decomposition, was in this book proved using Fredholm’s theory of linear 
integral equations. The connection between splittings of function spaces such as 
the Hodge decomposition and boundary value problems in potential theory was 
early recognised by Weyl [27]. Here it was shown how the classical Dirichlet mini- 
mum principle could be replaced by the construction of orthogonal projections in 
Hilbert space. 

In the present paper, we treat Hodge decompositions from a purely first 
order, operator theoretic point of view. By first order we mean that the focus is 
on nilpotent operators (see Definition 3.1 below) such as the exterior derivative d 
and not on the Hodge-Laplace operator A = dS 5d. An early investigation along 
these lines is Friedrichs [8], where the operators d and 6 were introduced as closed 
unbounded operators. Other references we would like to mention are Kodaira [14], 
where the weak Hodge decomposition (14) appears, and Gaffney [9] and [10] which 
introduced the a priori estimate 

\\F\\wi<\\dFh, + \\SFU, + \\FU,. 



(4) 
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For a domain with boundary, we discuss this inequality in Theorem 4.10. For 
further early literature on the Hodge decomposition, we refer to Chapter 7 in 
Morrey [20]. 

On a domain with non-smooth boundary, the Gaffney-Friedrich inequality 
(4) is in general not valid. The first proof of the Hodge decomposition on domains 
with non-smooth boundaries without using (4) is Week [26]. The extension to 
general weakly Lipschitz domains is due to Picard [21]. 

Returning the Example 1.2, we remark that the standard approach to the 
Maxwell BVP uses the Maxwell operator M acting on a pair of divergence-free 
vector fields. An investigation of M on domains with non-smooth boundary, from 
the point of view of the Weyl decomposition (essentially the Hodge decomposition 
of vector fields) can be found in Birman-Solomyak [5], [6]. They show (in the 
language of the present paper) how M constitute part of the elliptic Dirac operator 
Dq± from Example 4.6. 

For further literature on the connection between Hodge decompositions and 
BVP’s, we refer to Schwarz [23] in the case of smooth domains and to Mitrea- 
Mitrea [17] in the case of strongly Lipschitz domains. 

The key idea in this paper is that not only do we treat Hodge decomposi- 
tions from a pure first order point of view, but we show that by investigating the 
“half-elliptic” operators d and 6 separately, one can easily prove the Hodge decom- 
position on a domain with weakly Lipschitz boundary. Indeed, it is not necessary 
to use the given adjoint 5 operator in proving that R(gJq) is closed and of finite 
codimension in N(g!q). As in Remark 3.12, we may equally well choose to work 
with the adjoint given by a metric in which D has a smooth boundary. 

The first step in the proof of Theorem 1.3 uses the duality theorem 3.3 from 
general operator theory. As we show in Proposition 3.11, this duality result proves 
that the maps (2) and (3) have the same properties concerning closed range and 
compact inverse. The second step in the proof of Theorem 1.3 is Lemma 3.13, where 
we use the basic differential geometric fact that the exterior derivative is indepen- 
dent of the Riemannian metric, here given in the form of Proposition 2.6. These 
two steps show that the general case of a weakly Lipschitz domain in Theorem 1.3 
can be reduced to the case of a smooth domain D. This reduction technique has 
been used by Picard [21]. We also provide some basic density results for the d and 
S operators in Proposition 4.3 and construct extension maps in Proposition 4.8. Fi- 
nally, we survey three different ways to prove Theorem 1.3 under certain additional 
regularity and topological assumptions on E. 

• Theorem 4.10: The classical Gaffney-Friedrichs a priori estimate technique, 

which gives optimal regularity for fields in D(d^) fl D{Sq) if the 

domain has a smooth boundary. 

• Theorem 4.13: The boundary integral equation method, which gives optimal 
regularity 14^2^^^ (J2; A) in the class of strongly Lipschitz domains by using 
Rellich estimates. 
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• Theorem 4.17: A path integral method for a star shaped domain. This meth- 
od, which is based on the classical Poincare lemma, seems new. Although 
it does not give optimal regularity, it has the advantage of being entirely 
explicit. 



2. Preliminaries 

Throughout this paper Q = C denotes a bounded open set, separated from 
the exterior domain \ by a weakly Lipschitz interface S = = 

defined as follows. 

Definition 2.1. The interface S is weakly Lipschitz if, for all y G S, there exists a 
neighbourhood Vy 3 y and a global bilipschitz map py : R’^ R^ such that 

n+nVy = n Vy, 

^nVy=Py{R^-^)nVy, 

Cl~ nVy= Py{Kl)nVy. 

In this case 0 is called a bounded weakly Lipschitz domain. 

If p : R" ^ R” is a global bilipschitz map, then p(R^^ is called a special 
weakly Lipschitz surface/interface and p(R±) are called special weakly Lipschitz 
domains. 

By Rademacher’s theorem, a weakly Lipschitz surface E has a tangent plane 
and an outward (into pointing unit normal v{y) at almost every y 

Example 2.2. We now give two examples of weakly Lipschitz surfaces which are 
not strongly Lipschitz, i.e. not locally the graph of a Lipschitz function. 

(i) Let po : be a bilipschitz homeomorphism of the unit sphere. 

Consider the conical surface 

E:={xeR^\ {0} ; x/\x\ G po{S^~^ H R^~^)} U {0}. 

The natural parametrisation here is p{ruu) := rpo{uj), r > 0, ct; G S^~^. Using 
the identity \ruj — r'uj'\‘^ = |r — r'p +rr'|a; — o;'p, it is straightforward to show 
that p : R’^ ^ R’^ is a bilipschitz map. Thus E is a weakly Lipschitz surface. 

An important special case is the ‘‘two brick” domain, defined as the 
interior of 

{(x, y, z) G R^ ; 2 / < 0, 2 : < 0} U {(x, y, 2 :) G R^ ; x < 0, 2 ; > 0}. 

Indeed, the intersection with the unit sphere is a two dimensional strongly 
Lipschitz domain. Nevertheless, the boundary of the two brick domain is not 
locally a graph of a Lipschitz function around 0. 

(ii) Let ai > 0 and e“^^a 2 < a\ < 02 and consider the logarithmic spiral 

Ct := {re^^ ; r > 0, 0 G R, aie~^ < r < a 2 C~^} C R^. 
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To see that fi is a special weakly Lipschitz domain, define the maps 

Ps(x,y) := (xcos(slnr) - ysin(slnr),xsin(slnr) + ycos(slnr)), 

where == or in complex notation ps : z We see that 

Ps ^ Pt = Ps+t, s, t eK and that |V 0 ps\ < C. In particular p_i : 
is a bilipschitz map. Since 

Q, = p-i{{z G C ; Inai < arg(z) < lna 2 }), 

this shows that f2 is a special weakly Lipschitz domain. But clearly dQ is not 
locally a graph of a Lipschitz function around 0. 

In this paper we make use of the three differential operators d, S and D as 
described below. These operators act on functions F : Q ^ A which take values 
in an exterior algebra A, sometimes referred to as (multivector-)fields. Boundary 
traces and fields on E will be written with small letters, for example /. We here 
use the complexified exterior algebra 

A = - A° 0 0 . . . 0 A^-^^ 

for R’^ spacetime. Let {cg ; s C {0, 1, . . . , n}} be the standard basis for AcR’^'^^- 
Here cq G A^ is interpreted as a (imaginary time-like) vector and the space of j- 
vectors A^ is the span of {cg ; \s\ = j}. Furthermore, let (•, •) denote the standard 
complex bilinear pairing, denote component-wise complex conjugation and u~^ 
denote involution. Concretely, if we expand the multivectors u, u G AqR’^'^^ as 
u = J2s = then 

(u,v) = ^UsVs, 

■u" = 

Definition 2.3. Introduce the counting function (j{s,t) := ; Si > tj}^ 

where s = {^j}, t = {tj} C {0, 1, . . . ,n}. Basic complex bilinear products on the 
algebra A are the following. 

(i) The exterior product of two basis multivectors and Ct is 

Cs A Ct = Csut if 5 n f = 0 and otherwise zero. 

(ii) The left (right) interior product u j v {u i. v) is the unique bilinear (non- 
associative) product for which (ujx,y) = (x,UAy) and {x\_u,y) = {x,y a u) 
respectively for all u, x, y £ A. The action on two basis vectors Cs and Ct is 

6sjet = etL€s = 

if s Ct and otherwise zero. 

(iii) The Clifford product of two baisis multivectors and Ct is 

esA6t = (-l)A*’*) esAt, 
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where a denotes the symmetric difference when acting on index sets. When 
there is no risk of confusion we will use the standard short-hand notation 
uv := u Av for the Clifford product. 

Proposition 2.4. For a vector a G and for general multivectors u, v and w E A 
the following hold. 



U j{v jw) 


= 


{v A u) jW 




(5) 


a Au 


= 


a ju + a AU 




(6) 


a ju 




—u'' = ^{a AU — u'' 


A a) 


(7) 


a AU 


= 


u~' Aa = ^{a A u u~^ A 


a) 


(8) 


a j{u Av) 




{a ju) AV + u~^ A {a jv) 




(9) 



These basic geometric algebra identities are essentially well known and we 
omit the proof. Here (5) is the associativity property of the interior product. The 
formulae (7) and (8), which are inverse to (6), are sometimes referred to as Riesz’ 
formulae. The formula (9) is the derivation property for the interior product. A 
classical example of (9) is when a^ b = u and c = v are vectors in a three- 
dimensional space. Using the Hodge complement := ujei 2 s (usually called the 
Hodge star and the vector product b x c = {b a c)^ , we get the well known 
identity 

—a X {b X c) = a j {b A c) = (a, b)c — (a, c)b. 

Throughout this paper we make use of the nabla symbol V = We 

recall that the products a, j and A induce differential operators 

n 

dF{x) := V A F{x) = a (djF){x), 

n 

SF{x) := V J F{x) = J] e^- J (djF){x), 

3 = ^ 

n 

T)F{x) := V A F{x) = ^ ej a (djF){x) = dF{x) + 6F{x). 

3 = 1 

In the same spirit we also denote the full differential of F by V C) F(x) = 
(g) A. Here the formal adjoint of the exterior derivative 
operator d is the negative of the interior derivative 5; this differs from the standard 
convention. Sometimes we refer to d as (generalised) curl and to 5 as (generalised) 
divergence. The (elliptic) Dirac operator T> = d-\-S is formally skew-adjoint. Here 
D is a square root of the Hodge-Laplace operator A = dS Sd. 

The most important property of the differential operators d and 6 is that 
they commute with a change of variables if we change the direction of the field in 
an appropriate way. 
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Definition 2.5. Let p : U ^ F be a diffeomorphism between two open sets U and 
V C Denote by p^ the Jacobian matrix of p at x G /7 and extend this linear 
map T^R" ^ to a A“isomorphism p^ . A ^ A such that p^i^CQ^ — cq and 

A ... A CiJ = {p^a,) A ... A 

if C {0,1,..., n}. To a field F : V ^ A we associate the pullback 

pT : U A and push forward p~^F : U ^ A of F as follows. 

(p*F)(x) (pJ*(F(p(x))), (p:^F)(x) (pJ-^(F(p(x))). 

For convenience, we also define the reduced push forward 

P:^F := J{p)p:^F :U^A, 

where J{p){x){ei a ... a Cn) = a ... a e^) denotes the Jacobian determinant. 

Proposition 2.6. If p and F are as in Definition 2.5, then we have commutation 
properties 

d{p*F) = p*{dF), d{p:^F) = p:^6F), (10) 

and homomorphism properties 

P*{FaG) = p*Fap*G, p:\FaG) = p:^Fap:^G, (11) 

P*{FjG) = p:^Fjp*G, p:\FjG) = p*Fjp;^G. (12) 

In particular, if F^ := F j eoi n denotes the complement of F, then p*(F-^) = 

a-'F)^. 

Proof. Note that we have the two pairs of adjoint operators 

p^ : ^ T,(,)R-, (pj* : T,(,)R" T.R-, 

and 

^ : L2 ([/; a) ^ L 2(F; A), p* : L2(F; A) ^ L^iU^ A), 

if V (g) p, V 0 p“^ G Loo- The identities d{p*F) = p*(dF), p*(F a G) = p*F a p*G 
and p“^(FaG) = p“^FAp~^G are well known facts from the theory of differential 
forms. The remaining identities follow by duality. □ 

In order to treat Stokes’ type theorems in a unified way, we record the fol- 
lowing theorem, here referred to as the boundary theorem. 

Theorem 2.7. Let V be a finite dimensional linear space and let F : Q ^ V be a 
function in Q smooth up to T, = dD with boundary trace f := F|s. Then we have 

I ^(y) /(y) da{y) = / V (g) F(x) dx, 

JT. Jn 

where the integrand is R’^ (g) V valued, v is the outward pointing normal and da is 
the scalar surface measure. 
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Remark 2.8. (i) Note that, via a limiting argument, the boundary theorem can be 
extended to less regular functions. 

(ii) Recall that this theorem is universal in the sense that for any given finite 
dimensional linear space W and bilinear form L : x V ^ W ^ L can be lifted 

to a linear map L :IV^ <S)V ^ W. Applying this to the formula in the boundary 
theorem gives the special case f{y)) da{y) = L(V, F{x)) dx. 

We end this section with a discussion, preliminary to Section 4, about natural 
boundary conditions for d and 5. Let F : A be a multivector field in fi, smooth 

up to S, and extend it by zero to a field on TC'.li a denotes the surface measure 
on E, it follows that in distribution sense we have 

d(F^) = dF\^ - {u A f)a and = 5F\n - {u j f)a. 

For example, the first identity follows from the boundary theorem, using V = A 
and the linear map L : (g) (A (8) A) C : a 0 (F (8) G) i-^ (a a F, G), since 

(VaF„$)-- [ (F,Vj^)= [ (VaF,$)- [ {uAfJ), 

Jq Jn Jn 

for any $ G G^(R’^;A). Thus, requiring that d(F^) G L 2 (R’^;A) means that 
dF G L 2 (fl; a) and that i/ a / = 0, i.e. the field F is normal to E. Similarly, 
requiring that 6{Fz) G I/ 2 (R"'; A) means that SF G F 2 (fi; A) and that z/ j / = 0, 
i.e. the field F is tangential to E. We note that each boundary condition refers to 
half of the components (in the full exterior algebra A) of the field vanishing on E. 

When F G F 2 (fJ; A) and d{Fz) G L 2 {K^] A), although the field F is normal 
to E, it does not necessarily have a well defined normal component z/ j / on E. To 
see this, consider the vector field 

F( ) •= 1^”’ + 1) < < l/(2j), 

■ \o, l/(2j) <Xn< l/(2j - 1), 

locally around x = (x',Xn) = 0. Then G L 2 ,ioc(R”i and = 0, but 

clearly F does not have a well defined trace. 

Similarly, control of F and S(Fz) is not enough for defining the tangential 
part of the trace. 



3. Nilpotent operators in Hilbert spaces 

In this section we develop the operator theory for a nilpotent operator T. This is 
then applied to the d and 5 operators in Section 4. 

Recall the following basic spaces associated with a linear operator A : Hi 
H 2 between Hilbert spaces Hi. 

• Domain D{A) := {a: G ; Ax is defined} 

• Null space N(A) {x G D(A) ; Ax = 0} 

• Range R{A) := {Ax ; x G D(A)} 

• Graph G{A) := {(x, AxY G 0 W 2 ; ^ ^ D(A)} 
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If Ai and A2 are two linear operators, then we write Ai C A2 if G(Ai) C G(A 2 ). 

Definition 3.1. An operator F : 7Y ^ in a Hilbert space H is said to be nilpotent 
if it is closed (i.e. G(F) is closed), densely defined (i.e. D(F) is dense in H) and if 
R(F) C N(F). In particular, F^ C 0. 

Recall that N(A) always is closed in Hi for a closed operator. For a nilpotent 
operator F in we have inclusions 

R(F) C W) C N(F) C D(F) C n. (13) 

Note carefully that R(F) may not be closed. Our main work will be to prove that 
R(F) is closed when F is one of the d and S operators in 

Prom (13) we also see that F acts as a bounded nilpotent operator F : D(F) 
D(F), where D(F) is a Hilbert space with the graph norm ||x||p^Pj ||x|p + ||Fx|p. 

Definition 3.2. Let Ai :H\ ^ H 2 and A 2 : W 2 — > Hi be two linear operators. We 
say that Ai and A 2 are (maximal) adjoint operators if 

G{Ai) = {[x^AixY G Hi 0 W2 5 ^ ^ D(Ai)} 

IG{A 2 ) = {{—A 2 y^yY G 0 W2 ; y G 0(^2)} 

are orthogonal complements in Hi 0 H 2 , where /(x,y)^ := {—y^xY- In particular 
both Ai and A 2 are closed, densely defined operators, and if x G D(Ai) and 
y G 0(^2), then (x, ^2y) = (Aix,y). 

Given a closed, densely defined operator A in W, we define G(A*) := (/G(A))“^. 
Since A is densely defined, G(A*) is the graph of a closed linear operator A*, and 
since A is closed it follows that A* is densely defined. We say that A* is the 
(maximal) adjoint operator of A. 

A fundamental result for adjoint operators is the following, which for example 
can be found in Kato [13]. 

Theorem 3.3. Let A and A* be adjoint closed, densely defined Hilbert space opera- 
tors. Then R{A)^ = A/(A*) and /?(A*)-^ = Moreover, R{A) is closed if and 

only if R{ A*) is closed. 

Corollary 3.4. If F is a nilpotent operator, then so is F*. 

Note that a nilpotent operator acts 

r : N(r)-^ = R(r*) R(r) c N(r), 

where the restriction of F is injective. Thus N(F) is at leaist “half” of H. 

Proposition 3.5. Let T be a nilpotent operator in a Hilbert space H, with adjoint 
F*. For each a G C with \a\ = 1, let the corresponding swapping operator be 
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He, := r + oT* with domain D{Ua) := D{T) fl D(F*). Then we have H- orthogonal 



decompositions 

H = R(p) 0 (A/(r*) n A/(r)) © ( 14 ) 

D(r) = (D(r) n R(r^) © (A/(r*) n A/(r)) © (15) 

D(r*) = R(f^ © (A/(r*) n w(r)) © (D(r*) n , (le) 

D(H^) = (D(r) n R(f^) © (A/(r*) n A/(r)) © (D(r*) n^^). (17) 



The swapping operator is a closed, densely defined operator in H with null space 
N{Ua) = A/(r) n A/(r*) and range R{Ua) = R{T) © /?(F*). The adjoint ofUa is 
a^Ua- Thus Hi is a self adjoint operator and H_i is a skew adjoint operator. 

The swapping operator 'Is unitary equivalent to both y^Hi and — Hc^. In 
particular, the spectrum cr{Ila) 'is contained in the line y/aH and it is symmetric 
with respect to 0. 

Proof. Prom Theorem 3.3 we obtain the two orthogonal splittings 
n = R(f^ © N(F) = N(F*) © W). 

Using (13), we get inclusions R(F*) C N(F*) and R(F) C N(F). Therefore taking 
the intersection of the two splittings gives (14). Now write 

Hi := = N(r)^ « W/N(r), 

Ho ~ N(r*) n N(r) » N(r)/^ N(r )/R(f^, 

H2 := ^ - N(r*)^ « W/N(r*), 

and let Pi denote the orthogonal projection onto Hi. To prove the decomposition 
(15), note that the inclusion D is trivial. For the opposite inclusion, decompose 
X e D(F) with (14) as X = xi xq X2, where Xi G Hi. Since X2 G R(r) C D(r) 
and xq G N(F*) fl N(F) C D(F) we deduce that x\ = x — xq — X2 G D(F). 

The decomposition of D(F*) follows similarly, and taking the intersection of 
(15) and (16) yields (17). 

To determine N(Ha), note that the inclusion D is trivial and C follows since 
R(F) and R(F*) are orthogonal. For R(Hc^), the inclusion C is trivial. On the other 
hand if y = Txi + aF*X 2 , then y = Ua{PiXi + P 2 X 2 ) where PiXi + P 2 X 2 G 
D(F)nD(F*). 

We now show that H^ and a^Ua are maximal adjoint operators. First note 
that {UaX,y) = {x,a^Uay) if x, y G D(Hc), i.e. G(Hc^) and IG{a^Ua) are orthog- 
onal. To prove that G(nc,)-^ C IG{a^Ua), let {-z,yY G G(na)“^ and decompose 
'y = yi + 'Uo + 'IJ 2 with (14). We see that yi G R(F*) C D(F*), yo G N(F*) fl N(F) C 
D(F*) n D(F) and y2 G R(F) C D(F). To verify that ^2 G D(F*), let x G D(F) and 
calculate 

{Tx,y 2 ) = (n.aPix,y 2 ) = {Uo,PiX,y) = {x,Piz). 

This proves that (1/2, P\zY £ (/G(r))-*- = G(r*). Similarly it follows that t/i G D(r) 
and thus y G D(Hc). 
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That IIc^ is closed and densely defined now follows from the adjointness of 
He and a^He (or can be verified directly). Furthermore, note that for any /3 G C, 
\l3\ = 1 we have 

Ue{Pl + Po + a^P2) = {Pi + PO + /3^P2)/?n(^c)2,. 

The case /3 = — 1 shows that Ha and — are unitary equivalent, and the case 
(3 = \/a shows that IIq; and y/aH\ are unitary equivalent. □ 



Remark 3.6. We have chosen the name “swapping operator” since we have the 
following mapping diagram 



n 

n 




R(T*) 0 N(r*)nN(T) 



R(r) 



m, 



in which Ha swaps the subspaces R(T*) and R(T). 

We now investigate when a nilpotent operator is maximal in the sense that 
it is “half elliptic” . More precisely we make the following definitions. 

Definition 3.7. Let A : ^ H 2 be a closed, densely defined operator between 

Hilbert spaces. We say that A is a Fredholm operator if the null space N(A) and 
the cokernel 7f2/R(A) are finite dimensional and the range R(A) is closed (which 
follows from dim(7f2/R(A)) < 00). 

Proposition 3.8. Let A : H\ ^ H2 be a closed, densely defined operator between 
Hilbert spaces. Then A is a Fredholm operator if and only if there exist bounded 
operators T\, T2 H2 ^ Tti and compact operators K\ \ Hi ^ Hi and K2 : H2 ^ 
H2 such that R{T2) C D{A) and 

TiA = I + Ki onD{A)cHi, 

AT2 = I K2 on 7^2 • 

In this case, the following are equivalent. 

• The embedding D{A) ^ Hi is compact. 

• The left inverse Ti is compact. 

• The right inverse T2 is compact. 

The Fredholm inverses Ti and T2 satisfies Ti + T1K2 = T2 + K1T2. 

Two references on Fredholm operator theory are Schechter [22] and Kato [13]. 

Definition 3.9. Let A : Hi W 2 be a Fredholm operator between Hilbert spaces. 
We say that A is dijfuse if its domain D(A) is compact in Hi, or equivalently if it 
has a compact Fredholm inverse. 
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Definition 3.10. Let F be a nilpotent operator in a Hilbert space H. We say that 
r is a Fredholm-nilpotent operator if the reduced operator 

f : W/N(F) N(F) 

with domain D(F) := D(F)/N(r) is a Fredholm operator. If F is a diffuse Fredholm 
operator, then F is said to be a diffuse Fredholm-nilpotent operator. 

Proposition 3.11. Let F and H^ be as in Proposition 3.5. Then the following are 
equivalent. 

(i) T is a Fredholm-nilpotent operator. 

(i') F* is a Fredholm-nilpotent operator. 

(ii) Ua is a Fredholm operator. 

When this holds, F induces a Hodge type decomposition (or splitting) ofH, i.e. 
n = /?(F*) 0 (A/(F*) n A/(F)) 0 /?(F), 

where the ranges /?(F*) and R{T) are closed and A/(F*)flA/(F) is finite dimensional. 
If in addition A/(F*) fl A/(F) = {0}, then the splitting is said to be exact. 

The equivalence o/(i), (i') and (ii) remains true if ‘Fredholm (-nilpotent) op- 
erator” is replaced by “diffuse Fredholm (-nilpotent) operator”. In this case, we also 
have the following. 

(iii) The spectrum cr(HQ,) is a discrete set consisting of eigenvalues only. 

(iv) If To is a bounded, nilpotent operator such that FFq + FqF = 0 on D{T) = 
D(F + Fo); then the perturbed operator F + Fq is also a diffuse Fredholm- 
nilpotent operator. 

Proof Split TL = Hi ^ Ho ^H 2 as in the proof of Proposition 3.5. 

Theorem 3.3 shows that (i) and (i') are equivalent since 

Ho = N(F) n R(F)-^ - N(F*) n R(F*)-^. 

Furthermore, since T : Hi ^ H 2 and T* : H 2 Hi are adjoint operators, it 
follows that (F*)“^ = (F“^)* :Hi -^H 2 is compact if and only if F~^ ’.H 2 ^Hi 
is. Therefore F is a diffuse Fredholm-nilpotent operator if and only if F* is. 

Note that since R(F) and R(F*) are orthogonal, they are both closed if and 
only if R{Ua) = R(F*) 0 R(F) is closed. As N(H^) = Ho = H/R{Ua) it follows 
that (i) and (i') are equivalent with (ii). Moreover D(Hc) = D(F*) 0 Ho 0 D(F), 
so Ua is a diffuse Fredholm operator if and only if both F and F* are diffuse 
Fredholm-nilpotent operators. 

The discreteness result (iii) follows from the identity 

_ A)-i - - n„)-' = (v^ - xr\x - nc,)(v^ - n«)-i 

which shows that (A — Hc^) fails to be invertible if and only if — G (t{K). 

But since K := {\f-^ — Hc^)"^ is compact, its spectrum is discrete. 

To prove (iv) , let Ua and H'^ be swapping operators corresponding to F and 
F + Fq. Then D(H^) = D(Ha) is compactly embedded in H. Lemma 3.14 below 
now shows that F + Fq is a diffuse Fredholm-nilpotent operator. □ 
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Remark 3.12. An important observation here is that the statement (i) is indepen- 
dent of which Hilbert norm on H we are using (as long as it induces the same 
topology), whereas in (i') and (ii), the adjoint operator F* and H^ depends on the 
scalar product. 

We finish this section with two techniques to establish Fredholm-nilpotence 
of a given nilpotent operator F. 

Lemma 3.13. Let H and Hq be two Hilbert spaces and consider the diagram 



T 

s 

r 

Y T 

s 



Ho 

To 

Ho, 



where F and Fq are closed, densely defined operators in H and Ho respectively and 
T and S are bounded maps such that TS = In- IfTTo C FT and ST C TqS, then 
we have the following. 

(i) 7/Fo is a nilpotent operator, then so is T. 

(ii) If To is a Fredholm-nilpotent operator, then so isT. 

(iii) If To is a diffuse Fredholm-nilpotent operator, then so is T. 

The proof of this intertwining lemma is straightforward and we omit it. 

Lemma 3.14. Let 11^ be a swapping operator as in Proposition 3.5. If the embedding 
D{Tla) ^ H is compact, then H^ is a diffuse Fredholm operator with index zero. 



Proof. Consider the operators 

A/ - : D(n^) — > n. (is) 

Since <T(n<^) C ^/a'R by Proposition 3.5, (18) is an isomorphism when A ^ ^/aIl. 
Now observe that XI : D(Hc^) H is a, compact operator. Thus H^ : D(Hc^) ^ H 
is a Fredholm operator with index zero. □ 



4. Hodge decompositions for d and S 

In this section we apply the general theory for nilpotent operators from Section 3 
to the following d and 5 operators in a bounded weakly Lipschitz domain Tl. 

Definition 4.1. (i) Let do and Sq be the closed, nilpotent d and 6 operators 

(without boundary conditions) in L 2 (^l; A) with natural domains, i.e. 

D(do) := {F G L2{TI] a) ; dF G Z/2(fl; A)}, 

and similarly for Sq. 
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(ii) Let {d with normal boundary conditions) and % {S with tangential bound- 
ary conditions) be the closed, nilpotent d and 6 operators in Q with domains 

D(d^) {F e L2{n;A) ; d{F,) G L2(R"; A)}, 

D(%) - {F e L2(f^; A) ; S{F,) G L2(R"; A)}, 

where Fz G L 2 (R^; A) denotes the zero-extension of F to R’^. 

Remark 4.2. If F G D{d^), then F is normal to E. The nilpotence of d^ shows 
that not only is d^F curl free, it is also normal to E. Similarly, if F G D(%), then 

F is tangential to E. The nilpotence of shows that not only is %F divergence 

free, it is also tangential to E. 

Examples of nilpotent operators considered in this paper are, for each wave 
number fc G C, the four operators 

dk,Q = dQ + fceoA, 5k^n = + fcegj, 

~ fccoA, ~ % “I" ^^0 -I • 

Obviously we have dj^ j^ C dk^n and C 

Proposition 4.3. The operators d^ and d^ have cores (i.e. a subset of the domain 
which is dense in graph norm) 

Co^(R^ A)b C D(d^), C^{n;A) C D(%) 

respectively. In particular, the inclusions 

d{C^(R^;A)\n) C F(d^), d{C^{n;A)) C F(%) 

are dense. We also have dense subspaces 

{Fb ; F G Co^(R^; A), suppdF CC n~} c N{dn), 

{F G A) ; dF = 0} C A/(d^). 

The same holds true when d is replaced by 5. 

Before giving the proof, we note the following important corollary. 

Corollary 4.4. The two operators d^ and —Sq are adjoint in the sense of Def- 
inition 3.2 and so are dfi and — For the zero order perturbations we have 

Proof. Consider the first pair. By Definition 3.2 we need to prove that G(d^) = 
G(-(5f2), where G{d^) = IG{d^)^. 

To show C -5q, let {U, F)‘ 6 G(ci^). Then in particular 

[ {U,d^^) = [ {F, $"> for all $ 6 C^{Cl) C D(%). 

Jn Jn 

Thus —5qU = F G ^2(0; A) in distribution sense, which proves (C/, FY G G(— 5q). 
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Conversely, to show D -5q, by Proposition 4.3 it suffices to prove that 
IG{d^) and ; $ G A)|^ 7 } are orthogonal, li U e D(d^) and 

$ G C^(R^; A)|f^, we get 

Jn Jr^ Jn^ Jn 

This shows that d^ and —Sq are adjoint. The adjointness of d^, and —5-^ follows 
similarly. Moreover, since (A + T)* = A* + T* whenever A is a closed, densely 
defined operator and T is a bounded operator, this proves the rest of the corollary. 

□ 

To prove Proposition 4.3, we use Lie flows a* and 1 1 -^ constructed 
as follows. 



Lemma 4.5. There exists a family at : R’^ — > R’^ of bilipschitz maps (all being 
identity outside a compact set), \t\ < T, with the following properties. 



at{n) c n, 
at{n) D n, 
\\alF - F||^2(R’";a) — ^ 0, 
- F||/,2(R’^;a) — ^ 0, 



0<t<T, 

-T<t<0, 

t^O, FgL2(R^;A), 
t-^0, FeL2{R^;A). 



Proof Let Q C U^qV^- and pj : R’^ — » R^, j = 1 .. .N, he the local bilipschitz 
parametrisations from Definition 2.1 and let Vo CC be contained in the interior. 
Let Bi := B(0, 1) C B 2 := 5(0, 2) be concentric balls. We may assume that 
E c Ui pjBi and that PjB 2 CC Vj, j = 1 . . .N. Let p G C^(R^) be such that 
0 < ry < 1, p\b^ = 1 and p\jin\B2 = 0. Define for \t\ < T the translation map 

flt : R"" — ^ R’^ : X I — > X + p{\x\)ten, 

let al := Pj o flt^ pj^ and extend to identity outside Vj and let at := a^ o . . .oa]. 
Obviously the required mapping properties for at holds. 

For the Lie pullback fiow, if a*F = (a^)*G where G := . . . {a^)*F 

then 



h*tF - < ||(ai)*G - FU^^vua) + ||(a')*G - F\U,^v-a) 

^ IK^t )*G - G||i,2(Vj.A) + ||G - -F||l2(Vi;A) + l|G - i^||L2(Vi=;A)- 

Thus it suffices to show that ||(q;0*F - -F||l 2 (v^;a) 0- But (essentially) since 

translation is L 2 continuous, this follows firom 

WiaiTF - < mrip*F) - {p*F)h,iUy,A) 0 . 

The proof of the L 2 -continuity of the reduced push forward flow is similar. □ 

Proof of Proposition A.3. Let ris{x) := s~”'t]{x/s) be a mollifier. For F € D(dn)> 
let 0 < s << t and define approximating fields 

Fs,t := Vs * {c,;F,). 
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Then ||Fs,t - T’||D(d(j) !=* \\Fs,t~ F\\L^ + \\{dF)s,t-dF\\L 2 ^ 0 as s, t ^ O.JXirther- 
more, if cIqF = 0 and 0 < s << t, then dFs^t = 0 in a neighbourhood of fi, due to 
Proposition 2.6. 

On the other hand for F G D(d^), let 0 < s << —t and define approximating 
fields Fs^t as above. Then Fg^t ^ A) if 0 < s << -t and ||Fs,t — F||D(ci_) — > 0 

as s, ^ ^ 0. Furthermore, if d^F = 0 then d^Fg^t = 0. □ 



Example 4.6. Using Proposition 3.5, we form the corresponding swapping operators 

n_i. 

(i) If r = then the (Hodge-) Dirac operator on fi with normal boundary 
conditions is 

Dq± := + (5q. 

Note that D^j_ = is the Hodge-Laplace operator with relative (gen- 
eralised Dirichlet) boundary conditions. For a scalar function U : ^ A°, we have 

T>q±U = d^d^U, and U G D(d^) incorporates the boundary condition U\^ = 0 
since all scalars are tangential. 

(ii) If F = d^, then the (Hodge-)Dirac operator on Q. with tangential boundary 
conditions is 



Dfiii := da + %. 

Here the Hodge-Laplace operator with absolute (generalised Neumann) boundary 
conditions is D^n = d^5-^ + Note that for a scalar function U : A^, 

we have = d-^d^U, and d^U G D(%) incorporates the boundary condition 

^ = {iy,^Uk)=0. 

(iii) As is well known, the null spaces 



N(Dj,x) = N(%)nN(5n) = N(D^^), 
N(D^„) = N(dn)nN(%) = N(D2„) 



of the Dirac operators and D^y can be identified with the de Rham co- 
homology spaces of Q with normal (relative) and tangential (absolute) boundary 
conditions, and are thus determined by the global topology of f2. However, we are 
here mainly interested in how the local regularity of the boundary E infiuences 
the Fredholm properties of the Dirac operators Dq± and D^y . 



We now turn to the proof of Theorem 1.3 and show how to reduce to the 
case fl = jB, where B is the unit ball in The proof that and D^^y are 
diffuse Fredholm operators is deferred to the end of this section. It follows from 
either Theorem 4.10, Theorem 4.13 (combined with Lemma 3.14) or Theorem 4.17 
(combined with Proposition 3.11). 



Proof of Theorem 1.3. (i) We first consider the unperturbed case k\=^k 2 — 0. By 
Proposition 3.11 it suffices to show that D^± is a diffuse Fredholm operator. Using 
Definition 2.1 we see that there exist bilipschitz maps pj : B ^ fij, j = 1, . . . , A', 
where B denotes the open unit ball in R’^, such that fi = U^i Furthermore 
we may assume that pj extends to a bilipschitz map between slightly larger open 
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sets. Choose a smooth partition of unity {rjj} such that suppr/j 
and = 1 on Q. 

Assuming that D^± is a diffuse Fredholm operator, it follows from Propo- 
sition 3.11 that d-Q is a diffuse Fredholm- nilpotent operator. We may now apply 
Lemma 3.13 with H = A), Wo = 1/2(5; A), A = Aq = d^,T = {p~^)* 

and S = p* == T“\ since Proposition 2.6 proves that T and S intertwine A and 
Aq. This shows that d^_ is a diffuse Fredholm-nilpotent operator. 

Applying Proposition 3.11 again with F = d^, shows that D^± is a diffuse 
Fredholm operator. Localising, we can now prove that the Dirac operator is 
a diffuse Fredholm operator. Indeed, if Tj are compact Fredholm inverses to 
respectively as in Proposition 3.8, then a compact Fredholm inverse to is 

T{F) :=Y,VjTj{vjF). 

3 

Similarly one can show that the Dirac operator D^n is a diffuse Fredholm 
operator. 

(ii) To prove that the map (2) is a diffuse Fredholm map for general ki 
and k 2 , note that (i) above and Proposition 3.11(iv) with P + Fq = d_^c ^ and 
F* + Fq = -Sk 2 ,n shows that we have a Hodge decomposition 

L2(fi; a) = R{Sk2,n) 0 C 0 

and that Sk 2 ,n • H{5k2,n) is a diffuse Fredholm map. In particular 

N(5/c2,ri)/R(^/c2,f2) is finite dimensional, and similarly is finite 

dimensional. Thus it suffices to prove that 

^k2,ft • ^(^ki,n) ^ R{^k2,^) 

is a diffuse Fredholm map. Consider the following diagram 

^ > R{h2,n) 

0 , 

where Pi and P 2 denotes the associated orthogonal projections. To show that 
_) = Sk 2 ,n\R{dj^^ is a diffuse Fredholm map, we first prove a priori 
estimates for Pi\r{cI^ ^). Note that (i) above and Proposition 3.11(iv) show that 
any F G R{dj^^ has a potential F = -^U where the map F U is compact. 

This gives 

\\Ff= [ {PiFF^) + {P2F{d,^j^Ur)= [ {P,FF^)-{klPk2){eo^FU^), 
Jn Jn 

Dividing by ||P|| gives the a priori estimate ||P|| < ||PiP||-h||P||. This shows 
that dk 2 ,n{^{dj^^ -^)) is closed and that N(d;c 2 ,^^|N(dfc ^)) is finite dimensional. Now 
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Lemma 4.7 below shows that the cokernel q) is finite dimen- 
sional, which completes the proof. □ 

Lemma 4.7. The deficiency indices of the maps (2) and (3) are 

a(42,n|w(d,^,n)) = dim(A/(4,,a) n 

/3(42,nlw(d,^ n)) = dim(/V(4,,n) n N{d_^c j^)) + dim(R((5_fec n) n /?(d_^ j^)) 
“(dfci,nlw(«,„n)) = dim(/V(4,,Q) n N{d^^ -^)) 

^(dfc,,Qlw(5,„n)) = dim(A/((5_fco n) n N{d^^ -^)) + dim(/?((5_fcc^n) n R{d_,^c ji)). 

For any ki and k 2 these indices are finite. Moreover, if the wave numbers are non 
zero and arg(fci) + arg(fc 2 ) 0 mod 27 t, then N{Sk 2 ,n) H A/(d^^ = {0}. 

Proof, (i) Using Theorem 3.3 we get identities 

N(42,fi|N(d^^ j;)) = ^i^k2,Q) n ^{d-k.Xi) 

N(<5fc2,f!) 0 <^fc2,nN(dj,j q) = N(42,n) n 

= N(<5fc2,f^) n N(d_fcc,n) 0 R(42,n) n 

which gives the deficiency indices for 42,alN(d^^ „)• Similarly for 

(ii) The a priori estimate in (ii) in the proof of Theorem 1.3 above shows 
that dim(N(5fc2,^^) ^ ^ ^ 1 ? ^2 ^ C. To prove that the space 

^{^k 2 ,n)T\N{dj^ vanishes unless k\ and k^ have the same direction, write F = 
r* = — 6 q , Fq = Co a (•) and Fq = eg j (•). The algebraic property we use here is 
that not only is FFq + FqF = 0 but also F*Fq + FqF* = 0, which follows from the 
derivation property (9). Assuming (F-hfciFo)F = (-F*-[-/c 2 Fq)F = 0, we calculate 

0 - (F, (F*Fo + FoF*)F) = (FF, FqF) + (F*F, F*F) 

= -fci||roF||2 + fc^lirsF|p. 

This shows that F = 0 under the assumptions on ki and k 2 since Fq induces an 
exact Hodge decomposition. □ 

Another way of reducing to the case of a smooth domain with Lemma 3.13 
is to use the extension maps constructed in Proposition 4.8 below. Let B C R’^ 
be a ball containing Q, let xn • ^2(5; A) ^ F 2 (fl; A) be the restriction map and 
pick a d-extension map sq : L2{0>',A) L 2 {B;A) as in Proposition 4.8 below. 

Then, modulo a partition of unity. Lemma 3.13 applies with H = I/ 2 (fl; A), Hq = 
L 2 (H; a), a = (5q, Aq = 5bi T = xn and S = 

Proposition 4.8. Let xn • L 2 (R^;A) ^ L 2 (f);A) be the restriction operator and 
let K D Q be a compact set. Then there exists a bounded extension operator sq : 
L 2 (^^; a) ^ L 2 (R’^; a) such that 

(i) = identity on L 2 (f^; A). 

(ii) supp{sqF) c K for all F e F 2 (fi; A). 
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(iii) dunSQ — extends to an A) ^ L 2 (R^; A) bounded map. In partic- 
ular, restricts to a bounded map 

8q : D{dQ) D{dun). 

(iv) Sfi{Fi + 6o A F 2 ) = sqFi + eo a sqF 2 . 

The same holds true when d is replaced by 5. 

Proof. Let Q C Vj ^ ^0 Vj\n = 1 and let pj : R"' 

j = 1,...,N, be the local bilipschitz parametrisations from Definition 2.1 and 
Vo CC fl be contained in the interior. 

(i) We first note that it suffices to construct an extension map e : L 2 (R!J:; A) — > 
1/2 (R’^; A) acting on fields supported in (p~^suppr/j) nR!f.. Indeed, this gives local 
extension maps Sj := {pJ^)*epj : L 2 {Vj flD;A) L 2 {Vj;A), extending fields 
supported in suppr/j fl to fields compactly supported in V^ , j = 1, . . . , iV. Then 
we can construct sq as 

N 

sqF := r]oF + '^ej{r)jF). (19) 

Moreover, from the construction of s below and Proposition 2.6, d commutes with 
Sj and thus 

N 

{dKnSQ - SQd^)F = {drjo) aF + Y,ei{{d<,,)^F). (20) 

Clearly, both (19) and (20) define L 2 -bounded operators. 

(ii) To construct the extension map s : L 2 {TVf] A) I/ 2 (R’^; A), consider the 
stretched reflections 

• (^ j ^n) * ^ (^ ? hXjfj. 

By Proposition 4.3, it suffices to consider G G C^(R’^; A)|Rn . If we decompose 
G{x) = Gi{x) F Cn aG 2 {x) , Cn-iGi = 0, into parts tangential and normal to 
then the pullbacks are given by rlG{x', -Xn) = Gi{x',kxn) - kcn a G 2 {x',kxn), 
and we see that both tangential and normal parts of the field 



Q ^ I ^7 Xfi > 0, 

[3ri*G-2r^G, Xn<0, 

are continuous across S. We can assume that suppr/j is small enough so that 
suppG C pJ^Vj if suppG C (pJ^supprjj) fl R!f:. Now define s := 3r* - 2r2- 

The proof for 6 is analogous. We here use the reduced pushforwards (f^^^)F = 
—kF\ F Cji A F2. □ 



Remark 4.9. (i) We see that in a natural way D(d^) C D(dRn) and 

^{dn) = D(dR.)/N(x^^). 
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Proposition 4.8 shows that Xfi : D(dRu) D{(1q) is surjective and that eq : 
D(dn) — > D(dRn) embeds D{da) as a complement of N(xo) in D(dRn). 

(ii) Prom expressions (19) and (20) we obtain norm estimates 



N 



\\p, Hy)li 



"-J 



op 



^ I Ik W Hop 

< 1 + E (_ 

||[d,£o]||t2(ii;A)— L2 (R’*;a) ~ ||V? 7 o||oo 

^ ^ ll/^,Wllop \/ ll£-'(y)ll 






. — II sup ■ , 

j = lAxep-V,- \/kPl)k)/\y€Vj ^J(p-l)(y) 

lko||D(dn)^D(dRn) < lleo||L2(0;A)->L2(R";A) + 11 £o] ||L2(n;A)— L2(R";A) > 



' -J 



Hop 



IIVt?: 



Iloo? 



where p.(x) : A — > A denotes the A-homomorphism which extends the Jacobian 
matrix and J{pj) is the Jacobian determinant. 



We end with a discussion of various ways to prove that the Dirac operators 
'Dq± and Dqii are diffuse Fredholm operators under certain additional regularity 
and topological assumptions on E. First we recall the standard proof in the smooth 
case. Both here and in Theorem 4.13 we use Lemma 3.14, which shows that it 
suffices to prove that D(d^) 0 0(5^) and D(d^^) fl D(%) are compactly embedded 
in L 2 (fl; A). 

Theorem 4.10. Assume that Ct is a bounded open set with -regular boundary E. 
Then 



D(Da±) = D(%) n D{6n) = A) := {F e A) ; a / = 0}, 

D(Dj,ii) = D{dn) n D(%) = Wi(Dll; A) := {F € A)-ujf = 0}. 

In particular, D{d^)nD{6Q) and D{d^)nD{S-^) are compactly embedded in I/ 2 (f^; A). 

Moreover, if {vi,. , Vn-i} is an ON-frame on E of directions of principal 
inward curvatures k>i, then we have the Weitzenbock formulae 




[ \dF{x)\^ + \SF{x)\^- 
Jn 



Ek^i{y)h{y)^f{y)\^ FeDfD^.), 
T.ki^i{y)h{y) ~^f{y)?^ fgd(Dqh). 

(21) 



Remark 4.11. (i) Note that when E is convex, but not necessarily C^, then hii>0 
and we obtain the inequality k 1^ ^ F{x)\‘^ < k \^F{x)\‘^ + \5F{x)\‘^ if either 
i/A/ = 0ori/j/ = 0. See Mitrea [18] for generalisations of this result. 

(ii) Consider also the special case of the Laplace equation as explained in 
Example 1.1. If [/ is in the domain D(A/)) of the Dirichlet Laplacian in fl, then 
the gradient F :=VU G D(D^±). The Weitzenbock formula now reads 




24 



Andreas Axelsson, Alan McIntosh 



where H is the (inward) mean curvature of S, since for normal vector fields |wj a/| 
= bill/l = I/I- This formula is known as Kadlec’s formula, see p.341 in Taylor [24], 

Proof. We here only give the proof for Dq± , since that for is similar. 

(i) Assume that F G Wj A) C D(Dq± ). Using the boundary theorem 2.7, 
we obtain identities 

f |V®Fp + (F,AF^)= [ (/,(i/,V)F^|e), 

Jn JT, 

[ \dFf + (F, SdF^) = / (/, j dF^ls) = 0, 

Jn JT. 

[ \5Ff + {F,d6F^) = [ if,UA6F%), 

JQ Je 

where F denotes the function on which the differential operator V is acting. Thus, 
subtracting the last two equations from the first gives 

/‘|V®F|2= / \dF\^ + \SF\^- f (/,i/a5F'’|e) + (/,(i/,V)F^|e). 

Jn Jn Je 

Using the derivation property (9) and that u a f = 0 and dyM = KiVi we rewrite 
the boundary integral as 

^(/, 1/ A - (/, {u, V)F^|s) = - ^(/, V J (z/ A F-)) 

= [ {ViAf,(dyM)Af) = '^ [ Ki\ViAf\'^. 

i=i 7^1 /s 

Since E is of regularity Ki are continuous on E and thus the Sobolev trace 
theorem shows that the inclusion ^ D(Dqjl) is a bounded semi- 

Fredholm map. 

(ii) What is left to prove is that the inclusion is surjective. Note that since 

eoD^A is a self-adjoint operator by Proposition 3.5, we have that -h ieo : 
D(D^±) ^ L 2 (f^; A) is an isomorphism (for any weakly Lipschitz domain). Thus 
it suffices to prove that -h ieg : A) L 2 is surjective. 

One way to prove this is to perturb the given domain to a domain with an 
isometric double, e.g. the upper half := {x G ; 0 < < 1}/(2Z + 1)" 

of the flat n-torus := R’^/(2Z + 1)^ as in Taylor [24]. Since the problem is 
local, it suffices to prove that if = fig is 9 ; continuous family of 

diffeomorphisms, where Qt is a domain in for t G [0,1] and fli = T^, 

then + ieo • A) — > I/ 2 (fio; A) is an isomorphism. From (i) we have a 

continuous family of semi-Fredholm maps 

+ieo)(pr')* = d^^+p*Mpf^r+ieo : ^ ^ 2 (^ 0 ; A), 

since pullbacks preserves normal boundary conditions, and since [p*,S] : W 2 L 2 
depends continuously on t. Perturbation theory [13] now shows that it suffices 
to prove that -h ieo • ^ 2 ^((^-f )^; A) ^ Z/ 2 (T^;A) is surjective. Note 
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that D^n +ieo : L2(T^; A) is an isomorphism. We see that, given 

any G G I/2(T’^;A) with suppG C T^, there exists F G such that 

(Dt^ + ieo)F = G. Now the anti symmetrised field F - r*F, where r :T^ ^ 
is the isometric reflection, belongs to W 2 ^((T^)^; A) and (d + 5 + ieo)(F - r*F) = 
G — r*G = G in since d commutes with r* and S commutes with f~^ = r* by 
Proposition 2.6. This finishes the proof. □ 

For non-smooth S, not only the source function F := Dqj.[/ influences the 
regularity of f/ G D(D^j_), but also E. A standard example, see e.g. Grisvard [11], 
is the following. 

Example 4.12. Consider a bounded domain D C whose boundary E is smooth 

except at 0 where it coincides with R_^ U Let U : R^ A^ be a scalar 

a 

function in fi, smooth up to the boundary except at 0, such that U{x) = rc^ sin{^6) 
around 0 and [/js =0. Define 

F{x) :=\7U{x) = ^ra“i(sin(^6>)f + cos(^6>)0), 

for X around 0, where f and 6 denotes the radial and angular unit vector fields. 

——1 

Then the estimate \F\ <ro^ shows that F G D(d^)flD(d^^), whereas the estimate 
1^1 ^ ra~‘^ shows that 




But in the non-convex case a > tt the right hand side is infinite so that F ^ 
^2^(0; a). However, one can verify that ||F||^i /2 < oo for any 0 < a < 27 t. 

For a strongly Lipschitz domain, we use the L 2 (S; A) theory of boundary 
value problems. This uses the Rellich estimate technique, which was first applied 
by Verchota [25] to the Laplace equation. This technique was later extended to the 
full Dirac operator by M^Intosh-Mitrea [16] and M^Intosh-Mitrea-Mitrea [15]. 

Theorem 4.13. Assume that Q is a bounded, strongly Lipschitz domain. Then we 
have continuous inclusions 

D(Dj,x), D(Dj,„) c 

In particular, D{d^)nD{5Q) and D{dQ)nD{6-^) are compactly embedded in Z/ 2 (D; A). 

Proof. Consider the map Dq± + ieo : D(D^±) — > L 2 (D; A), which is an isomor- 
phism since eoD^± is self-adjoint, and the dense subset 

S:={Fe D(D^^) ; +ieo)F G G^{Q;A)} C D(D^x). 

It suffices to show that we have a continuous inclusion S ^ A). Given 

G = (Dq± +ieo)F G a), let Fq := (Dru -\-ieo)~^G G C'^(R’^; A) and form 

its tangential trace ly a fo e I/ 2 (E; A). We now apply the Rellich I/ 2 (E; A) theory of 
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boundary value problems on strongly Lipschitz domains, see [1] for more details, 
which shows the existence of a field Fi : > A such that 

(D + ieo)Fi = 0 in fl 
t/ A /i = 1 / A /o on E 
11-^1 ~ II^^/o|Il2(S;A) 

dFi,SFi e C L2(0;A). 

Now let F' := Fo - Fl. We see that 

11-^1 II W2*/^(a;A) ~ lkA/o||L2(E;A) ^ ll-Poll ~ ||•P||D(D„J. ) • 

Moreover dF', SF' € L 2 {^',A) and UAf = i^a/q-z^a/i = 0. Thus F' € D(DQj.)n 
A) and (D^± + ieo)F' = G = (D^x + ieo)F. Thus F = F' e A) 

with \\F\\^i/ 2 ^^.^^ < ||F||d(d„^). □ 

Remark 4.14. In the proof above we used the fact that 

ll-^l II W2/2(f7;A) ||/i||l2(S;A) 

when (D + ieo)Fi = 0 in 0. This result is presented in Fabes [7] with an incom- 
plete proof which is corrected in Mitrea-Mitrea-Pipher [19]. See also [3] for an 
alternative correction. 

Note that Theorem 4.13 is more constructive than Theorem 4.10 in the sense 
that F' is found by solving the boundary equation v /\ fi = i' a fo. However, if 
one is only interested in solving for example (IqU = F, where F G N(c!q), with a 
“good inverse” in the sense that F U is an L 2 compact map, then this can be 
done much more explicitly using path integrals as we now explain. 

Lemma 4.15. Let Q C be an open set with a smooth retraction Ft - ^ ^ 
Ft{^) cQ to p e ^ such that T\ = I, TtTs — Fs for 0 < t, s < 1 and Fq = p. If 
6 = dFt/dt\t=i is the vector field with flow Ft, then for smooth fields F in ft we 
have the path integral formulae 

F{x) = V A 9{x) j F*F{x) f ) , i/ V A F = 0 and F|ao = 0, 

F{x) = V J ( 0{x) A Ft-^F{x) f ) , */ V j F = 0 and F|a- = 0. 

One can prove this lemma by using Cartan’s formula 

CeF = A{F:F{x))\t=i = V A (0 j F) + 0 ^ (V A F) 

for the Lie derivative of the differential form F and using the homomorphism 
formulae from Proposition 2.6. For more details, see for example Taylor [24]. 
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Example 4.16. Let be star shaped with respect to 0 and Tt{x) := tx. Then for 
a smooth j-vector field F : ft we have the path integrals 

F{x) = V A ^ y* F~^x j F{tx) if V A F = 0 and j > 1, 

F{x) = V J ^ y t^~^~^x A F{tx) if V J F = 0 and j <n - 1. 

Indeed, using the derivation formula (9) and that ^ -> F{tx)) = jF{tx), 

one can directly verify that V a (x j F{tx)) = jF{tx) + t^{F{tx)). 

In particular, a curl free vector field F has a scalar potential given by the 
path integral U{x) = (x, F(tx)) dt and a divergence free vector field F has a 

bivector potential U(x) := t^~^x a F(tx) dt G A^. In classical notation in R^, 

the latter translates to F = -V x U-^ if U{x)-^ := tx x F{tx) dt. 

A third way to prove that the Dirac operators are diffuse Fredholm opera- 
tors uses an L 2 version of the classical Poincare lemma. We here only consider 
fields with values in = A^ 0 . . . 0 A’^. The extension to spacetime setting is 
straightforward. 

Theorem 4.17. Let Q C R’^ be a star shaped strongly Lipschitz domain. Let 0 < 
e < R < 00 be such that F(0, e) C C 5(0, R) and such that Q is star shaped with 
respect to each p G 5(0, e). For I < j <n, let denote the integral operator 

r^^F{x) [ {x-y)j F{y) kj{x,y)dy, F e 1,2(0; A^'), (22) 

where kj denotes the kernel 



k 



(X,S):= / ,)(x+Lf)- 



p-^dt 



,0 X l-t/(l-i)"+i 
for some fixed y G C^{B{0, e)) with Jy=l. In particular 
supp kj C {{x,y) ; y e conv(B(0,e),x)}, 



where conv denotes the closed convex hull, kj is smooth off the diagonal {x — y} 
with estimates 

\kj{x,y)\ < ^||??||oo(i? + e)" |^_^^|„ 

and defines a compact operator L2(f7;A-^) — > L 2 {^]A^~^). Then T := 0 0 
0 ... 0 : N{do) F 2 (fi; ARA) /N{do) is a compact Fredholm inverse to 

c!q. Thus dfi is a diffuse Fredholm-nilpotent operator. 

The corresponding result for 5 q holds true as well. 



Proof Assume that F G C^(R’^; A-^) and supp(V a F) n = 0 as in Proposi- 
tion 4.3. We define 



T^^">F{x) = J r}{p)dp(^J F ^{x - p) j F{p + t{x - p)) dt^. 
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which by using Pubini’s theorem and the change of variables y = p + t{x - p) 
becomes (22). Since J rj = 1 /it follows from Example 4.16 that = F. 

The estimates off suppfcj and |fcj(x,y)| are straightforward to verify. Since 
the full kernel for has the estimate < l/|x - Schur’s lemma shows that 

defines a compact operator A-^) ^ 

We can now apply Proposition 3.8 with Hi = I/ 2 (fl; K)/U{do)^ H 2 = ^{d^), 
A = d^, Ti = T 2 = T = 0 ^ 0 ... 0 Ki =0 and K 2 = orthogonal pro- 

jection onto scalar constants, which shows that d^ is a diffuse Fredholm-nilpotent 
operator. □ 
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Monogenic Functions of Bounded Mean 
Oscillation in the Unit Ball 

Swanhild Bernstein 



Abstract. Our goal is to generalize results for analytic functions of bounded 
mean oscillation (BMOA) in the unit circle to monogenic functions of bounded 
mean oscillation (BMOM) in the unit ball of In particular we obtain the 
duality of BMOM^ and the Hardy space of right monogenic functions 

Mathematics Subject Classification (2000). Primary 30G35; Secondary 3 IB 10, 
32A37. 

Keywords. Monogenic functions of bounded mean oscillation, monogenic func- 
tions, harmonic analysis . 



1. Introduction 



Both for complex and for harmonic analysis functions of bounded mean oscilla- 
tion are of fundamental importance. Since monogenic functions represent a pos- 
sible generalization of analytic functions into higher dimensions and likewise are 
connected with harmonic functions, we want to regard monogenic functions of 
bounded mean oscillation. 

In [3] important and substantial characteristics of analytic functions on the 
unit circle and in the unit disc were summarized. In particular the duality of BMOA 
and was shown, which is a substantial result of C. Fefferman. We will be able 
to generalize actually all results for BMOA to monogenic functions on the sphere 
and in the unit ball of . The substantial difference consists of the fact that we 
cannot use the harmonic measure, which only for n = 2 behaves like the Poisson 
kernel. Usually monogenic functions are represented by Cauchy integrals which 
contain the Cauchy kernel. But the Cauchy kernel is not positive. This implies a 
delicate behavior by using the absolute value of the kernel instead of the kernel 
itself because 



L 



y-x 



dSnj 



00 
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as X approaches any boundary point of the unit ball. Analytic and also monogenic 
functions are harmonic. Harmonic functions are represented by Poisson integrals. 
The advantage is that the Poisson kernel is positive! Because both the extension 
of a monogenic as well as a harmonic function from the unit sphere into the unit 
ball is unique, the Cauchy integral and the Poisson integral represent the same 
function. 

To start, let us denote by B := {x G : |x| < 1} the unit ball in and by 
S := {x : \x\ = 1 } the unit sphere in W^. 

For any left monogenic F in B with boundary values f on S the following 
properties are equivalent: 

1. / G BMOM^{S), i.e. / G BMO{S) and the Poisson extension F = Pf of f 
into the unit ball B is left monogenic. The upper index “1” shows the space 
of left monogenic functions, which is right-linear. 

2 . (1 — |x|)|VFp dx is a Carleson measure on B. 

3. Let h be the boundary values of a right monogenic function in B. Then there 
exists a constant C(/), depending only on /, such that 



fs 



hfdS 



<C{f)\\h\\H^. 



4. There exists a 6 € Z/°°(<S) such that 

F{x) = j e{x - ix>)u;b{uj) dS. 

5 . There exist left monogenic functions Ga{x), x £ B, such that Sc Ga{x) G 
L°°{B) and F{x) = YlGa{x). 

a 

The most important consequence is that by proving 3. we established that the 
right-linear space of left monogenic functions of bounded mean oscillation BMOM^ 
is a subset of the dual space of the left-linear Hardy space of right mono- 
genic functions. On the other hand, if we start with $ G then a Hahn- 

Banach extension of $ to is represented by some b G whose left monogenic 
projection / also represents From 4. ^ 1. we get that / G BMOM\ i.e. 
BMOM^ = Thus we generalized Fefferman’s famous result for analytic 

functions to monogenic functions. 



2. Preliminaries 

2.1. Clifford algebras and Clifford analysis 

We begin by considering the real Clifford algebra Cin-i generated from 
equipped with a negative inner product, i.e., 

= -(x,x). 

If ei, 62 , . . . , en-i is an orthonormal basis for R^“\ then 

CiCj -h ejCi = —25ij. 
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There is an anti-automorphism called conjugation or main anti-involution, 

. C^Yi— 1 ^ C£ji—\ . 6^2 • • • ^ii ) • • • 6^2 5 Cj Cj 5 j — 1 , 2, . . . , 77- 1 . 

Clifford analysis oflFers a function theory which is a higher dimensional analog of 
the function theory of the holomorphic functions of one complex variable. 

A Clifford-valued function / is called left monogenic (right monogenic, or 
two-sided monogenic) in an open region of if Df = 0 {fD = 0, or Df = 
fD = 0, respectively). Here, D is the Dirac operator 



n— 1 






3=0 



dxj' 



The most important function which is both left and right monogenic is the Cauchy 

kernel 

1 x-y 

e{x-y) = 

m{S) \x — y\^ 

where m{S) is the surface area of the unit sphere in 

Cauchy’s theorem and the Cauchy integral formula follow: 



Corollary 2.1 (see [20]). Let Q. be a bounded Lipschitz domain in with boundary 
dQ and exterior unit normal n{y) defined for almost all y G Suppose that f 
is a right monogenic function in a neighborhood of ft = dQ and g is a left 
monogenic function in a neighborhood of 0. Then 





/ f{y)n(y)g{y)dT,y = 0, 








JdQ. 






Crf{x) = 


f f{y)n{y)e{x - y)dT,y = i 

JdQ [ 


' fix), 
0, 


X G f], 

X 0 


Cig{x) = 


/ e{x - y)n{y)g{y)dT,y = \ 
Jdn [ 


’ g(x), 
0. 


X G D, 
X ^ Q. 



As an immediate consequence we obtain that left as well as right monogenic 
functions can be represented by Cauchy integrals. 

The domain we are interested in is the unit ball B in and its boundary is 
the unit sphere S. 



2.2. Spherical Harmonics and Spheric£d Monogenics 

In classical complex analysis polynomials play an important role. They are easy to 
handle and they are also analytic. Obviously also in higher dimensions polynomials 
are easy to handle but they need not to be monogenic. For example 

X “ 1 “ X2,C’2, ••• Xji — \Cyi — 

is a nice polynomial but 

Dx = e\-\-e% + ... + e^_i = -(n -1)^0 
and thus x is not monogenic. 




34 



Swanhild Bernstein 



On the other hand monogenic functions have harmonic components. Har- 
monic functions have also very nice properties. Let us denote by the set of 

all harmonic polynomials in of degree k. Then a spherical harmonic of degree 
k is the restriction to S of an element of The collection of all spherical 

harmonics of degree k will be denoted by Hk{S)\ thus 

nk{s) = {p 

One main result of spherical harmonics is now (see for example [1]) 

Proposition 2.2. 

oo 

fe =0 

i.e., any function f G L‘^{S) can be uniquely expanded into a series of spherical 
harmonics. 

We will use the following denotations: 

Definition 2.3 ([11]). Call M~^{k) the space of homogeneous monogenic Clifford- 
valued polynomials of degree fc in An arbitrary element of M+(fc), denoted by 
Pk, is called an inner spherical monogenic of order k. 

Call M~ (k) the space of homogeneous monogenic Clifford- valued polynomials of 
degree —{k -h n — 1) in M’^\{0}. An arbitrary element of M“(fc), denoted by Qk^ 
is called an outer spherical monogenic of order k. 

Call M'^{k) and M~{k) the spaces consisting of the restrictions to the unit sphere 
<S of the elements belonging to M~^{k) and M~{k), respectively, and put 

M{k) = M-^{k)pM-{k). 

The elements oi M{k) are called spherical monogenics of degree k. Arbitrary ele- 
ments of M'^{k) and M~(k) will still be denoted by Pk and Qk, respectively. 

For the construction of spherical monogenics we need a representation of 
the Dirac operator in spherical coordinates. Using polar coordinates x — with 
r = |x| and G 5, we may write 

where is a differential operator depending only on the angular coordinates. Then 
the spherical Dirac operator is 

T^=ld^ 

and we have Dx = ^ (9^ + ^F^). If we express the Laplacian in in polar 
coordinates we have 

Aa; = d‘^ -\- 

where -A^ is the Laplace-Beltrami operator on S. With the aid of the spherical 
Dirac operator we can factorize the Laplace-Beltrami operator in the following 
way: 



A^ = ((n-2)1-F^)F^. 
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The space Hk{S^) = 0+(/c) © 0~{k), where 0^{k) are exactly the eigenspaces of 
the Cauchy-Riemann operator restricted to the unit circle S^. In [11] it is proven 
that the same is true in higher dimensions. Especially we have 



Proposition 2.4. 

Hk{S) = M+{k)®M-{k), 

where are the eigenspaces of the spherical Dirac operator. 

Because of this decomposition we have 



Theorem 2.5 ([11]). Let f G L‘^{S). Then there exist unique sequences of spherical 
monogenics {P{k)f}ken, P{k)f G M^{k) and {Q{k)f}ken, Q{k)f G M~(k) such 
that 

oo 

f = Y,{P{k)f + Q{k)f). 

k=0 

Here P{k) denotes the projection operator P{k) : L‘^{S) M~^{k) given by 

P{k)m) = 

and Q{k) denotes the projection operator Q{k) : L‘^{S) M~{k) given by 

Q{k)m) = 

Moreover, 

oo 

k=0 



We will use Gegenbauer polynomials, for which we refer to [8] and [15]. For 
i/ G C with Re z/ > — | we have that for all x, t G M 



{l-2tx + x^)~^ = "^C^{t)x\ 
k=0 

where is the Gegenbauer polynomial of degree k associated to u. Let t = {^, 
Lo), ^,uj e S- Then we get 

= -{m + k-2)Cj^~‘^^^^{t) + {2-n)C'i^[\{t){{uJo^-(,ou/)eo + ^Au) , 

= 2^ + (2 - - ^ow)eo + ^ A w) 

( 2 . 1 ) 

The most important (two-sided) monogenic function is the Cauchy kernel for which 
we have the following expansions. Let x = r^ and y = nv ^ M’^\{0}. Then 

— — CXD I 1^ OO t ik 

= Ejy|n+fe-iC'+fc(^,^)^ = E|2^|n+/c-iC'„.fe(w>oe 
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Following [11] let us denote by M 2 {S) the space of those elements / in L^{S) such 
that their decomposition into spherical monogenics is of the form 

oo 

k=0 

i.e., Q{k)f{uj) = 0 for all fc G N. M 2 {S) is obviously a closed subspace of L‘^{S). 
The direct complement of M 2 {S) will be denoted by A^o,2(<5), thus 

L^{S) = M2{S)^M^^2{S). 

It should be mentioned that the sum is not only direct but also orthogonal w.r.t. 
the usual L‘^{S) inner product J^g{u)f{Lu)dS. 

The connection between inner spherical monogenics and the Hardy space 
H‘^{S) is given by the following theorem: 

Theorem 2.6 ([11]). A function f belongs to M 2 (S) if and only if there exists a 
function F which is monogenic in the open ball B such that 

m)= lim m), 

r— ^1— 0 

the convergence being taken in L^{S). 

2.3. Monogenic Hardy spaces 

Definition 2.7. If F is any function with domain B, and 0 < r < 1, then Fr denotes 
the dilated function defined for |x| < ^ by Fr{x) = F{rx). A monogenic function 
F with domain B is in the monogenic Hardy space H^{B) {0 < p < oo) if 

sup / \Fr\^dS < 00. 

0<r<l Js 

In the latter case, we write \\F\\p for the pth root of the left-hand side. This 
is a norm if p > 1 . 

Definition 2.8. Let M{B) denote the class of continuous functions F : B ^ Cio,n-i 
which are continuous on the closed ball B and which are left monogenic in its 
interior B. Further, let M{S) denote the class of all continuous functions / defined 
on S which are restrictions to S of members of M{B). 

For 0 < p < 00 , let H^{S) be the L^-closure of M(5). 

In the following proposition we summarize relations between monogenic func- 
tions and their boundary values. In [7] these results are proven for the unit disk 
(Theorem 3.1 and Corollary 2) as well as for Jordan domains with rectifiable 
boundary (Theorem 10.4). 

Proposition 2.9. If F e H^{B), then F+ G H^{S) and the norms of F and F~^ 
are equivalent, i.e., ||F'^||p IlF'Hp. 

Ifp>l and f e HP{S), then Pf = Qf G Hp{B), and f = (Q/)+, where F+ is 
the non-tangential boundary trace of F. 
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Proof. For / G M{S) we have 

Pf{a) = 



1 




m(<S) . 


Is - «l" 


1 


f {x-d) 


m{S) . 


Is \x - a|" 


1 


f i^-a) 


m{S) , 


Is \x - a|” 



1 f + .r \ JO 

i ilfiP = -'‘ + ■'“ 

xf(x)dS = Cif{a). 



The integral J 2 vanishes because is a right monogenic function in B and / 

is the non-tangential limit of a left monogenic function in B. Hence Pf = Qf for 
any / G Hp{S). 

To finish the proof we use harmonic analysis. Corollary (7.21) (on page 139) 
in [13] applies to the case of the unit sphere and the unit ball. □ 



Remark 2.10. Thus, the map F F+ is a linear isometry of H^{B) onto Hp{S). 
H^{S) is a closed subspace of L^(<S). A similar definition and proposition applies 
to right monogenic functions. 

2.4. Green’s function for the unit ball 

The Green’s function for the unit ball is a composition of the fundamental solution 
of the Laplace operator A and a Mobius transformation (fa{x). We have 

where <Pa{x) = {a - x)(l - ax)“^ 



{\x\n-2 l)- 

Proposition 2.11. Let $ G Then 

Proof. This is an immediate consequence of Green’s theorem for the Laplacian 
and the fact that g{x,0) \s= 0. □ 

Remark 2.12. More general holds for $ G C‘^{B) and a ^ B: 

= (n - 2)m(S) <!>(«). 

where dfia — ^ G{x,a) = \i_al;\n- 2 g{x,a), i.e., Green’s function 

for the unit ball. This can be seen from the fact that the right-hand side as well 
as the left-hand side of the equation are harmonic functions which have the same 
boundary values. 



g{x,a) = 



1 



Jv ? a ( a ;)|”-2 
Especially for a = 0 we have 



5(x,0) = 
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Proposition 2.13. Let F be a harmonic or monogenic function on the unit ball B 
which is continuous on B. Denote by f the restriction of F to the boundary. Then 

^)Js = raw 

Proof Under the assumption that F is harmonic or monogenic the compounds 
Fk of F are harmonic. A simple computation shows now that A\F{x) — F(0)p = 
2|VFp. □ 



3. The space BMOM 

An integrable function g belongs to the space of functions of bounded mean oscil- 
lation on the unit sphere S if there exists a positive constant C > 0 such that 

for all surface balls ECS. Here gE := denotes the mean value of g 

over E. The space BMO is usually equipped with the norm 

\\g\U*= sup — ^ / \g-9E\dS. (3.1) 

surface ball ecs '^\F) Je 

It should be mentioned that ||c||** = 0 for constants. Therefore we identify func- 
tions in BMO which differ by a constant. 

We use the Poisson kernel to represent monogenic functions. Let a e B and 
X G Then the Poisson kernel for the unit ball is given by 

P u) = ^ _i CK 

^ m{S) \x — a|^ m{S) (1 -f- |ap — 2|a| cos Z(x, ’ 

where m{S) denotes the Lebesgue measure of 5. In an analogous way to [3] for 
analytic functions we define the space of monogenic BMO- functions BMOM{S): 

Definition 3.1. An integrable function f on S belongs to BMOM{S) if the Poisson 
integral of / 

{Pf){a) = I^Pa{x)f{x)dS, 

is a monogenic function in the unit ball B and ||/||^ < oo, where 



ll/ll* := supP|/ - (P/)(o)|(a) = sup \f - (P/)(a)|dp„ 
aeB aeSJs 



1 1 — luP 

with dfia = -ra I 

m(o) \x — ap 



For n = 2 the measure df^a is the harmonic measure. In higher dimensions the 
harmonic measure has not the right behavior for creating an equivalent norm to 
the standard BMO-norm. A John-Nirenberg-type inequality using the measure 
/ia is given in [5] and [6]. 
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4. Equivalent norms of BMOM 

To demonstrate that the new norm is indeed a norm for functions of bounded 
mean oscillation on the unit sphere we will demonstrate that the norm ||.||* (3.2) 
is equivalent to the standard norm ||.||,^^ (3.1). 

Theorem 4.1. For functions f G BMOM{S) the norms ||/||* and ||/||** are equi- 
valent. 



Proof Let us choose an arbitrary point a e B and consider the surface ball E with 
the following properties: 

1. The center of E is xq = |^. 

2. The radius of E is r = 1 — |a|. 

Under these assumptions we get for x G 5 : 

< ^ - 2cosZ(x,a)'j < 

i=l \ I I / 

2(1 cos Z(x, a)) < = (1 - |a|)^ 

and we can estimate 

|x - ap = 1 + |ap - 2|a| cosZ(x,a) < (1 - |a|)^(l + |a|) 
or equivalently 

k-ar<(l-|a|)^(l + |a|)^/^ 

This allows us to get a lower bound for the Poisson kernel. We have 

1-laP 



Pa{x) 



1 1 - lap ^ 1 



m{S) \x - a\^ m{S) (1 - |a|)’^(l + \a\)^/‘^ 

^ (l + |g|)^-^/^2^-^C(n) 1 ^ K{n) 



m(<S)27T^“2(n — 1) m{E) m{E) ’ 

where an estimate of the constant C{n) which depends only on n is given in the 
appendix. Hence, 

K{n) 



[ \f - f{(^)\df^a> [ \f-f{a)\dfia 
Js JE 

which gives raise to the final estimation 



> 



m{E) 






and thus 



< 



K(n) 



ll/I 
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To prove the opposite inequality we construct a sequence of surface balls E'^ := 
m = 0, — 1, i.e., E^ = E^ with the following properties. Let a be 
again an arbitrary point in the unit ball B. 

1. Each surface ball E'^ has the center as E. 

2. The radius of E^ is r = 2’^(1 — |a|). 

Let M be the smallest natural number such that 2^(1 — \a\) > 2. Then we set 
E^ := S. For all x G <S it holds 

1 — |ap 1 — |ap 2 

(1 + |ap - 2|a| cosZ(x,a))’^/2 ~ (1 + |ap - 2\a\)^/‘^ ~ (1 ~ 



We can improve the last estimation on S\E'^. Because of 
_ |2 



X - 



> (2”(1 - |a|))^ 



2(1 - cos Z(x, a)) > 2 "^(1 - |a|) 



we get 

1 - l«l^ < (l + |a|)(l-|g|) 

(1 + |ap - 2|a|cosZ(x, a))"/2) “ (1 + |ap — 2|a| + 2|a|(l — cosZ(x, a)))"/^ 

^ (l + H)(l-|g|) ^ l + |g| ^ 

“ (1 - | g |)2 + | g | 22 ™(l - | g |) 2)«/2 “ (1 - | g |)"- i 2 "™| g |"/2 “ (1 - | g |)"“^ ‘ 

To get the last estimation we have incorporated that if m > 1 then M > 2 and 
thus 22(1 - |g|) <2 <S=^ (1 - |g|) < i |g| > i |g|-”/2 < 2”/2. □ 



5. A Carleson measure characterization 



Definition 5.1. A positive measure u defined on the unit ball S is a Carleson 
measure if there exists a constant A > 0 such that 



iy{QhiO) < 



for any subset 
where h> 0 and ^ G 5. 



QhiO ■= {x e B : \x - ^\ < h,} 



Theorem 5.2. Let be F{x) = {Pf){x). For f G BMOM{S) the measure 

{l-\x\)\VF\^dx 

is a Carleson measure. 



Proof. We choose an arbitrary Xq G and set B^(xq) = {x G 5 : |x — Xq| < r}, 
Er = E{xo, r), r > 0, where Er is the surface ball with radius r and center xq on 
the unit sphere S. Now, we decompose / in the usual way: 

f = if - fEr)XEr + (/ ~ fEr)XE^ + f Er = fl+ f2+ f Er ’ 

Hence 



Pf = Pfl + Pf2 + PfEr = Pfl + Pf2 + fEr =F,+F2+ fEr 
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VF = V(P/) = VFi+VF2. 

Because of |VFp < c(|VFip + IVF 2 P) we only need to prove that (1 - |x|)|VFip 
as well as (1 - |x|)|VF 2 p are Carleson measures on B. First, we consider Fi. 

j {l-\x\)\VFi\^dx<^^ [ g{x,0)\VFi\^dx= [ \h{x) - F,{Q)f dS 
JB Jb Js 

= / if - fEr)XEr~ [ if - fEr)XErdS dS 

Js Js 

< (n - 2 ) |(/ - fEr)XEr)f ^ ~ fEr)XEr)dS 

<{n-2)j^ l/-/E.Pc^«5 + 4(n-2)7r(^ \f - fE,\dS^ 

" Si L ^ w I ^ 

< const ■ \\f\\BMO(S)'m{Er) < const ■ ||/||bmo(5) ' 

due to m{Er) < m{S). To get the estimation for F 2 we consider the partial deriva- 
tives 

F,(^) = j^PMSM<iS, = ^ 

the integral is non-singular and we can take the derivative straightforward manner 



9 1 f f —2xj 

dxj m(5 ) /ec Vlx - y|” ^ 



{I - \x\^){yj - Xj) 
\x - y|n+2 



^ - if{y)- fEr)dSy. 



Because of y G 5 we have |1 — |x|| = \\y\ - \x\\ < \y - x\, and if x E Br{xo) we get 
\\xo - y| < |a; - y| < 2 |xq - y\. 



-(^ 2 ( 0 ;)) < const ■ 



1/ ~ fsr. 
\x — y\^ 



dS < const • 



— const' I jFyr\\ 

r Je- fo - yr 

We rewrite the last integral as an infinite series that converges with respect to r. 



[ \f - fEr 

J 



1/ ~ fEr 
\xo-y\^ 



-E '2 + 1 r \ ^2 ^ r 



/-/sJl — "—^dS<Y2- 



nk^-(n-l) 



\f-fEjdS. 



Taking into account 

IfE^k+lr^ ~ f Er\ IfE^k+l^ ~~ /^2^r ~~ ‘ ~ f Er\ 

< IfE^k+ir^ ~ fE^kJ + IfE^k^ ~ fE^k-iJ + • • • + \fE 2 r - IeA 
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< 



.J' — -J \f-fE^,,Ads 

m{E2kr) m{E2i^+ir) 



+ 



m{E2k^ 



V-)j !/-• 

^2'=r) yfi,. 



m{E2k-ir) m{E2k 

+ ...+ 



fE„\dS+ 



JEor- 



< 



{m{E2k+ir)y 

m(£’2^r) 



m{Er) m{E 2 r) JE 2 r 
1/2 



\m{E2k+lr) J 



+ 



{m{E2kr)) 



\ 1/2 



m{E2k- 






+ ...+ 



{m{E2r)? ( 1 



m{Er) \m{E2r) JE2r 



r 

/ \f-fE2fds) 

JE 2 r / 



< const • k 



1/2 

BMO{S) 



we estimate 

00 



2 -nk ^-2 / i/ - /bJ < const • 2”-'-^^ 

"'^2fc + lr k=0 



1/2 

BMO{S) 



< const • 



1/2 

BMO{S)‘ 



dx 



Finally, we obtain 

[ {l-\x\)\\/FAdx<const- [ (1-|s|)(|VFi|2 + |VF2|2) 

J Br(xo) J Br{xo) 

< const- f (1 - |x|)|VFi|^ da; + j |VF 2 pda; 

Jb JBr{xo) 

< const ■ ||/||bmo( 5) • + r"-||/||BMO(5) 

< const - ||/||bmo(5) 



□ 



6. Duality and representation 

The bilinear form 

j^hfdS 

is well-defined for left-linear h and right-linear /, i.e., it defines left-linear functional 
over a right-linear space. 
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Theorem 6.1. Let f G BMOM^S) (the right-linear space of boundary values of 
left monogenic functions in B ) and h G (the left-linear space of boundary 

values of right monogenic Hardy space H^{B). Then 



L 



hfdS 



<C{f)\\h\\H^. 



Proof Let H be the right monogenic extension of h and let F be the left monogenic 
extension of / into B. We assume that H{0) = 0. Using Green’s formula for 
harmonic functions in the unit ball (see (2.2)) we get 




j^g{x,0)A{HF) dx + 

^ f g{x,0)A{HF)dx = ^ / 

Jb “T Jb 



dH dF 






due to H{0) = 0, and 



j=0 J J j j j 



(AH)F + HiAF)F±^^^^ 



dxj dxj 
j=o J J 






“ dxj dxj ’ 

j_0 J J 



because any right or left monogenic function is harmonic. We get using Fefferman’s 
trick: 



L 



hfdS 



< 

— n-2 



^ [ \^F\-\yH\g{x,0)dx 
JB 

^ I VF|" • \H\ g{x, 0) dx) (^ \VHf ■ \H\-^g{x, 0) dx) 



\ 1/2 



2_ t1/2 t1/2 
-2'^1 '^2 ■ 



At first we consider the integral Ji. If |x| < the integral exists because 

[ \^Ff -\H\g{x,0)dx< sup \H\-[ \VFfg{x,0)dx 

J{x€B:\x\<^} {xeB:\x\<\} J {x€B-.\x\<\} 

<||h||Hi / |VF|'ff(x,0)dx = |HUxM f \f-F{0)fdg 
Jb Js 



^ ^II/IIbmo 
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From the estimation |^(x,0)| < ^(n - 2)(1 — |x|) on |x| > \ and the fact that 

|VF|^(l-|x|)isa Carleson measure we obtain 



[ |VFp ■ \H\ g{x, 0) dx < 2^-^{n -2) [ \VFf ■ \H\ (1 - |a;|) dx 

J{x^B:\x\>^} J 13 

<C{f) 



and thus |Ji| < c(/) • Next, we estimate the integral J 2 : 



f \VHf ■\H\-^g{x,0)dx <n [ A\H\g{x,0)dx 
JB Jb 

= n [ \h\dS - H{0) =n [ \h\dS < n 

Js Js 

Here, the subharmonicity of the right monogenic function H is used. 
Finally, we obtain the desired estimation 






\L 



hfdS 



< C{f) 






If F(0) = Fo ^ 0, we decompose 



j hfdS 


= 


[ {h- Ho) fdS+ f Hof dS 
Js Js 






< 


jjfi-Ho)fdS 








< 


jjfi-Ho)fdS 


+ II/IIli|NI 


m 



This completes the proof. 



□ 



Remark 6.2. Right monogenic functions are harmonic and fulfill also the subhar- 
monicity property (see [13], page 106), and they form a left-(Clifford)-linear space. 

Now, the space H^{S) is a closed subspace of L^{S) and therefore 

l^hfdS 

extends to a functional over L^{S). Hence, there exists a 6 G L^{S) such that 

[ hfdS= [ hbdS 

Js Js 

for all h G L^{S). Let us take the functions G L^{S) (cf. (2.1)). Then 

[ Cl,{u;,OfdS= f Cl,{w,ObdS, 

Js Js 
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i.e., the inner monogenic projections are equal to Pkf = Pkb and thus 

oo \ \ k /* oo I I /c /* 

= E lw)f ^ = g Ji_ 

\ \k p p 

= 7 -^ / = / e{x - u)ubdS = Cib{x). 

JS ’ 



Hence, 



Theorem 6.3. ^ /e/t monogenic function F in B with boundary values f G 
BM0M\S) can be represented as a Cauchy integral of a function b G 

F{x) = J e{x - u)(job{u) dS. 

Proof The Clifford- valued function b may be written as 

a 

and we define 

Pa{x) '= / e{x — uj)ujba{(v) dS . 

Js 

Then F{x) = Fa{x)ea- Now, we consider the scalar part of each Fa- We have 
Sc Fa{x) = Sc / e{x — uj)ujba{(jv) dS = / Sc {e{x — Lj)uj) b a {uj) dS 

Js Js 

= J {e{x — u) • u) ba{uj) dS . 

Hence ScFq, is the double layer potential of ba G L"^{S) and therefore ScF^ 
L^{B). 



Theorem 6.4. A left monogenic function F in B with boundary values f G 
BM0M\S) can be represented as 

F = y^^FaCg, 

a. 

where Sc Fa G 



7. Remark 

We got a relation among functions from a Hardy space and functions of bounded 
mean oscillation both representing boundary values of functions monogenic inside 
the unit ball B. But we can also obtain similar relations among monogenic func- 
tions inside the unit ball and outside. This comes from the fact that the inversion 
operator /* transforms a function / monogenic inside the unit ball into a function 



□ m 
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I*f monogenic outside the unit ball ([11]). If we extend the operator I* to L 2 {S) 
by putting for f e L 2 {S) 

r/(w) = ujf{u) 



we get that 



/ hf dS = / hujgdS^ 
Js Js 



where g = uof are the boundary values of a monogenic function outside the unit 
ball. 



In ~ there is only one Poisson kernel. This it no longer true in higher 
complex dimensions. Here, there must be distinguished between the Poisson kernel 
and the Poisson-Szego kernel. The same situation occurs in higher real dimensions. 
We used the Poisson kernel for the unit ball in 



7 -. / \ 1 1 ~ kP 

Paix) = — 

m{S) \x a|^ 

This kernel is also used in harmonic analysis. But there is also a Poisson-Szego 
kernel (introduced in [10]) 



PSa{x) = 



1 

m{S) 



\x — apy 



The basic feature that allows to prove the equivalence of the standard BMO-norm 
with 1 1 . 1 1 * is that 

p^(x) ~ — 

^ (l-|a|)"-i m{E) 

But this is also fulfilled for PSa{x) because from 

2 l-|gp (l + |g|)^/^ 1 

(1 — |g|) ~ \x — gp ~ (1 — |g|) ~ (1 — |u|) 



we also get 

Especially PSa{x) is much more connected to conformal invariance than Pa{x). 
But as in several complex variables the Poisson-Szego kernel is not harmonic but 
M-harmonic (see [9]). 



In classical complex analysis the Dirichlet and the Bloch space can be con- 
nected by the scale of Qp-spaces and Qi = BMOA (space of analytic functions 
of bounded mean oscillation) , see [2] . The Qp-spaces are generalized to higher di- 
mensions in a different way in [14] and in [10]. But it could not be proven that 
Qi = BMOM or at least Qp = BMOM for some p. 
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Appendix 



The unit sphere is a very special manifold and has a lot of useful properties. As a 
compact space of homogenous type the unit sphere fulfills the doubling condition, 
i.e., there exist positive constants b,c > 0 such that for dll x e S, t > 1 and all 
r > 0 

m{E{x,tr)) < ct^ m{E{x,r)), 

where E{x,r) denotes the surfaces ball with center x G 5 and radius r > 0. But 
to make it clear we will give a simple proof of this fact and fix some constants. 
First of all, we want to calculate the area measure of the set 



E{xo,r) := | 



xeS : 



X — Xo 



< »■}, 



for an arbitrarily chosen xq G 5. Without loss of generality we can assume 



Xo = (1,0,...,0) 

and thus |a: - (1,0, . . . ,0)p < r^, and 

n 

y^x^ + 1 - 2xi = 2(1 - Xi) < r^. 

Using spherical coordinates we have xi = cos^i and 

'il-t r r 

2(1 - xi) == 2(1 - cos^i) < sin — < - 4=^ < 2arcsin -. 

Zi ud Zd 

Hence, 



dS 



n{E{xo,r))= [ 

J SC\E{xQ.,r) 

p2 arcsin ^ pir pit 

= siiC-^diddi sin^-^d 2 dd 2 ... si 

Jo Jo Jo 

= C{n) [ 
Jo 



sint?„_2di?„-2 / ddn-i 

J —7T 

2 arcsin ^ 

0 



sin’^ 



where C{n) = sin" ^ di ?2 ■ ■ ■ Jo sin i ?„_2 ddn -2 dd„-i. 
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In case of 



^ ^ . r 7T 

0 < 2 arcsin 2-2 



r \/2 r- 

0<-<^ 0<r<\/2, 



we get 



r r 1 /r\3 1 3 /r\5 

arcsm- = - + - 



/r\'^ i 3 /r\^ r ( ^ 1 /r\2 1 3 /r\4 

( 2 ) +2’4(2) +"-= 2 (^+ 2 ( 2 ) +2'4(2) +-" 



and 



^ l/r\2 1 3/r\4 2n /^x 

'+ 2 ( 2 ) + 2 - 4 ( 2 ) +-^^( 2 ) ^ 2 : ( 2 ) 



n=0 



n=0 



i-(i) 



2<TTT=2. 

o 



which leads to the estimation 



If 0 < f we have 



and thus 



j. rj. j, 

r = 2 ' - > arcsin - > - . 
2 - 2 - 2 



^ sini?! 2 
1 > — ^ 



7t’ 



> sini?! > -i?i ^ > sin’^ ^ '&i > ( - 

7T \7r 

Now, we are able to estimate the expression 

r2 arcsin ^ 



n— 2 






pz arcsin ^ 

m{E{xo,r)) = C{n) / sin’^"^ 

Jo 



We have 



C(n) f 
Jo 



2 arcsin S 



> m{E{xo,r)) > C{n) ( - 

V 7T 



71 2 «2 



(2arcsi„n”-‘ > f2arcsin ^ 

— IV 2/ n— l\7r/ V 2/ 



n 



C{n) (2 



/ 



71-2 






L 71—1 



C'(n)2 



71—1 



n - 1 



> m(£;(a;o,r)) > 



C'(n)2 



iTl— 1 



„71— 1 



(n - 1)27 t’^~2 



0 < r < V 2 . 



Let us now consider the case where t > 1. In case of r < 

^ we already obtained that 

m{E{xo,tr)) ^ C{n)2^-\tr)^-^27r^-^{n - 1) 



m{E{xo,r)) 



{n — l)C{n)2'^~^r'^~^ 



< 27t^-H' 



,71 — 2^71—1 
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But if r > then m{E{xo,tr)) < m{S) and m{E{xo,r)) > m{E i.e., 

~T 

m{E{xo^tr)) ^ m{S){n - 
m{E{xo,r)) ~ y/T~^C{n)2'^-^ 

Therefore we obtain 

m{E{xo,tr)) < ct^~^ m{E{xo^r)). 
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Abstract. The aim of this work is to characterize hyperholomorphic 
functions in terms of harmonic majorants. In addition we point out how some 
important relations between Bloch and Qp-spaces can be expressed in 

terms of their corresponding harmonic majorants. 
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1. Introduction 

Let A = {zGC:| 2 |<l}be the complex unit disk and let .4 be the family of 
analytic functions in A. Consider the well-known BMOA space 

BMOA = {/ G A : sup [ [ |/'(z)p(l - \ipa{z)f)dxdy < oo}, 

aeA J J 
A 

where (pa{z) is the Mobius transformation 

= r-, a < 1. 

1 — az 

This function maps the unit disc onto the unit disc, ^a(A) = A, and has the 

properties ipa{^a{z)) = z,(pa{^) = CL,^a{o) = 0 and lim \(pa{^)\ = 1 Va G A. 

bHi 

In 1984, Kobayashi [11] gave a characterization of a function / in the space 
BMOA in terms of the least harmonic majorants of the subharmonic functions 

Ua{z) = \f{z) - f{a)f for aeA. 

In 1993, R. Aulaskari and P. Lappan [2] introduced the Qp-spaces for any 
p > 0 as the family of functions in A that satisfies 

Qp = {f e A: sup [ [ |/'(z)p(l - \ipa{z)\‘^ydxdy < oo}. 
aeA J J 

A 
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Thus for p = 1 we obtain the BMOA space and for p = 0 we obtain the Dirichlet 
space 

D = {/ G ^ : j j \f'{z)\^dxdy < oo}. 

A 

Besides, Aulaskari and Lappan proved that for p > 1, Qp coincides always with 
the well studied Bloch space. 

Several difficulties occur if we try to generalize Kobayashi’s tools, used in [11] 
for functions in Qp. So Aulaskari et al in [3] introduced a new idea to characterize 
Qp-functions in terms of harmonic majorants in such a way that the main prop- 
erties of the Qp-theory have their correspondent one with harmonic majorants. 

In 1999 Giirlebeck et al [10] defined Qp-spaces of hyperholomorphic func- 
tions defined in the unit ball of Recently in [1] the authors introduced the 
BP’^-spaces of hyperholomorphic functions that generalize in several ways the 
Qp-spaces. These hyperholomorphic Qp-spaces are defined with the help of a 
quaternionic derivative and the quaternionic Mobius transform. The quaternionic 
Mobius transform is needed to define a weight function that concentrates the mass 
of the weight at the point a. Doing this the new definition extends the complex 
one-dimensional case in such a way that the restriction of the new model to the 
two-dimensional case reproduces the original complex function spaces. Moreover, 
to keep the results of this paper compatible to Kobayashi’s results, we should work 
with weight functions of the same type. It should be mentioned that for other pur- 
poses one can work also with equivalent weight functions based on the distance of 
the point to the boundary only. 

In this work we will extend the techniques used in [3] for the complex case to 
obtain the corresponding characterizations of hyperholomorphic ’^-functions in 
terms of harmonic majorants. Besides, we present, too, how several important rela- 
tionships among hyperholomorphic B^’^, Bloch, and Qp-spaces can be translated 
in terms of its corresponding harmonic majorants. 

To introduce the meaning of hyperholomorphic functions let H be the set of 
real quaternions. This means that elements of M are of the form 

3 

a = ’^ak 6 k, where {afc|fc € N° := N3 U { 0 }; N3 := { 1 , 2 , 3 }} C M; 

k=0 

eo = 1 the unit; ei, 62, 63 are called imaginary units. They define arithmetic rules 
in H; by definition el = -Cq, k G N3; 6162 = -6261 = 63; 6263 = -6362 == ei; 

6361 = —6163 = 62. 

Natural operations of addition and multiplication in IHI turn it into a skew- 
field. The main involution in H, the quaternionic conjugation, is defined by 

eo := eo; ek := — 



6k\ for k e Ns, 




BP’^-Functions and their Harmonic Majorants 



53 



and it extends onto H by R-linearity, i.e., for a G H, 

3 3 3 

CL != ^ ^ ~ ^ ^ ~ ^0 ^ ^ 



Note that 



k=0 



aa = aa 



k=0 

3 



k=l 



'^^k — I^Ie 4 — : |a|^. 



fc=0 



Therefore, for a G H \ {0} the quaternion 



1 



a := 



is an inverse to a. 

Let fi be a domain in Then we consider H- valued functions defined in Q 

(depending on x = (xo,xi,X 2 )): 

f : 

The notation H), p G N U {0}, has the usual component-wise meaning. On 

we define a generalized Cauchy-Riemann operator D by 

D{f) ■=Y.^k^=-Y.^kdkf. 



k=0 



k=0 



jD is a right-linear operator with respect to scalars from H . The operator D defined 
by ^ ^ 

k=0 k=0 

is the adjoint Cauchy-Riemann operator. The solutions of Df = 0, x G fi, are 
called (left) hyperholomorphic (or monogenic) functions and generalize the class 

of holomorphic functions from the one-dimensional complex function theory. Let 

2 

As be the three-dimensional Laplace operator, As := ^k- Then on C^(n;EI) 

k=0 

analogously to the complex case the following equalities hold: 

As = DD = DD. 

This property means, in particular, that hyperholomorphic functions are harmonic 
in all their coordinates and we can use results from classical harmonic analysis 
also for our hyperholomorphic functions. Using the adjoint generalized Cauchy- 
Riemann operator D instead of the derivative f'{z), the quaternionic Mobius 
transformation ipa{^) = (a — x)(l — ax)~^, and the modified fundamental so- 
lution g{x) = ^ of the real Laplacian, in [10] generalized Qp-spaces are 

defined by 

Qp = (/GkerD: Qp{f) := sup [ \Df{x)f{g{(fa{x))YdBx<oo 

I aGBi(O) JBi(0) 
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where Bi{0) stands for the unit ball in Here, the generalizations of the Green 
function and of the higher dimensional Mobius transformation seem to be natural; 
that —\D plays the role of a derivative is shown in [9] for arbitrary dimensions 
and in [12] and [14] for dimension four. 

From the consideration of Qp as p ^ oo in [10] the following definition of 
the Bloch seminorm in the three dimensional case is introduced: 

B{f) = sup (1 - \xf)^Df{x)\. 

xeBi{o) 

Based on these definitions it is proved in [10] that 

I>cQpCQqCjBforO<p<g'<2 and Qq = B for g > 2, 
where V is the hyperholomorphic Dirichlet space given by (see [10]): 

V = I f : f e kerD and f \Df{x)fdBx < oo 
I Jbi{0) 

For more information about the study of Qp spaces of hyperholomorphic functions, 
we refer to [5], [8], [10], and [9]. 

Recently, B^-spaces of quaternion-valued functions were defined in [7] as 
follows: 

B^ = {fekeiD:B^{f)<oo}, 

with 

sup f \Df{x)\‘^{l-\xf)^‘‘~^{l-\ipa{x)fYdB:c, 
a^Bi (0) J 

5i(0) 

where 0 < g < oc. It is shown in [7] that all these spaces are equivalent to the 
quaternionic Bloch space. This was the reason to work in [8] with another exponent 
of the weight function 

B'^{f):= sup [ \Df{x)\“{l-\xf)^'^~^{l-\(pa{x)ffdB^, 

tiG-Bj (0) J 

Bi(0) 

where again 0 < ^ < oo and the exponent 2=3-1 is related to the real space 
dimension. In this case it is known that for g < 2 these B*^-spaces form a proper 
scale and all spaces are included in the Bloch space. 

Using the same definition, Resendis and Tovar [13] obtained a Besov-type 
characterization for quaternionic Bloch functions that generalizes a Stroethoff the- 
orem (see [15]) in E^. 

In the present paper we define B^’^-spaces of quaternion- valued functions as 
follows: 

BP-'i = |/ e kerD : DP’«(/) < oo 
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with 



HP’«(/):= sup 

aeSi(O) 



J \Df{x)\\l 

Bi(0) 






where 0 < ^ < oo and 0 < p < oo. This definition refines the scale by a better 
controlling of the weight function. If p = 3, we will get the space of hyperholo- 
morphic functions as defined in [7]. Also, if q = 2 and p = 3 we will get the space 
Q 2 of hyperholomorphic functions as studied in [10]. 



Remark 1.1. The functionals B{f), Qp{f), B^{f) and define only semi- 

norms. Nevertheless, if Us is a small neighbourhood of the origin, with an arbitrary 
but fixed s > 0, then we can add the Li-norm of / over to our seminorms and 
B as well as Qp, BP, BP 'i will become Banach spaces. For details see [9]. 



Remark 1.2. We restrict ourselves to the study of hyperholomorphic functions in 
with values in the quaternions even though some of the results on harmonic 
functions are stated in E’^, and hyperholomorphic functions can be defined also 
as functions from with values in Clifford algebras 0?o,n- One reason is that 
the used hyperholomorphic B^’^-spaces are studied only in the three-dimensional 
case. The seminorms introduced by the hypercomplex derivative D for functions 
defined in E’^^^ with values in C?o,n become weaker with increasing dimension 
because the hyperholomorphic constants (functions belonging to kerD fi kerD)) 
are isomorphic to the Clifford algebra C?o,n-i- 



2. Classical Dirichlet Problem 

This section is devoted to present definitions and results related to the classical 
Dirichlet problem for real valued functions defined in some subset of E’^. For 
Proposition 2.1, Theorem 2.2 and Corollary 2.3 and the basic definition we refer 
to [6]. 

Let n C E’^(n > 2) be a bounded open set, with boundary F and h G C^(F). 
We call a function ^ E’^ a classical Dirichlet solution if H is harmonic in 

fl, i.e., An{H{x)) = 0 for all x G il, and such that 

Im H{x) = h{z) for all z eT. 

We denote by the family of harmonic functions in fl. If H is the classical 
Dirichlet solution of h in iTi, then H G il(fi) fl and h is the trace of H on 

F. From the maximum principle for harmonic functions we have that the linear 
map that takes H to its trace h on F is an isometry with the uniform convergence 
norm on Q given by 

\\H\\ = m^\H{x)\ 
and the uniform convergence norm on F given by 

\\h\\ = max \h{x)\. 

ccGF 
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Thus we obtain that every uniform limit of harmonic functions on fi results in a 
harmonic function on and we have 

Proposition 2.1. [6] Let Q be a bounded open set o/R^ with boundary T. The set 
E{Q) of the h G C^{T) such that the Dirichlet problem admits a classical solution 
is a closed vector subspace of C^{T). 

For the case n = S and = Br^ixo), the ball centered in xq of radius ro, 
Poisson’s integral formula gives us the classical Dirichlet solution for h G C^(F), 
where F = dBr^ixo): 

r 

Here as is the total surface area of the unit sphere in R^. Consider now the next 
immediate consequence of Harnack’s theorem: 

Theorem 2.2. [6] Let Q be a connected open set and let {Hm} be a monotonic 
sequence of harmonic functions on Q. Suppose that there exists an xq e Q such 
that {Hm{xo)} is bounded. Then the sequence {Hm} is uniformly convergent to a 
harmonic function in on every compact subset o/f]. 

Corollary 2.3. [6] Let C R^ be a bounded open set and let {Hm} be a sequence 
of functions, harmonic on Q and continuous on Q, satisfying for some M > 0, 
\Hm{x)\ < M for all X eT = dQ and all m G N. Then there exists a subsequence 
of [Hm] converging to a harmonic function on D. 

Now we will prove some facts about continuous functions on the unit ball 
Bi{0) and its boundary T = dBi{0) in R^. 

Proposition 2.4. Let h : Bi(0) — ^ R'^U{0} be a continuous function andO < R < 1. 
Let hn : T ^ R be a function defined in spherical coordinates (r, (f, 9) by 

hR{l,(f,9) = ^mdiX^h{r,(f,6), 0 < (p < tt, 0 < 6 < 27t. 

Then Lr is a continuous function on T. Moreover, if 0 < Ri < R 2 < 1, then 
< hR^{l,ip,6) for every [ip, 6) € [ 0 , 7 t ] x [ 0 , 27 t ]. 

Proof. Let (po £ [0, tt] and 6o € [0, 27t] be fixed. By compactness of the segment 
[0,[Ri in Bi(0), the maximum of h in this segment is attained. We pro- 

ceed by contradiction: Suppose that Hr is not continuous at {l,(po,6o), then if 
hR{l,ipo,9o) = h{ro,(fo,0o) for some rg G [0, R], there exists ^ > 0, such that for 
each n G N, there exist (fn and On, with \(fn ~ To\ < and \0n — 9 q\ < but 
— hR{l,Lpn,9n)\ > s. In particular there exists a sequence {r^} C 
[0, i?], with hR{l,(pn,0n) = h{rn,p^n,9n)> Besides, we can suppose that rn con- 
verges to r* G [0, R], with r* ^ rg and by continuity of the function h at (rg, (po,0o), 
necessarily we have that hR{l,(po,0o) + e < hR{l,(pn,0n) = h{rn,(Pn,9n)- Taking 
the limit we get a contradiction. □ 
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Corollary 2.5. Let h : Bi{0) R be a continuous function. Let hi : T ^ R be 
defined by 



hi{l,(f,6)= sup hR{r,if,6), 0 < (/? < tt, 0 < 0 < 27t. 

0<R<1 

If hi{l^(p,9) < + 00 ; then lim hR{l,(f,6) = hi{l^(p^6). 

R — >1 

hi is not necessarily a continuous function on T (see [3]). Let hR : T R 
be a continuous function and 0 < i? < 1. Let Hr : Bi(0) ^ M be a harmonic 
function such that Hr\j = hR, i.e., Hr is the classical solution of the Dirichlet 
problem with boundary values hR on T. Then we have 

Theorem 2.6. Let h : Bi{0) R+U{0} be a continuous function. Let hi : T ^ K 

be defined as in the previous corollary and let Hi : Bi{0) -^R be defined by 

Hi{x) = sup Hr{x)^ for every x G Bi{0). 

0<R<1 

Then Hi is a harmonic function on Bi{0) or Hi{x) = oo on Bi{0). In the first case 
Hi can be obtained through the application of the Poisson kernel to hi; moreover 
if Hr is positive then 



lim HR{l,if,6) = Hi(l,ip,0) a.e. 

R — >^1 

and lim i/i (!,(/?, 0) exists a.e. on [0,7t] x [0, 27t]. 

r—^l 

Proof Let {Rn} be an increasing sequence of positive numbers on (0,1) with 
lim Rn = 1. By Proposition 2.4 and the formula for the classical solution of the 

n — *-oo 

Dirichlet problem, the sequence satisfies 

(x) < Hr^{x) < sup /i(y), for all x G ^i(O) and n < m. 
yeBiio) 

Thus {Hr^} is an increasing sequence such that 



lim Hr (x) = Hi(x) for every x G Bi(0). 

n^oo 

By Harnack’s theorem Hi = oo ot Hi is a harmonic function. By Corollary 2.3 
Hi is a harmonic function. It is easy to see the that limit does not depend on the 
sequence. Besides, since 

Hr{1,(P,0) = hR{l,(p,e) < hi{l,(p,6), {(f,6) G [0,7t] x [0,27t] 

we have that HR{l,(f,6) hi{l,(p,0) if R ^ 1~ and lim Hi{l,ip,6) exists a.e. 

(see [4] p.55). 
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For every fixed x G 5i(0), we consider the sequence of functions 



1 1 



^Rni^) f • 



[as |t-x|2 

So there is a sequence of positive Lebesgue integrable functions such that for 



^ni — -Rri2 



and 



0< 



1 1 



1 1 



^3 

1 1 — 



1 1 - IxP 



(t) 



hi{t) as m 1 -^ 00 . 



as |t - xP as |t-xP 

Thus for the classical theorem on a monotonic sequence of Lebesgue integrable 
functions we have that 



1 1 



as |t-xp 

is an integrable function such that 
.12 



hi{t) 



1/iH 

(^3 J \t-- 



hRn(t) 



-f- 

<73 J |i 



- X 



\t - x|‘ 



hi{t)dTt as n\-^oo. 



□ 



Corollary 2.7. Let G : Bi{0) R be a continuous radially increasing function, 
that is, for 0 < i?i < i ?2 < L 

G{Ri,(p,6) < G{R2,(f,0), for every (p e [0,7 t], 0g[O, 27t]. 

Then hi : T ^ R, constructed in Corollary 2.5, defines through the Poisson kernel 
a harmonic function Hi on Bi{0) with boundary values given by hi a.e. on T. 

Corollary 2.8. Under the hypotheses of the previous theorem, we have 

Hr{^) < ^i(^) < sup Hi[y) = sup h{w). 

yeBi{0) weT 

Let C be an arbitrary set and let G : ^ M be a function that is not 

identically — oo. We say that i? : ^ R, a harmonic function on ft, is the least 

harmonic majorant of G if it satisfies: 

a) G{x) < H{x) for each x G fi, 

b) If I is any harmonic function on Q such that G(x) < I{x) for each x G fi, 
then H{x) < I{x) for each x G 

The least harmonic majorant of a bounded and radially increasing continuous 
function is not necessarily the Poisson extension of its boundary value (proved in 
[3]). Remark that the proof is given there for the case of the unit disc in C. It is 
easy to get the corresponding result for functions defined on Bi (0) . 
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3. The BP’‘*-Harmonic Majorant 

Proposition 3.1. For 0 < q < oo and 0 < p < oo, let f £ and F : Bi(0) ^ R 
be defined by 

F{a)= j \Df{x)\'^ {l-\(pa{x)fY dB:,. 

Bi(0) 

Then F is a bounded continuous function on Bi(0). 



Proof Let a G Bi{0) be fixed and let 0 < 5a < 1 - kl be such that the closed ball 
Bs^{a) C Bi{0). The function I : Bi{0) x Bs^{a) E defined by 

(i-kir 






\l-^x\‘^P 



is uniformly continuous on Bi{0) x Bs^{a). Then for given £ > 0 there exists 5 > 0 
such that if \x — x'\ <6 and <5, then 



\i{x\a-K^.o\< 



€ 

I 



Bi(0) 



lxl^)2‘idBx 



Therefore 

|F(a)-F(6)|< f \Df{x)\‘^{l-\x\‘^)^'^\l{x,a)-l{x,b)\dB:c- 

Bi(0 

To prove this we use the equality 

1 - \<Pa{x)\'^ _ 1 - |g|^ 

1 - |xp |1 - axp 

that follows directly from the properties of the Mobius transform. □ 



Then for / G B^’^, a = {r,(p,6), 0 < R < 1, (ip,6) e [0,7t] x [0, 27t] define 
hR{l,ip,0)^ sup f \Df{x)\'^ {1 -\xf)^'^ ^ {l-\tpa{x)fTdB^ < + 00 . 

a = {r,ip,6) J 
0<r<R 5 ^( 0 ) 

By Proposition 2.4, each function Hr is continuous on T. So we can associate 
through the classical Dirichlet solution a harmonic function Hr{x) on Bi(0) given 

by ^ 

dBiiO) 

Observe that for Ri < R 2 we have hR^{l,(p,9) < thus 

HR,{x)<HR,{x)<BP’'i{f). 

If we apply Theorem 2.6, then we obtain that the limit 




60 



S. Bernstein, K. Giirlebeck, L. F. Resendis, and Luis M. Tovar S. 



is harmonic on Bi{0). Besides, lim := hi{x) is a well defined function. 

R — >^ 1 “ 

Observe that Hi{x) is the least harmonic majorant of the family {Hr{x)} on 
Bi{0). It follows from Theorem 2.6 

sup HR{y)< sup H,{y)<B^^^{f). 

yeBi{0) yeBi{0) 

In a similar way we obtain 

Proposition 3.2. Let f be a non-constant hyperholomorphic function on Bi(0) and 
0 < R < 1. Then the function Kr : T ^ M defined by 

Kr{1,(P,9)= min f \Df{x)\'‘{l-\x\'^)^'^^{l-\^pa{x)\'^YdB^ 

a = (r,<p,0) / 

0<r<R 

is continuous and positive. 

Now we are in the position to obtain a characterization of hyperholomorphic B^’^- 
functions in terms of a very natural least harmonic majorant associated to /. 

Theorem 3.3. Let f : Bi{0) H(R) be a hyperholomorphic function and 0 < p < 
oo, 0 < q < oo. Then f belongs to the class if and only if hi : T — > R defined 
by 

hi{l,ip,6)= sup [ \Df{x)\‘> {l~\xf)^“ ^ {l~\ipa{x)\‘^Y dB^ 

a = {r,ip,9) J 
0<r<l 

is bounded. Because hi is a well defined bounded function on T, the function Hi : 
Bi{0) H(R) can be obtained from hi through the classical Dirichlet solution 
with the Poisson kernel, and Hi is the least harmonic majorant of the family of 
harmonic functions {Hr}, 0 < R < 1. 

Proof. For the continuous function F of proposition 3.1, consider the associated 
family of functions hR introduced in Proposition 2.4. Then associate, for each 
0 < i? < 1, the corresponding harmonic Poisson extension Hr and finally apply 
Theorem 2.6 . □ 

Corollary 3.4. Let Hi : Bi(0) ^ R“^ U {0} be as above. Then Hi admits a finite 
nontangential limit hi{l,(f,6) almost everywhere on T. 

Proof. See [4]. □ 

We will study now some relationships proved by El-Sayed Ahmed et al in [1] 
and show their corresponding translation in terms of harmonic majorants. 

Proposition 3.5. Let f be a hyperholomorphic function in Bi{0). If f e B then for 
every a in Bi{0), 1 <p < oo and 0 < q < oo we have 

f \Df{x)\'^ (1 - \x\^Y'^~^ (1 - \ipa{x)\^Y ^ 47r(-B(/))^ 

Bi(0) 

where B{f) denotes the Bloch seminorm of f. 
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As a consequence we obtain 
Corollary 3.6. For 1 <p < oo and 0 < q < oo we have 

B C BP’^. 

Let now f ^ B and denote by hi and the corresponding functions as- 
sociated through the technique outlined previously. Likewise let Hi and be 
the corresponding least harmonic majorants associated to / with boundary lim- 
its given a.e. by hi and respectively. So we can reformulate the previous 
proposition in terms of harmonic majorants associated to / as follows. 

Theorem 3.7. Let f be a hyperholomorphic function in Bi{0) and assume that 
f E B. For every 0 < p < oo and 0 < q < oo, 

sup = sup hf^{x) < sup hi{x) = sup Hi{x). 

xO:Bi(0) xOdBi{0) xEdBi{0) xO:Bi{0) 

In [1] the authors obtained the next result, too: 

Theorem 3.8. For 1 < q < oo and 3 < p < oo we have 

BP’^ C B. 



In the proof they used essentially the inequality 
r,*{R){l - \af)l^\Df{a)\'^ < j \Df{xW (l - (l - \Mx)fY dB,. 

Bi{0) 

So its follows directly that this statement can be rewritten for harmonic majorants 
of / as: 

Theorem 3.9. For 1 < q < oo and 3 < p < oo we have for f in BP’*^ that 
sup hi{x) = sup Hi{x) < sup = sup h^'^{x). 

xedBiiO) xeBi{0) xeBi{0) xedBi{0) 

At the end we extend some results by Stroethoff [15] for BP’^-spaces to 
hyperholomorphic functions and obtain several characterizations of functions in 
the Bloch space. (See Theorems 3.1 and 1.2 in [1] ) 

Theorem 3.10. Let f be hyperholomorphic in the unit ball Then the following 
conditions are equivalent. 

1. / e S, 

2. / G BP’^ for all 0 < q < oo and 0 < p < oo, 

3. / G BP’^ for some q>l and 3 <p < oo. 

This result can be translated for Hi and H\'^ as 

Theorem 3.11. Let f be hyperholomorphic in the unit ball. Then the following 
conditions are equivalent 

1. Hi is bounded, 

2. Hr is bounded for allO < q < oo and 0 < p < oo, 

3. Hr is bounded fore same q> 1 and 3 < p < oo. 
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Spherical Means and Distributions in 
Clifford Analysis 

Fred Brackx, Richard Delanghe, and Frank Sommen 



Abstract. This paper consists of two parts. In the first part we deal with spe- 
cific higher dimensional distributions within the framework of Clifford anal- 
ysis. These distributions are “classical” in the sense that they were already 
introduced, albeit dispersed, in the literature on harmonic analysis and on 
Clifford analysis. Amongst these classical distributions are the fundamental 
solutions of the natural powers of the Laplace and the Dirac operators, and 
the integral kernel of the Hilbert transform. The strength of our approach is 
its unifying character. 

In the second part new higher dimensional distributions are introduced, gen- 
eralizing the distributions of part I. Crucial to this generalization is the use 
of so-called surface spherical monogenics. The whole picture thus obtained 
offers structural clarity and unity. 

Mathematics Subject Classification (2000). Primary 30G35; Secondary 46F10. 
Keywords. Distributions, spherical means, Clifford analysis. 



Introduction 

The immediate cause of writing this paper was Delanghe ’s paper [5] in which he 
studies a higher dimensional analogue of the Principal Value distribution on the 
real line. In that paper the integrated approach to all dimensions, offered by Clif- 
ford analysis, is fully exploited, as opposed to a traditional tensorial or cartesian 
approach with a number of copies of one dimensional phenomena. We realized 
that this higher dimensional Principal Value distribution and the well known fun- 
damental solution of the Dirac operator are but two examples of vector valued 
Clifford distributions, out of an infinite collection of such kind of distributions, 
which moreover can be obtained by letting act the Dirac operator on a corre- 
sponding infinite set of classical real valued radial distributions. We also realized 
that by making use of the well known spherical means, which arise naturally by 
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introducing spherical co-ordinates, a simple, powerful and highly efficient tech- 
nique could be designed allowing us to carry out the explicit calculations on the 
real line and exporting them to the original setting of Euclidean space. Finally 
we realized that introducing generalized spherical means involving the so-called 
spherical monogenics - the well known counterparts in Clifford analysis to the 
spherical harmonics of harmonic analysis - gave rise to much more general Clif- 
ford distributions, encompassing those from part I in the special case where the 
degree of the spherical monogenic considered is zero. 

The aim of this paper is twofold. From the scientific point of view we in- 
troduce new Clifford distributions generalizing and extending the existing ones 
in harmonic analysis and Clifford analysis. From the didactic point of view our 
unifying approach offers structural clarity and gathers results and formulae spread 
over the literature on harmonic and Clifford analysis, at the same time proving 
once more the power and elegance of Clifford analysis. 



Part I: Classical Clifford Distributions 



1. A fundamental distribution on the real line 



In this section we recall the definition and some properties of the classical distri- 
bution Fp (see e.g. [11], [7]). 

Let yu be a complex parameter and x be a real variable. We consider the function 

a ( , X >0 

“ I 0 , X < 0 



For Re // > -1, this function is a regular distribution given, for any test function 
4>, by 

c+oo 

{x^,(j))= / x^(j){x)dx 

Jo 

For each n G N and for /i G C such that — n — 1 < Re /i < — n, the distribution 
Fp x^ - where Fp stands for “finite part” - is defined by 



( Fpx'l,<p ) 



a + OO ^/i+1 

x^0(x) + <A(O)— + ...+ 



■ (n-1)! 
(n-1)! /X + n 



dx 



As a function of /x, x^ is holomorphic in Re /x > — 1, and by analytic continu- 
ation Fp x^ is holomorphic in C\{— 1, —2, —3, . . the singular points — n, n G N, 

are simple poles with residue 
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The derivative of Fp is given by 



d 



— Fp — fu. ± y 



p Fp x^ ^ 



-l,-2,-3, ... 

and multiplication with powers of the variable x follows the rule 

X Fp x^ = Fp x^^, p ^ -1, -2, -3, . . . 

The distribution Fp x^ may be normalized by dividing by an appropriate Gamma- 
function showing the same singularities in the complex //-plane; the functional 



( 



r(/i + i) 



, 0) 



is an entire function, so that the distribution 
n G N, where 

r U n 



is well defined at // = — n, 



[Tifi + l) 



IJ,=—n 



However, by slightly changing the above definition, Fpx^ may be defined for neg- 
ative entire exponents, leading to the so-called monomial pseudofunctions Fpx^^^ 
n G N (see [11]), given by 

( Fpx~^,(l){x) ) - 



lim 

e-^O 

> 






X '^(f){x) dx F (j){0)- 



n+l 



-n + 1 



+ ...+ 



<^(n-2)(0) £-1 ^(«-l)(0) 

(n~2)\ (-1)+ (n-1)! 



\ne 



Their derivatives are given by 

f Fp = {-n)Fp x-^-^ + (-1)"^ 4") , n G N , 
dx ^ nl 

and they satisfy the multiplication rule 
xFpx^^ = V(x) 

xFpx^'^ = Fpx;"+\ n = 2,3,4,... 

where Y (x) stands for the Heaviside distribution, which is identified with Fp x 

In the sequel we will also make use of the following technical lemma on the 
division of Fp x^ by natural powers of the variable x. 

Lemma 1.1. If the test function 0 is such that (/>(0) = = ... = = 0, 

then 

{ Fpx'^,—^{x) ) = ( Fpx'^~'‘,(t){x) ), /i e C\{0,1,2, 1} 

^ x'^ 

and 

(x;,^.^(x) ) = (Fpx![-^<^(x) ), 



n = 0, 1, 2, . . . , fc — 1. 



o + 




68 



F. Brackx, R. Delanghe and F. Sommen 



Proof. If we put = '0(x) then 

(i) = 0 for j = 0,l,2,...,A:-l 

(ii) </.<''^(0) = k\ rp{0) 

(iii) = for j = k + l,k + 2 ,... 

U - «)! 

Choose an arbitrary fi G C\{fc — 1, A; — 2, . . .} and take n G N such that —n — 1 < 
Re /i < -n. Then -n-fc-l<Re/i-fc<-n-fc and thus by definition 



{Fpx'l '',(/)) 



(n + fc-1)! 



dx 



x^'+i - ... - ^ x"+''-^ 1 dx 



(n- 1)! 



= {Fpx^ , i!){x) ) 

Next for n = -1, -2, -3, ... we have by definition 
{Fpxl~^ , <A(x)) 






dx + 



i!:!! + , . , + In £ 



= lim 

e-^O 



a +oo n+1 

x^'ip{x) dx + — + . . . 

= ( Fp x![ , ■(/’(a;) ) 

Finally for n = 0, 1, 2, . . . , A; — 1 we get 

r + OO 



k\ n + 1 ' ' (fc — n — 1)! 

n+l ^(-«-l)(0) 



+ 



(-n- 1)! 



Ine 



r-too 

( Fp x”-'= , <t>{x) ) = lim / x”-V(a;) 

/• + 00 

= / X^'iIj{x) dx = ( x!J: , '0(x) ) 

Jo 



□ 



2. Clifford analysis (I) 

Clifford analysis (see e.g. [2], [6]) offers a function theory which is a higher dimen- 
sional analogue of the theory of holomorphic functions of one complex variable. 
In this section we only present the necessary basic definitions and results in Clif- 
ford analysis needed in the first part of this paper. The necessary material for the 
second part will be presented there (section 7). 

Let be the real vector space E’^, endowed with a non-degenerate qua- 
dratic form of signature (0, m), let (ei, . . . , e^) be an orthonormal basis for E^’’^, 




Spherical Means 



69 



and let Eo,m be the universal Clifford algebra constructed over The non- 

commutative multiplication in Ro,m is governed by the rules 

e- = -1, i = l,2,...,m 



and 



eiCj + ejCi =0, 1 < i 7^ j < ni. 

For a set A = {ii, . . . , C {1, . . . , m}, ordered in the natural way: 1 < ii < Z 2 < 
. . . < ih < m, we put 



and 



^ii ^i2 • • • ^ih 



H = 

the latter being the identity element. Then {ca : A C {1, . . . , m}) is a basis for the 
Clifford algebra Ro,m- Any a e Mo,m may thus be written as 



a = 'Y^o,A 



eA, 



dj[ G R 



or still as 

m 

a = 

k=0 

where 

[o]k = CtA^A 
\A\=k 

is a so-called fc- vector (fc = 0, 1, . . . , m). 

If we denote the space of fc- vectors by Ro,m 5 l^ben 



m 

®0,m — ^ ^ ®®0,m 
k=0 

leading to the identification of R and R^’’^ with Rq ^ and Rj ^ respectively. 

We will also identify an element x = (xi, . . . ,x^) G R’^ with the one- vector (or 
vector for short) 

m 

x = '^xjej. 

For any two vectors x and y we have 



xy = x^ y xAy 



where 



is a scalar, and 



Ui ^ 

x»y = -{ x,y ) = ~Y^Xjyj = -{xy + y^ 
xAy = Y^eij{xiyj - Xjyi) = ^{xy-yx) 

i<j 



is a 2- vector, also called bivector. 
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In particular 

m 

^ = X • X = = - y^x^. 

i=i 

Conjugation in Ro,m is defined as the anti-involution for which 
In particular for a vector x we have 



X = —X. 

The Dirac operator in is the first order vector valued differential operator 

m 

d = J2ejd^. 

its fundamental solution being given by 



with am = Y{m/2) Sphere S'^ ^ in W^. 

Considering functions defined in and taking values in Ro^mi we say that 
the function / is left-monogenic in the open region of E"^ iff / is continuously 
differentiable in fi and satisfies in Q : 



df = fd = -m 

a function / is left monogenic in fi iff / is right monogenic in Q. 
As moreover the Dirac operator factorizes the Laplace operator : 

-d^ = dd = dd = A, 



a monogenic function in fi is harmonic and hence Coo in 
Introducing spherical co-ordinates : 

x = ru, r = |x|, ^ G 

the Dirac operator d may be written as 

d = udr + -duj = ^( dr - - (^dS) , 
r - V ^ 



while the Laplace operator takes the form 

. _o m - 1 ^ 1a* 

A = d^ + (9^ + -^ A*, 

r 

A* being the Laplace-Beltrami operator on 
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To illustrate the meaning of the operators and = — (j 9^, consider the 
traditional case m = 3, where 

Xi = r sin 6 cos (/?, X 2 = r sin 6 sin (^, x^ = rcos6 (0 < 0 < tt, —w < (p < n) 
and 



where 



^ = eisin0cos(/? + e2sin0sin(/? + e3COS0 

doj = 60 do -h 6(p — — - dm 

- sin0 

= (cos(/? eiC3 + sin (y9 6263)951 

+(-6162 - cot 0 sine/? 6163 + cot 0cos(/? 62e^)d^ 

= 616263 ( 6 ^ do - ee d^) 

^ smd 

eo = cos 6 cos (f ei-\- cos 6 sin (p 62 - sin 6 63 



and 



e^ = — sin (/? 61 + cos (/? 62 

are unit vectors = 6 ^ = - 1 ) in the tangent plane to 5"^“^ at u . 



Denoting by V and 5 the space of the compactly supported, respectively 
rapidly decreasing, real- valued test functions in R^, we will consider the modules 
of testfunctions H ® FI ^ 5 function <p may 

be written as 

ip= eA(pA, (t>A&'^orS. 

Ac{l,...,m) 

In most cases we will even use real- valued test functions. 

A left Clifford distribution is then a bounded left Ro,m-hnear functional for 
which there exist bounded real-linear functionals Tb (B C {1, . . . , m}) such that 



( ) = X] 6 a 6 b{ Tb,(I)A ), 

A,B 



and a similar definition for a right Clifford distribution : 

= ^ 6a{ 'TB,(j)A )• 



3. Generalized spherical means (I) 

The spherical co-ordinates are really fundamental to the approach presented in 
this paper. They generate in a quite natural way the so-called generalized spherical 
means (see e.g. [13]). 
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Let (f){x) be a scalar valued test function in putting x — ru, ^ ^ ^ 

we define the generalized spherical means : 



sW[0] = — / (t>{rw)dS{w) 



and 



= — f ^(t>{ru) dS{u) 

where d5(^) denotes the Lebesgue measure on 

Note that T,^^^[(j)] is nothing else but the classical spherical mean introduced 
by John in [10]. 

The generalized spherical means enjoy the following properties. Firstly we 
note that both spherical means are interrelated by the action of the Dirac operator. 
In accordance with [13] we have, extending the notion of spherical mean to Clifford 
algebra valued, in casu vector valued, functions : 

Proposition 3.1. For a scalar valued test function (j) one has 

(i) 



= {dr + '^) EW[<^] 



(ii) 

(iii) 

(iv) 



= - dr 

= (m- 1) 






0 . 



Proof Consider the ball B{0,p) with arbitrary radius p > 0 and apply Stokes’s 
Theorem (see [2]) to obtain: 



[ d(l)dV{x) = [ dacl) = p'^^f ^ (t>{pi^) dS {u) 

Jb{0,p) JdB{0,p) Js^-^ 

For the left hand side we get: 

J r'^~^ dr J dr(f>-\- - d^cj^ dS{u) 

= [ dS{u) u [ r^~^ dr(j) dr f r'^~‘^ dr ( d^(f dS{u) 

Js^-^ Jo Jo Js^-^ 

= ^ dS{u) + / dr j (d^(j) - (m - 1) ^ (/>) d5(^) 

J Jo J 

As the first term in the last expression equals the right hand side of the above 
Stokes formula, it follows that 

f d^cj) dS{u) = {m - 1) f u(f)dS{u) 

J Sm-l J 
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or (m — 1) [(/)], which proves formula (iii). 



Next we have: 



im = I d<t> dS{w) = [ [udr(l)+- d^(p) d5(i 

J^m-1 J S'^-^ V ^ / 

= am dr i = a„ (^5. + 






which proves formula (i). 

Now apply again Stokes’s Theorem to obtain 

[ {x(p)ddV{x)=j' xcf) da = - f 
Jb{ 0 ,p) JdB{0,p) Js^ 

For the left hand side we get 
[ {xd(l) — m (j)) dV (x) 



(l){pu) dS{u) 



[\rn-l 5.(0) f ^ T [a^(/>] dv 

Jo Jo Js^-^ Jo 

r [ (l){pui) dS{u) + dr 

J Jo 



= - p 



As the first term in the last expression equals the right hand side of the above 
Stokes Formula, formula (iv) follows. 

Finally, 

E^^^[90] — / u ( ^ + - 9^0 ] dS'(^) 

Jsm-i \ r J 

proving formula (ii). □ 

Proposition 3.2. If 0(x) is a scalar valued test function, then the spherical mean 
E^^^[(/)] is an even, scalar valued test function on the real r-axis; its derivatives of 
odd order vanish at the origin r = 0, while for its derivatives of even order one 
has 

or, equivalently, in terms of distributions, 

{ d^'S{x),^{x) ) = {-If C{1){ ), 



where 



2‘^H\ /m , \ /m\ 



m\ _ 22'n r(f + 0 
2/ “(2/)! r(f) 



, 1 = 0 , 1 , 2 ,... 
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Proof. We prove the formula for the derivatives of even order by induction on 1. 
For I = 0 we have to prove that 

( <^(^) , ) = { 5{r) , ) 

or 

<^(Q) = (— [ <l>{m)dS{w)] 

) r=0 

which is of course valid. 

For I = 1 we have to prove that 

( -A5{x) , <l>{x) ) = -m ( S"{r) , ). 

Indeed, we have 

S(°)[A(/>] = / A<t>dS{u) 

= j dr + ^ A*^ </>(rw) dS{w) 

= am - dr'j 

since 

/ A*(^(rw) dS(^) = 0. 

It thus follows that 

and hence, in view of the result for / = 0, 

( AJ(x) , (f){x) ) = { 8{x) , A(j) ) 

= {6{r), SW[A0]) = m(5"(r), SW[0] ) 
which proves the formula for i = 1. 

Now assume the formula to be valid for Z; then we have consecutively: 

<l>{x))^{d^^6{x), A4>) 

= (-1)' C{1) ( df5{r) , eW[A</>] ) 

= (- 1 )' c{i) { df5{r ) , 9.^ S(o)[<A] ) 

= (-1)' C{1) ( df+H{r) , SW[<A] ) + (-1)' C{1) ( df+H{r) , E(o)[<A] ) 

= (-!)'+' C{1 + 1) ( df+^5{r) , S(°)[<^] ) 
which proves the formula for Z + 1. □ 
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Proposition 3.3. If (j){x) is a scalar valued test function, then the spherical mean 
is an odd, vector valued test function on the real r-axis; its derivatives of 
even order vanish at the origin r = 0, while for the derivatives of odd order one 
has 

or, equivalently, in terms of distributions, 

( ) = (- 1 )' c{l + 1 )( ). 

Proof We prove the formula for the derivatives of odd order. Let (/) be a scalar 
valued test function. Then by Proposition 3.2 and Proposition 3.1, we have: 

{ d^'^^Six) , 4>{x ) ) = -( d^‘6{x) , d4> ) 

= (-1)'+! C{1) { df5{r) , ) 

= (-1)'+^ c{i) ( df6{r) , ) 

= (-1)' C{1) ( df6{r) , (-1)' C{1) ( df^^5{r) , ) 

= C{1 + 1) ( df^^5{r) , ) □ 

Note that in particular = 0(Q), while = 0 or 

[ u dS{u) = 0 

4. Classical and Clifford distributions in Euclidean space 

In this section we will define classical and new distributions in the Clifford setting 
making use of the spherical co-ordinates, the fundamental distribution Fpr^ of 
section 1 and the spherical means of section 3. 

Let us explain the underlying idea by considering the special case of a locally 
integrable radial function T(r). Its action as a regular distribution on a scalar 
valued test function 0(x) is given by 

( T{r),<l){x) ) = [ T{r) (f>{x) dV{x), 

dV{x) denoting the Lebesgue measure in 

Introducing spherical co-ordinates this integral takes the form 

/*+oo p ^+oo 

/ T(r)r™-I(ir / 4>{m)dS{u)= dr. 

Jo Jo 

Hence for T(r) = with ReA > — m, we find 

/*+oo 

( dr = { r^,^, ), 

Jo 
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where we have put fj, = X + m — l. By this procedure the action of the distribution 
T(r) = in is converted into an action of the distribution on the real line. 
It is this conversion which is used in defining our Clifford distributions in 

Let A be a complex parameter and let (/) be a scalar valued test function. We 
define the scalar valued distributions T\ and the vector valued distributions Uxhy 

{Tx,<t>) = arr^{Fpr1, SW[</.] ) 

and 

{Ux,4>) = am{Fpr%, ), 

where we have put 

/i = A + m — 1. 

These distributions are classical, in the sense as explained in the introduction: 
the T\ distributions appear in harmonic analysis where they are sometimes denoted 
by Fpr^^ while the U\ distributions - at least some of them - appear in Clifford 
analysis. More familiar expressions are given in the next proposition. 



Proposition 4.1. For /i = A + m - 1 such that —21 - 1 < Re /i < —21 + 1 one has 



( ) = lim I / r 

\jR’^\B{0,e) 



(/.. 



^<f>{x)dV{x) + J2C{j){A^){0) 

j=0 



^A+m+2j 

A “h TTl “h 2j 



while for / = 0, 1, 2, . . . 
( T-rn-2l,4> ) = 



f 

lim I / r 

\ JR^\B{0,e) 



1-1 



-m—2l 






m dy(x)+J]c(j)(A^0)(o)^^+c(o 

j=0 ^ 



with 



C(j) — Om — a 



= 7r”*/2 



1 

22i-ij!r(f +j)’ 



i = 0,1,2,... 



Note that the first formula is in accordance with [11]. 

Examples of the T\ and U\ distributions are given in the next section. 



5. The action of the Dirac operator on the distributions T\ and U\ 

As the distributions T\ are scalar valued it is not necessary to distinguish between 
an action of the Dirac operator from the left or from the right. The results of that 
action, dT\, will be vector valued distributions, and as long as the testfunctions (j) 
remain scalar valued it is neither necessary to distinguish between 9 Ta as to be a 
left or a right distribution. 
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Proposition 5.1. For A G C\{—m — 2/ : Z = 0, 1, 2, . . .} one has 

m = A Ux-i 

and in particular OTq = dlx = 0, while for Z = 0, 1, 2, . . . 



d T_„_2i = -(m + 2l)U-m-2i-i + (-l)'+'2(/ + 1) C{1 + 1) d^‘^^6{x) 



and 



d\nr = U-i. 

Proof. Firstly we proof the formula in the general case where A ^ —m — n = 

0 , 1 , 2 ,.... 

For any scalar valued test function (j) we have by the definition of the derivative of 
a distribution: 



{dTx, 4>) = - {Tx, d<P). 

By the definition of the distributions Tx, this equals 

- Gm { Fpr^ , T,^^'>[d(l)] ), 
which, by Proposition 3.1, is turned into 

-am{Fpr^, + ) 

= ami drFpr^ , ) - a™ (m- 1)( Fpri^T^ , ) 

= Gm iia-m+l) { Fpr'^~^ , 

= X{Ux-i,4>) 

Now for the exceptional cases where A = —m — 2/, I = 0, 1,2,.. ., we have consec- 
utively, taking Lemma 1.1 into account: 

(5T_m-2/,0) = — { T-m-2hd(t> ) 

= - Gm { Fpr:^‘^‘~'^ , T,^°^[d<t>] ) 

= - Gm { Fpr:^‘^''~^ , ^ -F j ) 

= ) - a„(m - 1)( Fpr~^‘-^ , ) 

= -{m + 2l)am{ Fpr^^'-~‘^ , ) 

= -(m + 2/)a„( Fpr^^^~^ , ) 



whence 

dT-m-2l = -(to + 2l)U-m-2l-\ + am(-l) 



/-f 1 
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The exceptional cases where A = —m — 2 / — 1, I = 0 , 1 , 2 ,... are treated in 
a similar manner; there is however no singular term involving derivatives of the 
delta distribution, since the even order derivatives of vanish at r = 0. 

Finally we also have 



{ din r , (/))>= - ( Inr , d(j)) 

p-hoo n 

_ / j.m-1 / d(f) dS{u) 

Jo J 

p-\-oo p-\-oo 

= — dr — (m—l) / dr 

Jo Jo 

r+oo 

= / dr 

Jo 

= {Fpr^-\ = (C/_i , </.) ^ 



As the distributions U\ are vector valued, we should, a priori, make a dis- 
tinction between an action from the left or an action from the right of the Dirac 
operator and at the same time consider dU\ as a left distribution, respectively 
U\d as a right distribution. Both cases can be treated similarly and it turns out 
that both actions lead to the same scalar valued distribution. 



Proposition 5.2. For X e C\{-m - 2/ - 1 : / = -1, 0, 1, 2, . . .} one has 
dUx = Uxd=-{X + m-l)Tx-i 

while for Z = 0, 1, 2 , . . . 

dU^m-2l-l = U-m-2l-l 3= {21 + 2)T_„_2/_2 ~ C{1 + 1)A'+1(5(2) 

and 

dU—m-\-l — d = C!'md(x). 

Proof Firstly we proof the formula in the general case where A 7^ —m — n, n = 
-1,0,1,2 ,.... 

For any scalar valued test function (j) one has, considering right distributions, 
{Uxd, 4 >) = -{Ux,d<j>) 

= -am {Fpr>l, ) = -am { Fp > 

= -am{p Fpr^-^ , eW[</>] ) = -(A + m- 1 ) ( Ta-1 , ^ ) 

Next for the exceptional case where A = — m + 1 we get 

( U-m+ld , -^ ) = -( U-m+l , d<t> ) 

= -am { Fpr^ , ) = -am {Y{r) , ) 

= -am { 5 {r) , ) = -am { S{x) , 4 >{x) ). 
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Finally for the exceptional cases where A = —m — 2/ — 1, / = 0, 1, 2, . . we have, 
taking Lemma 1.1 into account: 

( U-m-2i-i d,<t> ) = -{ ) = -a^i ) 

= -ami Fprf^-^ ) = -a„( ^^[0] ) 

= -ami i-21 - 2)Fprf^-^ + SW[</.] ) 

= am{2l + 2)i Fpr;2'-^SW[<A] ) - a„ j^f^i S ^ [</.] ) 

whence 

U-m-2l-l d={2l + 2)T^m-2l-2 ~ (“1)'^^ ( 5 / + 2 )!C(/ + 1 ) 
or still 

U-m-2l-l d^{2l + 2)T_m-2l-2 ~ C[l + + 

The exceptional cases where A = —m — 2/, / = 0, 1, 2, . . . are treated in a simi- 
lar manner; there is however no singular term involving derivatives of the delta 
distribution, since the odd order derivatives of vanish at r = 0. □ 

Remark 5.3. The proofs of Propositions 5.1 and 5.2 are fundamental; they nicely 
demonstrate the technique as explained at the beginning of this section. The proofs 
of the similar propositions in the rest of the paper run along the same lines and 
will not be given anymore. 



6, Some specific distributions in Euclidean space 

In this section we give some explicit examples of the distributions T\ and Ux 
introduced in the foregoing sections. It is shown that for specific values of the 
parameter A, distributions are obtained which were already known in Clifford 
analysis, thus illustrating the unifying character of our approach. 



6 . 1 . 

For A = 0 we have 



r-\-oo p 

iUo,4>) = am( Fp dr W(/>(ra;) (/F(w) 

Jo 

= f ^4>{x) dV{x), 

Jr^ 



in other words, Uq{x) is the locally integrable function u. 
We also have 

dTi=dr = Uo=u, 



1 



du = ud= — (m — l)T_i = — (m — 1)- = — Ar 

r 



and 
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and also 



= (m - \)d - = -(m - l)U2 = (m - 1) 



The distribution u is the higher dimensional analogue of the one dimensional 
“signum” -distribution 

/ -1 , x <0 

1 , i > o . 



For A = — m we have 



/•+00 1 r 

=am{Fpr-\T,^^^[4>]) = -dr w<t)dS{w) 

Jo ^ 75^-1 

^ (<A(x) - m)dV (x) = lim [ ^ (P{x)dV {x) 



so that (see e.g. [5]) 



U-m. = -Pv 



where Pv stands for “principal value” . It is the higher dimensional analogue of the 
one dimensional Pv ^ distribution given by 






dx I = 



(pix) - <A(o) 



For this distribution U-m we have the following formulae: 

(i) Fu -^ = 1 

(ii) Pv^ = d 

' '' rpUT TTX 1 y'Tpl J. 

(hi) d ^Pv — ^ = -d U-m = -T-m-l = -Fp ^m+l 

(iv) A (pv = d{T-m-i) = -{m + l)U-m-2 = {m + l)Fp 



|,m+2 ■ 



I dS{^) = 0 



(see section 3) the distribution Pt? ^ is a typical example of a convolution oper- 
ator (see [9], [12]): 

^ f y-^ Mx) , 

Pv — * (/) = lim / T= r 7— dV (x) 

giving rise to the Hilbert transform of the test function (j) (see [8] and [5]). 
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6.3. 



Start with the observation that, according to Proposition 1.5.2, we have for A = 
—m + 1: 

^ d = dm 



confirming that 



U- 

dm. 



1 



UJ 



m+1 



y.m— 1 



is the fundamental solution of the Dirac operator in (see Section 2). 
Next, observe that, according to the Proposition 5.1, we have 

^T-rn +2 = d{{-m + 2)U-m+i)) = (m - 2)a„ 5(x) 



confirming that 

_J_^y ^_J_^ ^ 

m — 2 a^n rn — 2 

is the fundamental solution of the Laplace operator in R"*. 

Hence, find recursively the fundamental solutions of the natural powers of the 
Dirac operator, and at the same time of the Laplace operator, to be 



q21 



1 

21-2 



111 1 1 
42 0 ^^ — 2 m — 4 



1 

m — 2l 



r_ 



771 + 2/ 



= %) 



and 

^2/+l 



^ 1 1 J 1 1_ 

21 ’ A 2 dm m — 2 m — A 



1 

m — 2l 



t^-m+2/+l 



= <5(x). 



Part II: New Clifford Distributions 



7. Clifford analysis (II) 

In the second part of this paper a fundamental role is played by the so-called inner 
and outer spherical monogenics. 

Start with a homogeneous polynomial Pp(x) of degree p which we take to be 
vector valued and left (and hence also right) monogenic. Recall from section 2 
that a function / is left (right) monogenic in an open region fi of H df = 0 
(respectively fd = 0) in fi. 

These polynomials enjoy the following calculus rules: 

dPp{x) = Pp{x)d = 0 

d{xPp{x)) = {Pp{x) x)d = -{m-\-2p)Pp{x) 

diPp{x) x) = lxPp{x))d = (m-2)Pp(x), p^O 

d{xPp{x)x) = -{m + 2pA-2)Pp{x)x-{rn-2)xPp{x), p^O 

(x Pp(x) x)d = -(m -h 2p -h 2) X Pp(x) - (m - 2) Pp(x) x, p^O 
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and also 

A Pp{x) = A(x Pp{x)) = A(Pp(x) x) = 0 
A(x Pp{x) x) = -2{m - 2)Pp{x) 

since the Dirac operator d factorizes the Laplace operator in — A . 

For the proofs of some of these basic formulae we refer the reader to [ 6 ]. Note 
that these formulae are special cases of more general formulae, proved in [ 1 ] and 
[4] , involving monogenic homogeneous polynomials which are multi- vector valued. 
However in order to making the paper self-contained we prove the most general of 
the formulae listed above. 

Lemma 7.1. If Pp{x) is a vector valued, monogenic, homogeneous polynomial of 
degree p, then 

d{x Pp{x) x) = -(m -f- 2p -h 2) Pp{x) x-{m-2)x Pp{x), p 7 ^ 0. 

Proof We have consecutively 

d{x Pp x) = —m Pp x-\- Cj X dxj {Pp x) 

j 

= -m PpX-^ X6j dxj {Pp x) - 2 ^ Xj dxj {Pp x) 
j j 

= {-m -2p-2)PpX-x d{Pp x) 

= -{m-{-2p-\-2)PpX — {m — 2)xPp 

since 

d{Pp x) = ^ Cj Pp Cj = m Pp — 2 Pp □ 

j 



These vector valued monogenic homogeneous polynomials Pp(x) may be re- 
alized under the action of the Dirac operator upon real- valued harmonic homoge- 
neous polynomials S'p+i of degree (p -f 1 ): 

Pp{^ = dSp^i{x). 

We then have 

xPp{x) = x^ d Sp-^i (x) + X A 9 (x) 



and 



Pp{^) x = x^^ 5p+i(x) - X Ad 5'p+i(x) 



from which it follows that 



X Pp{x) + Pp{x) x = 2x^^ 5p+i(x) = -2( x,d ) S'p+ife) = ”2(p H- l)S'p+i(x) 



is scalar valued. 
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By taking restrictions of the polynomials Pp{x) to the unit sphere 5”^ ^ , we 
obtain so-called inner spherical monogenics Pp(w), for which the following formulae 
hold: 

9Pp(w) = -^wPp(w) 

Pp{^)d = -^Pp(w)o; 

^wPp(w) = -P^Ppi^) 

Pp(w) 9^ = -P Pp(w) ^ 
u Pp{w) = Pp{ip)d^ w = p Pp(w) 

Pp(w)) = {Pp{w)uj)d^ = -{m + p- l)Pp(w) 

5u;(Pp(w) w) = (w Pp{ui))d^ = (m - 2)Pp(o;) - (p -I- l)w Pp(w) w, p ^ 0 
Pp(w) w) = -(m -I- p)Pp(w) w-{m- 2)w Pp(w), p ^ 0 

(w Pp(w) = -{m + p)w Pp{i^) - (m - 2)Pp(w) w, p^O 

dl Pp(w) = Pp(w) d'i=p{m^p- 1) Pp(w) 

A* Pp(w) = (-p)(p -I- m - 2) Pp(w) 

Note again that these formulae are special cases of more general ones, proved in [1], 
involving multi-vector spherical monogenics; however as an illustration we prove 
the following 

Lemma 7.2. //Pp(w) is a vector valued spherical monogenic of degree p then 

9^(Pp(w) w) = -(p -I- 1) w Pp(w) -f (m - 2) Pp(o;). 

Proof. Using the expression of the Dirac operator in spherical co-ordinates, we 
have consecutively 

5^(Pp(w) w) = r d{Pp{u) w) = r -Ppfe) 

= r (d^) Pp{x) x + ^ d{Pp{x) x) 

= w (-P - 1) ^ Pp(x) x+^{m-2) Pp{x) 

— “(P 1) ^ H" ~ 2) Pp{^) Q 

Given an inner spherical monogenic Pp(^) then obviously 

Pp{u) = Pp{x) 

is a left and right monogenic homogeneous polynomial the restriction of which to 
the unit sphere is precisely Pp(^). 

At the same time the functions 

^ Pp(w) = X Pp{x) = Qf{x) 
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and 

j.m+p-1 j.m+2p ^ 

are left, respectively right, monogenic homogeneous functions of order —{m+p— 1) 
in the complement of the origin. Their restrictions to the unit sphere S^~^: 

Q^p^=^Pp{^) and QW = Pp(w)w 

are called outer spherical monogenics. 

With the above notations we have 

u Pp{^) + Pp{^) ^ = -2(p+ 1) 5p+i(^). 

Also note that the inner spherical monogenics Pp{cp_) and the outer spherical mono- 
genics u Pp{(^) and Pp{^) ^ are special cases of spherical harmonics. 



8. Generalized spherical means (II) 

In Section 3 we studied the generalized spherical means and used after- 
wards in the definition of the distributions T\ and U\. In view of the definition of 
new distributions in Section 9 in which the spherical monogenics will play a role, 
we now introduce the necessary corresponding spherical means. 

Let (/)(x) be a scalar valued test function in and let Pp{x) be a vector 
valued, monogenic, homogeneous polynomial of degree p ^ 0 as introduced in the 
previous Section 7. The spherical mean E^^^ of part I is now generalized, depending 
on the parity of p, as follows: 

[<t>] = [P2k{^)4>{x)] = — [ P2k{^)4>{x) dS{u), fc = 1 , 2, . . . 

and 

P 2 k+M)<l>{x)] = — / P2k+i{^)4>{x) dS{u), fc = 0 , 1 , 2 , . . . 

Note that if p = 0 and Po{x) = 1, then Eg^^ [0] = E^^) [(/)]. Note also the extra factor 
r in the definition of in this way this spherical mean vanishes at the origin 

r = 0 (a property which will exploited in the sequel) and moreover the formulae 
established for and become symmetric. 

We now examine the behaviour at the origin r = 0 of the derivatives of these 
vector valued spherical means. 

Proposition 8.1. If (f){x) is a scalar valued test function, then the spherical means 
Ep^^[0] are even test functions on the real r-axis, with derivatives of odd order 
vanishing at the origin r = 0, while for the derivatives of even order one has: 
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and 

{d? = (2fc + 20! C{k + 1) 

Proof. First consider the case where p = 2k and observe that 

= r"'' sW[P2fc(w)<^(x)] = 

whence 

If j = 21 + 1, then 

{»?■"■ 4?w}„„=o 

while for j = 21 we get 

In the case where p = 2fc + 1, start with 

^^^'*[P2k+i{x)(l>{x)] = P2k+i{<±L)<l>{x)] = '^2k+ii4>] 

to obtain, in a similar way, the desired result. □ 

Remark 8.2. The above results for the values at the origin of the even order 
derivatives of the spherical means [(/>] may be rewritten in terms of distributions 
as: 

{«? = pifIjT > 

and 

{«- > 

where the obtained vector valued distributions may act from the left as well as 
from the right. 

Remark 8.3. As Pp(^) is a spherical harmonic, we have that 
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while 



The spherical mean of part I is now generalized as follows: 

(i) [4>] = [w P2fc(w)</>(x)] = — [ w P2k{^)m dS{w) 

(ii) ^2k+M] = •P2fc+i(w)0fe)] = — [ w P2fc+i(w)(/>(x) dS{w) 

(iii) sf,) [</)] = S(0) [P 2 fe (w) w <i>{x)] = — / P 2 k (w) w <t>{x) dS{w) 

(iv) r w 0(x)] = — / p2fc+i(w) w (^( 2 ) d5(u;). 

Note that if p = 0 and Po(^) = 1 then 

The next proposition summarizes the properties of these spherical means; its 
proof is similar to that of Proposition 8.1. 



Proposition 8.4. If (j){x) is a scalar valued test function, then the spherical means 
T>^\(f)] and are odd test functions on the real r -axis with derivatives of even 

order vanishing at r = 0, while for the derivatives of odd order one has: 



(- 1 ) 



k+i+1 + !)• 



(2fc + 2/ + l)! C(ifc + / + 1) 



( P2k{x) ,<P{x) ) 



= (-l) 



fc+i+i (2^ + 1)! 



1 



(2fc + 2/ + l)! C{k + l + l) 



^2fc+i(x) ,<l>ix) ). 
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Remark 8.5. The above obtained distributional expressions need an additional 
consideration w.r.t. left or right action upon the test function 4>. We focus on one 
case : 

|92''+2'+l(P2fe(x)0(x))|^_^ , 
the other cases being treated similarly. 

If left action on the test function is concerned, we have readily 

( 5{x), d^^-^^^^\P 2 k{x) 4 >{x) ) = -{ P 2 k{x) 4>{x) ) 

= -( (a2'=+2'+l<5(^))P2fc(x),<A(x) ). 

In the case of right action on the test function, we have 
(52'=+2'+1(P2,(^)</,(^)),5(x)) 

= {{-l)’^+^dA^^\P2k{x)cP{x)),6 {x)) 

= (-!)'=+'( 5(P2fe(xMx)),A^+'%)) 

= (-!)'=+'( a 0 (x)P2/c(2),a^+'%)) 

= (-!)''+'( d 4>{x), P 2 /cfe)(A^+' 5{x)) ) 

= 4>{x), 0 (P 2 fc(x)(A^+' 5{m ) 

= (-l)''+'+i( 4>{x), a(A^+' 6{x))P2k{x) ) 

= - i<t>{x),{d^^^^'^^S{x))P2 k{x)). 

This shows the result to be independent of a left or a right action. 

Remark 8.6. As u Pp{^) and Pp{^) ^ are spherical harmonics, we have that 

[ ^Pp{^)dS{u)= [ Pp{u)^dS{u) = 0 , p = 0,l,2,.... 

Jsm-l JS^-^ 

Hence 

{a 4b.W}„. = + > = « 

and 

{l>r + ,0fe) ) = 0. 

The spherical means and Ep^^ are interrelated by the action of the 

Dirac operator as shown in the next proposition. 

Proposition 8.7. For a scalar valued test function (j) one has: 

(i) e£>[.^ a = (a + 

(ii) e£Vi[^ 21 = ( 2 . + E«+iM 

(iii) S™[ 8 0 ] = (a. + " + f eS'w 
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(iv) ^2k+l[d <P] = (^dr + ^2k+l[4>] 

where [0 9] stands for [d (f) Pp{^)] and Ep^^ [9 </>] stands for E^^^ [Pp{^)d (f)] . 

Proof Let / be an Mo,m-valued function, then it may be proved in a similar way 
as in Proposition 3.1, that 

EW[a/] = + E(i)[/]. 

For / = Pp{x)(j){x), (j) being a scalar valued test function, we get 
<t> Pp{x)] = ^dr + — S<^)[Pp(x)</)(x)]. 

In the case where p = 2fc, this yields 

^2fcj^(o)[^ 0 ^ {^2k+rn-l)r‘^'"~^T,^^\P2k{^)(t>{x)]+r^^ dr T,^^\P2k{<^)^{x)] 

or 

d] = (a. + + f 

In the case where p = 2fc + 1, we get 
r"'=+is(o)[a^P2fc+i(w)] 

= {2k + m- P 2 fc+i(w)<A(x)] + dr P 2 fc+i(^)^(x)] 

or 

d] = (a, + 

Next, we also have 

s(o)[/ a] = (^a, + E(o)[/ w] 

which, for / = Pp{x)(j){x)^ turns into 

s('’)[Pp(^) d(f>] = (dr + S<°)[Pp(x) W (f>{x)]. 

In the case where p = 2fc, this yields 
S(0)[P2fc(w) d4>] 

- {2k + m- S^°)[P 2 fc(a;) w <;i(x)] + dr S^°^[P 2 fc(w) w (/>(x)] 

or 

s(“)[a <!>] = (a. + ^ + f 

In the case where p = 2fc + 1, we get 

r^''"''iS(o)[P 2 fc+i(w) a(/>] = {2k + m- S(°)[r P 2 fe+i(w) w (f>{x)] 

+ dr P 2 fe+i(w) w (f){x)] 
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sfija <A] = (a, + ^ + f □ 

Proposition 8.8. For a scalar valued test function cf) one has: 

(i) rS2^^[</)9] = — f d(t>^P2k{^)dS{u) 

= {-rdr + 2k)i:f,j[<l>] 

2 p 

(ii) r [4>d]=— 5 </. w P 2 fe+i (y) 

= {-rdr + 2k + 2)^f^^,[4>] 

(hi) r <!>]=—[ P 2 fc(w) w 5 d5(w) 

= (-r9. + 2fc)s(”)[^] 

(iv) = — / P2fc+i(w)w5(^ d5(w) 

= (-r + 2fc + 2 )E 2 ^^^J(/)] 

The proof is similar to that of Proposition 8.7. 

9. New Clifford distributions 

The technique used in this section for introducing new Clifford distributions is 
essentially the same as in the first part of this paper; we use spherical co-ordinates, 
the fundamental distribution F^r^ and the new spherical means of the foregoing 
section 8. 

Let A be a complex parameter and let 0 be a scalar valued test funtion. 

We define the vector valued distributions by: 

(TA,2fc,.^) = a„(Fp<+2^sf,)[<A]) 

and 

( Tx,2k+iA) = am ( ) 

where we have put 

ji = \ -\- m — \ 

In the same order of ideas as in part I, we also introduce the distributions 
Ux,p and V\,p by: 

(t/A,2fc,0)=a„(Fp<+'^s(',)[0]) 

( Ux,2k^-u4> ) = am{ ) 

( V^A,2fc, </>) = «„( 

( Vx,2k+i, cf>) = am{ Pp<+2^sf4J<^] ) 
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Example 9.1. For A = —m — p, we have for p = 2k: 

{T-m-2k,2kA) = 0-m{Fpr^^ ,'^2k\^\ 



f - dr f P 2 k{ip) (t>{x) dS{w) 
Jo ^ 

[ 47^2feM[<^(£)-</>(Q)]dy(x) 



= ^ P 2 k{<p.) <t>{x) dV{x) 



where we have used the fact (see Remark 8.3) that 

[ P2fc(w) dS{^) = 0 



Similarly we obtain for p = 2fc + 1 that 

( T-m- 2 k-l, 2 k+lA ) = lim / J- P 2 fc + l(w) 4>{x) dV{x) 

The distribution T^m-p,p thus turns out to be a so-called principal value distribu- 
tion (see [9]): 

T -Pv^ 

J--m-p,p — -ru 

which yields another example of a convolution operator (see also 6.2). 



In the same order of ideas we find 



TJ — Pv 

—m—p,p — ^ 



w Pp(w) 



^—m—p,p — P"^ 



Pp(w) W 



to be examples of such kind of distributions. Moreover we have 



^ Pp{^) ^ p^ Pp{^) ^ 



M^ = -2(p+i)p„3^tiM 

j>m ' j.m 



showing that the U-m-p,p and V-rn-p,p distributions may be used for decomposing 
the scalar valued principal value distribution Pv ^ 5'p+i(^) of [9] and [12]. 



Other examples of the T\,p, U\^p and V\^p distributions are given in the 
sections 10 and 11. 
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10. The action of the Dirac operator on the distributions T\^p 

We expect the distributions Ta,p, ?7a,p and V\^p to be interrelated by the action of 
the Dirac operator. As T\^p is vector valued, it makes sense to distinguish between 
an action of d from the left or from the right. 

As it is clear that the parity of the degree p of the spherical monogenic Pp 
influences the calculations and the results, we introduce the notation (“even 
part of p” ) by 

( Pe = 2k if p = 2k 
y Pe = 2k if p = 2k + 1 

In a series of propositions we summarize the results of the calculations of d T\^p 
and Ta,p d in the several cases to be distinguished; their proofs are similar to that 
of Proposition 5.1. Note that, as the odd order derivatives of vanish at 

r = 0, we have to expect a singular term involving odd order derivatives of the 
delta distribution, only if A + m + Pe is even. 



Proposition 10.1. For A G C andp G N such that A+m — 1+Pe 7 ^ 0, —1, —2, —3, . . . 
one has 

d T\^p = A U\-i^p 

and 

T\^p d = X Va-i,p* 

Example 10.2. Take A + 2fc = 0; then /i + Pe = m — 1 and 
( T_2fc.2fc A) = ami Fpr^-\ 4k 14>] ) 



= / dr / f2fc(w)(^(x) dS{iF) 

Jo J 

= [ P2k{^)H^) dv{x) 



whence 

T-2k,2k{x) = P2fc(^)- 

If A + 2fc + 1 = 0 then /i + Pe = m - 2 and 

( T_2k-i,2k+iA) = ami Fp rr^ ) 



r-\-oo p 

= / r"^-Ur / P2k+iiA<t>{^) dS{^) 

Jo Js^-^ 

= [ P 2 k+i{A)<l>A) dV (x) 

Jr^ 



whence 

T-2fc-l,2fc+l(^) = P2fc+l(^)- 

In a similar way it is shown that 

p— i,p(^) — ^ F p(^) 




92 



F. Brackx, R. Delanghe and F. Sommen 



and 

~ Pj){lS)u) . 

By Proposition 10.1 we get: 

dT^p,p ( 2 ) = (-p) ?7-p-i,p(x) 

and 

T-p,p d = (-p) V_p_i,p(s) 

or thus 

d Pp{uj) = (-p) - u Pp(w) 

and 

f'pM d = {-p) ^ Pp(^) u 
confirming known formulae (see Section 7). 

Proposition 10.3. For A G C and p G N such that X-\-m-l+Pe = 0 one has 
d T—m-\-l—pe,p — —{m Pe ~~ ^)U~m—pe,p 

and 

m+l— pe,p ^ ~ “1“ Pe 1)^— m— pe,p- 

Remark 10.4. The distribution considered in the above proposition is, by defini- 
tion: 

( T_„_2fc+i,2fc(x),(/)(x) ) = am{ Fpr^,S^°^[(/>] ) 

= [ "dr [ P2k{^)<t>{r u) dS{u) = [ P2fc(w) (l>{x) dV{x) 

whence 

m— 2 /e+ 1 , 2 /e (^) — 

and similarly 

T_m-2/c+l,2/e+l(^) = ^m-2 ^2/e+l(^) 

which are clearly locally integrable functions in 
We also have 

( (l>,U-m-2k,2k{x) ) = am( Fp \ ) 

and hence 

U-m-2k,2k{x) P2k{^) = PV 

and similarly 

m— 2/e,2/e+l (^) ~ — '^2fc+l ~ p2A:+l • 

The formulae of Proposition 10.3 may thus be rewritten as: 

^ (;:iT ={m + 2k-l)Pv ^ P2k{^) 
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and 

d P2k+l{<Sj = -(^ + 2k-l) am Em{x) P2fc+l(w). 

Proposition 10.5. For A G C andp E N such that X+m—l+Pe = —s, s = 1, 2, 3, . . . 
one has 

(i) d T-m-\-l-2k-2l,2k ~ ~ (ni + 2fc + 2/ — 1) U-m-2k-2l,2k^ / = 1, 2, 3, . . . 

(ii) d T-m-2k-2l,2k = —{m + 2fc + 21) U-m-2k-2l-l,2k 

^ {2k + 2l + l)\C{k + l + iy 

/ = 0,1,2,3,... 

(hi) d T-rn-\-l-2k-2l,2k-\-l = —{m + 2fc + 2/ — 1) U-m-2k-2l,2k-\-l^ / = 1, 2, 3, . . . 
(iv) dT-m- 2 k- 2 l, 2 k-yi= “(^ + + 2/) ?7_^_2A:-2/-l,2/c+l 

{d^’^+^^+^S{x))P2k+l{x) 

'' {2k + 2l + l)\C{k + l + iy 

/ = 0,1,2,3,... 

and similar formulae for T\^p d. 

11. The action of the Dirac operator 
on the distributions U\^p and V\^p 

In this section we study the action of the Dirac operator from the left on U\^p 
considered as a left distribution, and the action from the right on V\^p considered 
as a right distribution. For the action of the Dirac operator from the right on U\^p 
and from the left on V\^p, we refer the reader to [3] which is a continuation of the 
present paper. 

It turns out that the mentioned action of the Dirac operator reproduces - in the 
general case - the distributions Ta_i,p .The proofs of the following propositions 
are similar to that of Proposition 5.2. Note that, as the even order derivatives of 
and vanish at r = 0, we have to expect a singular term involving 

even order derivatives of the delta distribution, only if A + m + pe is odd. 

Proposition 11.1. For X G C andp G N such that A+m — 1+pe ^ 0, —1, —2, —3, . . . 
one has: 

d U\^ 2 k = V\^ 2 k d = -(A + m - 1 -h 4fc) Ta_i, 2 /c 

and 

9 U\^ 2 k-\-i = V\, 2 k-yi d = —(A + m + 1 + 4fc) Ta_i, 2 A:+i- 

Example 11.2. We verify the formulae of Proposition 11.1 in the specific case 
where, for A = 1, we have 

Ui^p = r^^^ u Pp{cj) 
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The left hand side of the formula then takes the form 

d Ui^p = -{m + 2p) Pp{<^) 

while on the right hand side we have for p = 2fc 

-(A + m - 1 + 4fc) Tx-i,2k = -{m + 4fc) To,2fc = -{m + 4fc) P2fc(w) 
and for p = 2fc + 1: 

-(A+m+l+4/c) Ta-i, 2 /c+i = -(m+4fc+2) To, 2 fc+i = -(m+4fc+2) f2/c+i(^)- 

Example 11.3. Take A = —2k and p = 2fc; then p pe = m — 1 and 

{U-2k,2k,<t>) = 



r-\-oo p 

/ dr / P 2 k{^) 4>{x) dS{w) 

Jo Js^-^ 



whence 



U-2k,2k{^) = ^ ^2fc(w) 

If A = -2k - 1 and p = 2k + l, then n-\-pe = m-2 and 

{U-2k-l,2k+\)4>) = dm{Fpr^ 

p-^oo p 

= / dr r u P2fc+i(^) 0(^) 

7o Js^-^ 

whence 

f^-2/c-l,2/c+l =^F2fc+l(^)- 

We thus obtain in this specific case the left and right outer spherical monogenics 
(see Section 7): 

u-p,p = ^Ppi^) = Q^JH^) 

and 

v-p,p = Pp{^) y (w). 

The formulae of Proposition 11.1 yield: 

d U- 2 k, 2 k = y~k, 2 k d = — (m + 2fc — 1) T- 2 k-l, 2 k 

and 

d U- 2 k-l, 2 k-\-l = V- 2 k-l, 2 k-^l d = —{m + 2k) T_2A:-2,2/c+ 1? 
or, in terms of the outer spherical monogenics, 

d{u P 2 /c(^)) = {P 2 k{^) = —{m -\-2k — 1) - P 2 k{^) 



d{u P 2 k-\-i{^)) = (f2fc+i(^) ^)d = -{m + 2k) - P2fc+i(^) 
in accordance with the formulae of Section 7. 
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Proposition 11.4. For A G C and p eN such that A + m- l+Pe = 0 one has 

d U-m-2k-]-l,2k = V-m-2k-\-l,2k 9 

= -2k T-rn-2k,2k ~ Cim 5{x) 

and 

9 U-m-2k-\-l,2k-\-l = ^-m-2/c+l,2/c+l 9 

= —{2k + 2) T-rn-2k,2k-\-l ~ C{k) 

Proposition 11.5. For A G C and p G N such that A + m — 1+Pe = —5, 
s = 1, 2, 3, . . . one has: 

(i) d U-m-2k-2l+l,2k = (2/ - 2k) T-rn-2k-2l,2k 

(2fc + 2/)! C{k + l) 

/ = 1,2,3,... 

(ii) 9 U-m-2k-2l,2k = (2/ - 2fc + 1) T-m-2k-2l-l,2k^ Z = 0, 1, 2, . . . 

(hi) 9 C/_7yi_2fc-2/+l,2fc+l = (2/ — 2k — 2) T-ra-2k-2l,2k^l 

(2fc + 2/)! C(fc + 0 ^2fe+l(^) 

/ = 1,2,3,... 

(iv) 5 U-m-2k-2l,2k+l =(2/ - 2fc - 1) T_„_2fc_2i-l,2fc+l, / = 0, 1, 2, . . . 
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Hypermonogenic Functions and their 
Cauchy- Type Theorems 

Sirkka-Liisa Eriksson and Heinz Leutwiler 



Abstract. Let Cin be the (universal) Clifford algebra generated by ei , . . . , Cn 
satisfying e^ej + ejCi = —2Sij, i^j = 1, . . . ,n. The Dirac operator in Cin is 
defined by D = where eo = 1. The modified Dirac operator is 

introduced for A: G M by Mkf — Df + where ' is the main involu- 

tion and Qf is given by the decomposition / (x) = Pf (x) + Qf (x) Cn with 
Pf {^) ?Q/(^) ^ Cin-i- A k 1-times continuously differentiable function 
f : Q, ^ Cin is called /c- hypermonogenic in an open subset $1 of , if 
Mkf (x) = 0 outside the hyperplane Xn = 0. Note that 0- hypermonogenic 
functions are monogenic and n — 1-hypermonogenic functions are hypermono- 
genic as defined by the authors in [15]. The power function x’^ is hypermono- 
genic. The set of /c- hypermonogenic functions is a right C£n-i -module. We 
state a Cauchy type theorem for /c- hypermonogenic functions. We also prove 
an integral formula for the P-part of an hypermogenic function. 

Mathematics Subject Classification (2000). Primary 30G35; Secondary 30A05, 
30F45. 

Keywords. Monogenic, hypermonogenic, Dirac operator, hyperbolic metric. 



1. Introduction 

We consider an extension of classical complex analysis to higher dimensions. The 
higher dimensional algebra extending the field of complex numbers is the universal 
CliflFord algebra Cin generated by the elements ei, . . . ,6^ satisfying the relation 
ei6j + ejCi = —25ij, where 6ij is the usual Kronecker delta. The elements x = 
Xq Xi6i XnCn for xq, . . • , G M are called paravectors. The coordinate 

xq of a paravector x is called the real part of x. The set is identified with 
the set of paravectors. 



This work was supported by the Academy of Finland. 
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In the complex plane, at least locally, any holomorphic function / is a conju- 
gate gradient of a harmonic function. This means that a holomorphic function / 
can be written locally in the form / = ^ - for some harmonic function H. 
The starting point of modified Clifford analysis, noticed by the second author in 
[22] and [23], is that, for any m G N, the power function 

f{x)=x^ 

is paravector- valued for any paravector x (see eg. [7]) and satisfies the property 



'ST 



dh 

'' dxi 



( 1 . 1 ) 



where 



h (x) = 



1 

m -h 1 



Rex 



,m+l 



(see e.g. [14, p. 231]). The function h is not harmonic in the usual sense. However, 
it is harmonic with respect to the hyperbolic metric 

dxl + . . . -h dx‘^ 



ds^ = 



(1.2) 



Indeed, as noticed in [22], the function h satisfies the Laplace-Beltrami equation 

Xn^h- =0, (1.3) 

associated to the Riemannian metric (1.2). The second author in [22] and [23] 
initiated the research on those functions /, called if-solutions, admitting locally 
the representation (1.1) for some function h satisfying the equation (1.3). Another 
characterization of iif-solutions is that they are paravector-valued solutions / == 
uo + uiCi -h . . . + Unen of the following generalized Cauchy-Riemann system 



Xn 

duj _ duk 
dxk dxi ’ 

duQ duk 

dxk ~ dxo ’ 



"=i 1^) +(«-!) 

i, /c = 1, . . . , n, 
fc = 1, . . . ,n. 



= 0 , 



(H) 



(see [23]). Using differential forms, the system (H) holds if and only if the 1-form 

a = Re(/ (x) dx) = xq^xq — xidxi - ... - XndXn 

is harmonic in the sense of W.V.D. Hodge (see e.g. [33]). The H-sohitions are 
notably studied in [18], [19], [20], [3], [4], [14], [6], [10], [8], [5], [22], [23], [24] and 
[25]. 

The image space of i/-solutions consists just of paravectors of the Clifford 
algebra. In order to extend these functions to the total Clifford algebra valued 
functions we first review some important concepts. The main involution ' : C£n 
Cin is the algebra isomorphism defined by Cq = 1 and e' = for i = 1, . . . , n. 
If 1 / C {1, . . . , n}, we denote = Cj, . . . , where ji G y and ji < < • • • < j/e- 
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The involution " : Cln is defined by = -e^ , ^ for i = 0, . . . , n - 1 

and ah = ab. It is easy to calculate that for arbitrary a G Cin 

a'cn = 6na and Cna' = acn. (1.4) 



The anti- automorphism * : Cin Cin, called reversion, is defined by e* = 
for i = 0, . . . , n and (ab)* = b*a*. The conjugation a is given by a = (a')*. 

Any element a G Cin may uniquely be decomposed as a = b + ce^ for b, c G 
C^n-i(the Clifford algebra generated by ei, . . . , e^-i; further Ci^ = R). Using this 
decomposition we define the mappings P : Cin Cin-i and Q : Cin Cin-i by 
Pa = b and Qa = c. Note that if w e Cin then 



Qw = 



Pw = 



e^vo — wOr, 



W — OnW Or, 



w — w 

2 

w w 






(1.5) 



2 2 

The following calculation rules are proved in ([15, Lemma 2] and [16, Lemma 1]) 



P{ab)^{Pa)Pb + {Qa)Q{b'), 


(1.6) 


Q{ab) = {Pa)Qb + {Qa)P{b'), 


(1.7) 


Q (ab) — aQb + (Qa) b' . 


(1.8) 



We use the abbreviated notation P'a = (Pa)' and Q'a = (Qa)' . 

Note that in the case n = 1, we have C£i = C, Pa = Re a and Qa = Ima. 



2. Hypermonogenic fimctions 

Let be an open subset of We denote eo = 1. The left Dirac operator in Cin 
is defined by Dif = the right Dirac operator by Drf = X)"=o §P^i’ 

for a mapping / : D — > Cin, whose components are continuously differentiable. The 
operators Di and Dr are defined by A/ = Er=o^^ and A^/ = ^el. 

We abbreviate Dif — Df if there is no confusion. 

Let Q be an open subset of and /c be a non-negative integer. We intro- 
duce the modified Dirac operators Ml , and by 

Mlf {x) ^ Dif {x) + 

MU{x) = Drf{x) + k^ 

and 

M[f{x) = Dif{x)-k^, 

Mlf{x) = Drf{x)-k^, 

where / G (fl, Cin)- The operator Ml is also denoted by Mk and by M. 
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Definition 2.1. Let fi be an open subset of A mapping / : is 

called left k-hypermonogenic^ if / ^ (fi) and M^f {x) = 0 for any x G f2 with 
Xn i=- 0. The n — 1-hypermonogenic functions are briefly called hypermonogenic 
and the 0-hypermonogenic functions are called monogenic. Right hypermonogenic 
functions are deflned similarly. 

Hypermonogenic functions were introduced in [15] and further developed in 

[16] , [11], [12]. In R^ under the name hyperholomorphic functions they were inves- 
tigated by W. Hengartner and the second author ([21]) and in R^ by the authors 

[17] . Notice that paravector- valued hypermonogenic functions are jfiT-solutions. For 
the general reference to the properties of monogenic functions we refer to [2] or in 
the quaternionic case to [32]. 

We review some basic properties of hypermonogenic functions. The general- 
ization of Cauchy- Riemann equations is stated next. 

Theorem 2.2 ([15, Proposition 3]). Lei he an open subset ofMP^^and f : Q ^ 
Cin be a mapping with continuous partial derivatives. The equation M]^f = Q is 
equivalent with the following system of equations 

x„(D„-i(P/)-5g^)+fcQ7 = o, 
o„-i(<3/) + ^^ = o, 

where Dn-i = ei£-. 

Note that ii k = 0 and n = 1, the system (2.1) is just the usual complex 
Cauchy-Riemann system. 



Theorem 2.3. Let / : f] — > C£n be twice continuously differentiable. Then 
MkMkf = MkMkf ^ APf - ^^ + ( AQf - I e. 



Xn dXn 



Xn dXrt 



Af- 



k df , ,Qf 



Xn dx„ 



+ k- 



A f ^/ . e„/'e„ + / 

XndXn'^ 2x1 ■ 

Using the preceding lemma we obtain. 



Corollary 2.4 ([11]). Let f : Q ^ C£n be twice continuously differentiable on an 
open subset fi o/R^+L If Mkf = 0 in fl\{x | Xn = 0}, then the components of Pf 
satisfy the equation 

du 

Xnl^u — k - — = 0 ( 2 . 2 ) 

OXyi 

and the components of Qf satisfy the equation 

x‘^Au — kxn~^ h fct/ = 0. (2.3) 
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The differential equation (2.2), called Weinstein equation, is the Laplace- 
Beltrami equation for the Riemannian space defined by the metric 



ds^ 






X 



2k 

n-1 

n 



The most important example of a hypermonogenic function is the power 
function given next. 

Proposition 2.5 ([15]). For any m e Z the mapping x^, with x = ^^=oXi6i, is 
hypermonogenic in 

Hypermonogenic functions form also a module. 

Proposition 2.6 ([11]). The set of k-hypermonogenic functions in an open subset 
ofW^~^^ is a right Cin-i-'^fiodule. 

There is a way to extend holomorphic functions to hypermonogenic functions, 
the so-called Fueter construction. 



Example ([22, Corollary 2.3]). Let f = u iv he holomorphic on an open set 
Q C Then the function / defined by 



/ {xo, ...,Xn) =u(xo, Y^xfTTT^) 



+ 



X\e\ • “h XjiCf] 



v(xo, 



Vxi+---+xl 

is hypermonogenic on the set |(xo, . . . , x^) | ^xf + . . . + x^^ G . 



+ . . . + X" 



Using the preceding example we see that the exponential and the logarithmic 
functions have also extensions to hypermonogenic functions, as stated in [22]. 



Theorem 2.7 ([11]). Let f : ft ^ Cln be k-hypermonogenic. Then the functions 
fori = 0,l,...,n-l, and 



-IL ^1.91-lL _nf' 

9 — o “1“ ^ ^ ^ji Df 

dXn Xn OXn 



are k-hypermonogenic in Q. 



Classical holomorphic functions in the complex plane are (locally) conjugate 
gradients of harmonic functions. A similar result holds also for fc-hypermonogenic 
functions with respect to hyperbolic harmonic functions introduced next. 



Definition 2.8. A twice continuously differentiable function f : Q. ^ Cln is called 
k-hyperbolic harmonic^ if MkMkf = 0. In the case k = n—1 we call n-l-hyperbolic 
harmonic functions just hyperbolic harmonic. 



For real- valued functions the definition of n-l-hyperbolic harmonic functions 
coincides with the usual definition of hyperbolic harmonic (or hyperharmonic) 
functions in the hyperbolic model of the upper half space (see [1]). 
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Theorem 2.9 ([11]). Let fi be an open subset of and / : Cin be k + 1 

times continuously dijferentiable. Then f is k-hypermonogenic if and only if there 
exists locally a k-hyperbolic harmonic mapping H with values in C£n-i satisfying 
DH = f. 

The preceding theorem directly implies the following result. 

Corollary 2.10. A mapping f is k-hypermonogenic in Q C if and only if 

there exist locally paravector-valued k-hypermonogenic functions g^ such that 

f — ^ ^ 

In complex analysis, a function / is holomorphic if and only if / and zf are 
harmonic. A similar result holds also for hypermonogenic functions. 

Theorem 2.11 ([11]). Let / : Cln be k -\-l times continuously differentiable. 

Then f is k-hypermonogenic if and only if f and xf are k-hyperbolic harmonic 
functions. 

There is the following correspondence between k- and k + 2s-hypermonogenic 
functions. 



Theorem 2.12 ([11]). Let f : Q ^ Cln be k-hypermonogenic. Then there exists 
locally a k 2s -hypermonogenic function ^ — > Cln such that f = A^g. Con- 
versely, if a mapping g \ Q ^ Cln is k 2s -hypermonogenic, then f = A^g is 

k-hypermonogenic. 



Hypermonogenic functions are also related to A^-monogenic functions, that 
is functions satisfying D A'^ / = 0, considered in complex Clifford algebras by J. 
Ryan in [30] and in real Clifford algebras under the name holomorphic Cliffordian 
functions by G. Laville and I. Ramadanoff in [27] . They have also been investigated 
by M. See in [31] and in the quaternionic case by L. Pernas [28]. 



Theorem 2.13 ([11]). If a function / : Q ^ Cln satisfies D A'^ f = 0, then there 
exist, locally, 2i -hypermonogenic functions gij : ^ Cln = 1 , . . . , 4 ^ such that 

gn + 9i2^n “I" {9i3 + 9i^^n)^ = /• 

The next theorem states how Mobius transformations act on fc-hypermono- 
genic functions. 




Theorem 2.14 ([12]). Let Q be an open set contained in and T : Q ^ 
be the Mobius transformation mapping the upper half space onto itself induced by 

^ ^ ^ j, where -c~^d If f is (left) k-hypermonogenic on T (f2) , then the 

function F defined by 



F{x) 



{cx + d) ^ 
\cx + 



fiT{x)) 



is also (left)k-hypermonogenic on ft. 
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3. Integral formulas 

So far there was no integral formula for hypermonogenic functions in the general 
case. Since in the case n odd hypermonogenic functions are holomorphic Cliffordian 

n-l 

(that is, they satisfy D A~^ / = 0), the following formula, proved for example in 
[11], holds also for hypermonogenic functions. 

Theorem 3.1. Let C be open, n = 2m+l odd and f Cln an n times 

continuously differentiable function. Let C be an n + 1- chain inVt . If f : Q. Cln 
satisfies DA f = 0, then 

m « 

uJn+iamf (a:) = V / A”*-* {y - da {y) A*/ (y) 

i=o 

m — 1 

-E 

2=0 

where uJn-\-i is the surface measure of the n-f- 1-dimensional unit ball and Ok is 
recursively defined by 

Ok = -2 (n - 2fc -f- 1) kok-i, ao = 1. 

We will verify for the P-part a simpler integral formula, depending only on 
/ and not on its derivatives. It is based on the relations of Dirac operator and the 
modified Dirac operator stated next. 



/ DA^-^~^{y-x)-^dd{y)DA^f{y), 

JdC 




(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 



which implies the first equality. If we take P from both sides of this equality we 
obtain the third equality. The fourth equality follows directly from the definition 
of Ml. The last equality follows from the first one if we replace / by (Qf) Cn- □ 
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Let Qs be an open subset of 
K . Define an n-form by 



Xn = 0} and K a.n n-\- 1-chain satisfying 



1 "" 

dak = —k ^ ^idxo A ... A dxi-i A dxi 



i-\-\ A . . . dx^] 



i=0 



and an n + 1-form by 



d'^k = —rdxo A ... A dxn- 



Lemma 3.3. If f (f^, Cin), then 

[ ({dak + dao) f + {d^ - /) = 2 /* (P {dakf) + Q {daof) e^) 

JdK ^ ^ JdK 

= 2 [ {P{Mkf)dmk + Q{Mkf)endmo) 

JK 

= j (^Mkf + Mkf^ druk 
+ j (^Mkf - Mkf^ dmo^ 

Proof. Recall first that 

[ gdaof = [ {{Drg) f + gDif)dmo, (3.6) 

JdK Jk 

see [2, 9.2 Proposition, p. 52]. Using this and the previous Lemma we obtain 
f dakf = / Di(^)dmo= f ^ - 

JdK Jk \XnJ Jk K 



Kf uP'f^n, 

Xn 



[ Mi 

Jk 



f -k 



P'fer, 



f K 

[ daof = [ Difdmo. 
JdK Jk 

Hence we have 



druk 



[ P{dakf)= f P{Mif)dmk 
JdK Jk 

[ Q{daof)= [ Q{Mif)dmo. 
JdK Jk 



Hence 



f P{dakf)+ f Q(daof)en^ [ P (Mif) dmk + [ Q (Mlf) endruo- 
JdK JdK Jk Jk 

Using equalities (1.5) we obtain the last equality. 



□ 
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Theorem 3.4. A function / G k-hypermonogenic in an open subset 

Q C {xn — 0} if and only if the property 



or equivalently 



[ P{dakf)+ [ Q{daof)en=^0 
JdK JdK 

j (^{dak + dao) f -f {d^ - do^) fj=0 



holds for any n -|- 1- chain K satisfying K C ft. 

Theorem 3.5. Let fl be an open subset ofW^~^^\ {xn = 0} and K an n+ 1-chain 
satisfying K C Q. If f^g ^ {Q,Cin)(^'i^d Drg G Cln-i, then 



P (gdakf) = [ P {MlgPf + gMif) dm^. 

JK 



Proof. Using (3.6) and Lemma 3.2 we obtain 

f gdakf = [ ^(/aoP/+ f gdao^^ 

JdK JdK JdK 



f 9 \ Of : s o Df , ^iiQf^n) , DrgQfen\ ^ 
P^\~k I Pj+ ~k^iPj + 9 k + h dmo 

\ ry^fXf # rpl\j rplx / 

\'^n / *^n *^n '^n / 

MlgPf + gMif - ^^9^11^ + D^gQ/en) druk- 



Hereby we used that Di (Pf) = (Pf)- Since Drg G Cln-i, by assumption, the 

result follows. □ 



Lemma 3.6. The function 



g{x) = 



{x - y)~ 



,„_i {x-y)~ 



(x-y) 

in— 1 I ^in— 1 

-y\ \x-y\ 



^n-i (^-2/r\ , (x-yr 1 r [i-s^ 

is left and right hypermonogenic on {y,y} for each y with pn ^ 0. 

Proof. Note first that and are monogenic. Hence 

o„ n n-1 ( - n) {x - y) {x - y)~^ , {n - 1) {x - y) {x - y)~'^ 

^yn^y — I . ,n-l i -vin+l ' . .r7-M . 



\x - 2 / 1 " \x - y\ 



n+1 I ^in— 1 



la: - yr^ \x - y\ 



+ 2(n-l)y„< ^e„ e„ . 

\x - y\ \x-y\ 
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Since x -y = x - y + 2ynen and x - y = x -y - 2ynen we infer 



2 ynDg = 



(1 - n) X 



n— 1 



in— 1 I >^in4-l 

x-y\ \x-y\ 



+ 



+ 



(l-n)x" ^{ 2 ynen {x - y)) 

Ix-y^'''^ \x-y\^~^^ 

1) (-2yne„ (^-y)) 



\x-y\^^^ \x-^ 



n—1 



+ 



X - \x - y\ 



n+1 



+ 2 (n - 1) 2 /„x^ 6: 



{x-y) ^ (x- y) 



-1 



Since 



n .n- 1'^^1 -in-1 ' 

X - 2/1 \x-y\ 



^Xnyn 



\x-yf \x-yf \x-yf\x-yf 



and (x — y)en = en{x — y) = en{x — y — 2x^6^) we obtain 

4 (n - 1) x;j 2 /„ + (1 - n) 2x”“^j/„e„ (x - y) - 2 (n - 1) x”“^j/„e„ ^x - 



2y„Dg = 



+ 



\x-yr"^^ |x-y|"'''^ 

(n- l)4x;j-iy„e„ (x-y) 2(n-l)x”-2y„ 



I in+l I >^in+l I in+1 i ^in— 1 

|x - 2/1 |x - 2/1 |x - 2/1 F - y| 

4 (n - 1) x”y„ + 4 (n - 1) x'^-^yl 2 (n - 1) 



X - yl”"^^ |x - y| 



n+1 



x-yr"*"^ |x-y| 



Hence we have 



-%-(z?y + (n-l)^ 

Ti 1 \ ^n 

^ 4x"y„ + ^xl~^yl _ 

k - 2/1"^^ \x - yT^^ 

xT'^ {yn - Xn) 






n—1 ’ 



n—1 



+ 



X - yl”"*"^ \x - y\ 

{yn + Xn) 



X - yl""*"^ \x - y\ 

Ax'^yn + 4x”~+^ 
|x - y|"'^^ |x - yl""^^ 
4<yn + 4x”“+,' 



^ U 

n— 1 I in— 1 I ^in+1 

|x - 2/1 \x- 2/1 

Xn~^ {yn + Xn) 



+ 






|x - y|” ^ |x - y| 



n—1 



X - y|”'^^ lx - y| 



4a;" ^ (yn + X n)yn ^ Q 



n+1 



□ 



The kernel g was calculated by the second author in [22]. Note that the 
point-pair-invariance of the hyperbolic distance yields 



k-yj 

k 



(p{x)-(f (y) 



>p{x)-(fi (y) 



for each Mdbius transformation mapping the upper half space onto itself. 
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Theorem 3.7. Let be an open subset (or and K an n + 1-chain 

satisfying K C If f is hypermonogenic in and y £ K, then 



Pf{y) = 



^n+l JdK 



jx-y) jx-y) 

I in— 1 I ^\n 

\x -y\ \x- y\ 



-zrdan-i {x)f{x) 



!^ynT f pi jx-y) „ jx-y) 

^n+i JdK "’\x-y\" 



zrjdao {x) f (x) 



JdK \x -y\ \x - y\ 

^^n +1 JdK \x -y\ \x- y\ 

where cjn+i the surface measure of the unit ball in 
Proof Using Theorem 3.5 we obtain 

f n(^n-l{x-y)~\ (x-y)-\^ \ 



\x-y\' 



-m- 



_ j dXTn—\f 



[ P{g{x)dan-if)+ [ P{g{x)dan-if) 

Jd{K\Br{y)) JdBAv) 



dBr{y) 



[ P (g{x) dan-1 f) = P 

JdBr-iy) 



{x-y)'^ {x-y)'^ 



I in— i '"I ^ir 

dBr{y) \x -y\ \x- y\ 



jdaof 



The preceding Lemma implies that the function g{x) — ^ |^^^_Jjn-r gn 

is paravector- valued. Thus we have 

,(x) = pW=xr-f^£e„-fe^. 

\x -y\ \x- y\ 



Hence 



{x-y) ^ (x-yY 



iL I in— 1 I ^in— 1 \ 

, \x-y\ \x-y\ 

f (x-v)-* (xj:;_ 

1 ^in— 1 ^ I in— 1 V / 

dBr(y)\x-y\ \x-y\ 

f (x-y)~^ {x-y)~^{x-y) 



dan-1 (x) fix] 



dao [x) f [x] 



dBr{y) \x - y\ 



-1 ^ /r’T'—l 



f{x)dS{x] 



where S is the usual surface measure of the ball Bp (y). When r ^ 0, we obtain 
the result. □ 



The Q-part of the hypermonogenic functions satisfies the following result. 
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Theorem 3.8. Let fl be an open subset and K an n-\- 1-chain satisfying 

K If f is hypermonogenic in Q and y ^ K, then 



fff Qfjy) 

\ Vn ^ 



P D 



-1 (x-y) {x-y) 



j da^ {x) f (x) 



^n+iJdK j 

where is the surface measure of the unit ball in . 

Proof Assume that / is hypermonogenic in Q. Using Lemma 2.2 we obtain 

b;-(p7) 

dyn yn ^ 

Hence by the previous theorem we conclude the result. □ 

Lastly we consider the question how uniquely the P- or Q-parts determine a 
fc- hypermonogenic function. 

Theorem 3.9. If f and g are k-hypermonogenic in and Pf = Pg, then there 
exists a monogenic function w depending only on xq, . . . ,x^_i such that f = g + 

wxy. 

Proof Assume that / and g are fc-hypermonogenic in and Pf = Pg. Then 
applying Theorem 2.2 we deduce 

^Qif-g) 



Hence there exists a monogenic function w {xq, . . . ,Xn-i) such that - = 
w (xo, . . . , Xn-i). This means that 

f = g-\-W (xo, . . . , Xn-l) X^Cn. □ 

Theorem 3.10. Let h be a Cin-i-valued k-hyperbolic harmonic function in an open 
subset Q ofW^^. Then there exists locally a k-hypermonogenic function f such 
that Pf = h. 

Proof. Let a ball Br{a) satisfy Br{a) C fi. Let x = (xo,...,Xn) = (^,^n) for 
any x G Then there exists a mapping s from {B (a, r) fl {x | x^ = cin}T into 

Cin-i satisfying the equation 

_ . . 1 dh' . . 

Dn-is{x) = ^—{X,an). 




Hypermonogenic Functions and their Cauchy-Type Theorems 



109 



Define a function / by 



Qf {x) = xi (XTj* dt - s (i)) , 

Pf (x) = h{x). 



(3.7) 



We prove that / satisfies the system of Theorem 2.2. The first equation follows 
directly from differentiating Q'f with respect to For the second equation we 
infer 



Dr^-.Qf (x) = x^^ 




An-lh' {x,t) 

— ? — * 



1 dh’ 
an dXn 



(x,an) 



(3.8) 



Since h is fc-hyperbolic harmonic 



An-lh' {x,t) 1 d‘^h' (x,t) 1 dh' (x,t) 

dt‘^ dt 

dt 



Substituting this into (3.8) we obtain the second equation. 



□ 



Lemma 3.11. If f and g are k -hypermonogenic in f) and Qf = Qg, then there exists 
a monogenic function w depending only on Xq, . . . , Xn-i such that f = g -\-w. 



Proof Assume that / and g are fc-hypermonogenic in fi and Qf = Qg. Then 
applying Theorem 2.2 we deduce 

dP{f-9) 

dXn 

Dn-i{P{f-g)) = 0. 

Hence there exists a monogenic function n; (xq, . . . , x^-i) such that P {f — g) = 
w (xo, . . . , Xn-i). This means that 

/ = ^ + n;(xo,...,Xn-i). 



□ 



Addendum. The results of this paper were presented at the conference on 
Clifford Algebras and Applications in Macao in August 2002. In June 2003 the 
first author found the analogous integral formula for the Q-part, presented at the 
ICIAM 2003 in Sydney. We just include one of the results from [13]. 
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Theorem 3.12. Let be an open subset ofR^~^^(or and K an n-\- 1-chain 

satisfying K cVt. If f is hypermonogenic in fi and y e K , then 

on^.n-l 
^ Un 



Qf{y) = 



^n+1 

on-l.,n-l 
^ Un 

^n+1 



/ Q{q{x,y)dao{x)f{x)) 

JdK 

/ q (x, y)(Bo (x) f{x)en- q (x, y) dao (x) / (x) ( 
JdK JdK 



where 






I2; - y[ 



\x-y\ 



n— 1 



and LOn-\-i is the surface measure of the unit ball in 

Combining Theorem 3.7 with Theorem 3.12 we thus obtain a Cauchy- type 
integral representation for hypermonogenic functions. 
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On Series Expansions of Hyperholomorphic 
Functions 

K. Giirlebeck and A. El-Sayed Ahmed 

Abstract. In the previous article [11], spaces of hyperholomorphic func- 
tions were studied and it was shown that these spaces form a scale of sub- 
spaces, all included in the hyperholomorphic Bloch space. Here, we study the 
problem if these inclusions within the scale and with respect to the Bloch 
space are strict. Main tool is the characterization of functions by the 
coefficients of certain series expansions. 

Mathematics Subject Classification (2000). Primary 30G35; Secondary 46E15. 
Keywords. Quaternionic Analysis, B^-spaces. 



1. Introduction 

Qp spaces of holomorphic functions for the first time appeared in the paper by 
Aulaskari and Lappan [3]. Since then a great number of articles and monographs 
were devoted to their investigation (see e.g., [2], [4], [8], [9], [23] and [24]). On the 
other hand B^ spaces of holomorphic functions were introduced by StroethofF [21]. 
The studies of these spaces in Clifford analysis began with the papers [12] and [7], 
followed by [10], [11], [12] and [13]. In the present paper our aim is to extend some 
results obtained by Miao [19] to the case of hyperholomorphic functions. 

First, we describe the spaces we are interested in. Let = {z \\z\ < 1} be 
the unit disk in the complex plane C. Then the well known Bloch space is: 

B = {f : f analytic in A and sup(l - | 2 :|^)|/'( 2 :)| < oo}. 

We mention [1] as a general reference for the Bloch space in the complex plane €. 
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Let 0 < q < oo. Then the Besov- type spaces 

B** = {/ : / analytic in A and sup [ \ [l-\(pa{z)f)^da^ < 00} 

aeAJA 

are introduced and studied intensively (see [21]). Here, ip a always stands for the 
Mobius transformation ifa{z) = fEi^- 

To introduce the meaning of hyperholomorphic functions let H be the set of 
real quaternions. This means, elements of H are of the form 

3 

a = where {ak\k e N3 := N3 U {0};1N3 := {1,2,3}} C IR; 

k=0 

eo = 1 the unit; ei, 62, 63 are called imaginary units, and they define arithmetic 
rules in H; by definition e| = -eo, k G IN3; eiC2 = -6261 = 63; 6263 = -6362 = ei; 
6361 = —6163 = 62. Sometimes we use i, j and k instead of ei, 62 and 63. 

Natural operations of addition and multiplication in H turn it into a skew- 
field. The main involution in H, the quaternionic conjugation, is defined by 

^ := eo; ^ := -e/,; for k G IM3, 



and it extends onto H by H-linearity, i.e., for a G H 

33 3 

= do ^ ^ dj^cj^. 
k=0 k=0 k=l 




Note that 

3 

_ X ^ 2 I |2 I |2 

dd — dd = z_j^k ~ 1^1 I^Ih 

k=0 

Therefore, for a G H \ {0} the quaternion 

-1 1 - 

d := —^d 

|ap 

is an inverse to a. Whereas the above mentioned properties are analogous to the 
complex one-dimensional case we have for the quaternionic conjugation that for 
any a, 6 G H 

db = bd. 

Let fl be a domain in then we shall consider H- valued functions defined in Q 
(depending on x = (a:o,xi,X2)): 



/ : ^ 



H. 



The notation H),p G IN U {0}, has the usual component- wise meaning. On 

C^(fl;]H) we define a generalized Cauchy-Riemann operator D by 



D{f) =:^efc 4 /. 



k=0 



k=0 
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D is a right-linear operator with respect to scalars from H . The operator D 

k=0 ^ k=0 

is the adjoint Cauchy-Riemann operator. The solutions of Df = 0, x G fi, are 
called (left) hyperholomorphic (or monogenic) functions and generalize the class 

of holomorphic functions from the one-dimensional complex function theory. Let 

2 

A be the three-dimensional Laplace operator A := Yh ^k' Then on C^(fi;]H) 

k=0 

analogously to the complex case the following equalities hold: 

A = DD = DD. 

Let / : Bi(0) 1 -^ H be a hyperholomorphic function. According to [12], we have 
the definition of the quaternionic Bloch semi-norm as follows: 

B{f) = sup (1 - \x\‘^f^^\Df{x)\, 

x£Bi{0) 

where Bi(0) stands for the unit ball in This definition leads to the following 

Definition 1.1. The spatial (or hyperholomorphic) Bloch space B is the right H- 
module of all hyperholomorphic functions / : jBi (0) H with B{f) < oo. 

For more information about the study of quaternionic Bloch spaces, we refer 
to [7], [11], [12], and [13]. _ 

By using the adjoint generalized Cauchy-Riemann operator D instead of the 
derivative /'(z), the quaternionic Mobius transformation (/?a(^) = (a— x)(l— ax)“\ 
spaces of quaternion-valued functions were defined in [10] by 

B^=|/GkerL): sup [ |T)/(x) (l - |x|^) ^ (l - \(pa{x)\^)^dBj; < oo 

I aeBi(0) J Bi{0) 

where 0 < ^ < oo and the exponent three is related to the real space dimension. 
Prom [10] it is known that the spaces describe the Bloch space B equivalently 
by the integral norms of B^, > 0. 

Also, in [11] we studied B^ spaces of hyperholomorphic functions by employ- 
ing the weight function (1 — \(fa{z)\ ) instead of (1 — |(Pa( 2 :)| ) as follows: 

B^ = |/GkerD: sup [ \Df{x)\^{l-\x\^)‘^^ ^ (l - \ipa{x)f)‘^dBx < oo 

I aeBiio) J 

Bi{0) 

The most important results are that in this way one can describe a “wider” scale of 
B^ spaces of hyperholomorphic functions. It was shown that this exponent 2 = 3 — 
1(= n — 1) generates a new scale of spaces, not equivalent to the hyperholomorphic 
Bloch space for the whole range of q. Also, it was proved in [11] for 1 < ^ < p < oo 
that 



B^ C BP. 
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It remained open in [11] if these inclusions are strict and to describe a rich class 
of B^-functions explicitly. These problems will be solved in the present paper. We 
will restrict us for simplicity to and quaternion-valued functions as a model 
case. For more details about quaternionic analysis and general Clifford analysis, 
we refer to [5], [6], [14], [15], [16], [20] and [22]. 

We will need the following lemmas in the sequel: 





Lemma 1.3. [18] Let a > 0, p > 0, n > 0, an > 0, In = {k : 2^ < k < 2^+\ 

oo 

k G IN}, tn = ak and f{r) = . Then there exists a constant K 

k^Iji Tl — 1 

depending only on p and a such that 

^ oo 1 oo 

_ 2 — < / (1 - r)“- V(r)" dr<KY^ . 

n :=0 n ^=0 



2. Power series structure of hyperholomorphic functions 

The major difference to power series in the complex case consists of the absence 
of regularity of the basic variable x = Xq + Xii + X 2 j and of all its natural powers 
x^, n = 2, ... . This means that we should expect other types of terms which 
could be designated as generalized powers. Indeed, following [17] we use a pair 
y — {y 1 ^ 112 ) of two regular variables (c.f. [6], [14]) given by 

yi=xi- ixo and y 2 = X 2 - jxo 

and a multi-index u = |^| = {^ 1 +^ 2 ) to define the //-power of y by a 

|//|-ary product. 

Definition 2.1. Let ui elements of the set ai, . . . , a|j^| be equal to yi and 1/2 elements 
be equal to y 2 - Then the //-power of y is defined by 

S 0^0*2 •• (2.1) 

where the sum runs over all permutations of (1, . . . , |//|). 

Remark 2.2. Evidently for a fixed value of |//| = d there exist exactly {d + 1) 
different //-powers of y. To distinguish among them we sometimes also use the 
notation y^ = yi^^ x y2^^ = y 2^^ x yi^^ but the meaning of the last expressions is 
slightly different with the usual one in commutative rings and should be understood 
in the sense of formula (2.1). We will set parentheses if the separated powers of 
yi or y 2 have to be understood in the ordinary way. Notice that the algebraic 
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fundamentals for such a definition of generalized powers lie in the application of 
the symmetric product of d elements of a non-commutative ring like discussed in 
[17]. In this sense the variables fc = 1,2, themselves are symmetric products 
of X = xo + xii + X 2 j with (-i) resp. (-j) in the form 

1 1 
yi = xi - ixo = ^2 = X2 - jxo = - 2^^ + ^j)* 

With this the definition of the z/-power of y. Theorem 2 in [17], implies that 
all polynomials in fc = 1, 2, homogeneous of degree |i/| and of the form 

U{yi,y2) =f 

with i' = {i^i^ 1 ^ 2 ) an arbitrary multi-index, are both left and right hyperholomor- 
phic and H-linearly independent. Therefore they can serve as basis for generalized 
power series. In particular, we are interested in left power series with center at the 
origin and ordered by such homogeneous polynomials. It was shown in [17], that 
the general form of the Taylor series of left hyperholomorphic functions around 
the origin is given by 

00 

P{x) = J2i^y^c,), with c,eH. (2.2) 

n=0 \u\=n 

In Section 3 we need the following results. 

Theorem 2.3. Let g{x) he left hyperholomorphic in a neighborhood of the origin 
with the Taylor series given in the form (2.2). Then it holds 

1 _ 

\-Dg{x)\ < KDIxr-i. (2.3) 

n=l \y\=n 

For the proof of this theorem we refer to [13]. 

In order to formulate the next theorem we introduce the abbreviated notation 
x) \= ^ homogeneous hyperholomorphic polynomial of 

degree n and consider hyperholomorphic functions composed by Hn{x) in the 
following form: 

oo 

f{x) = Y,Pn{x)bn, 6„eH. 

n=0 

Taking into account formula (2.3), we see that 
1 _ 

\^Df{x)\ < E |Ci/|)|&n||a;r“^ 

n—1 \i/\=n 

This is the motivation for another shorthand notation, 

^ ^ l^i^Dl^nl? (^n ^ 0)? 

\ty\=n 
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and we get finally 



hDf{x)\ < 



3. Fourier coefficients of hyperholomorphic functions 

From the study of Qp spaces of quaternion-valued functions in the three dimen- 
sional case it is known that a certain class of hyperholomorphic functions belonging 
to Qp spaces can be characterized by their Taylor or Fourier coefficients (see [13]). 
This makes it natural to look for adequate properties for spaces of quaternion- 
valued functions. The results presented in this paper extend some results due to 
Miao (see [19]) to quaternionic analysis. 

Theorem 3.1. Let 0 < q < oo, In = {k : 2^ < k < G N}, let f{x) = 

^n{^)bn^ bn be homogeneous hyperholomorphic polynomials as defined 
before, and let an defined as above. Then 



Proof. Suppose that Y. l^^lj < 00 . Then, using Lemma 1.2 

and the equality 

|1 — ax\ 

we obtain that 

[ \lDf{x)\ {1 - {1 - \ipa{x)ff dB:, 

./R. ^ 



-D(^Hn{x)br 



< / (y'na„|a:| 

Jb,{0) 






|1 — ax\ 



|1 - dxf 



= [ V - - \aff [ 

< 2i»-> j 

< r] f ('^nanr^~^'\ {I - dr, 

I V=i ^ 



J dVyr^ dr 
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where r/ = 7 t 22^+^ Using Lemma 1.3 in the last inequality, we get that 

r ^ ^ 3 9 ^ / \ Q 

/ \-Dm\ . 

JB,{0) 2 V y 



Since 



<2”+i 53 5 



k£ln 



kein 



we have 




oo 

n =0 







Therefore, 



oo / X q 

ii/iiB.<A532^(i-t) 53 ki <^, 

n =0 ^keln ^ 

where A is a constant. Hereafter, A stands for absolute constants, which may be 
different constants from one occurrence to the next. 

The last inequality implies that / G and the proof of our theorem is 
completed. □ 



In the following theorem, our aim is to consider the converse direction of 
Theorem 3.1. We will restrict ourselves to hyperholomorphic homogeneous poly- 
nomials of the form 



Hn,a{x) = {yiai + J/2Q!2)" = 53 ^ ^ ''Q!2^, 

where G IR, z = 1, 2. The hypercomplex derivative is given by 

{-^D)Hn,a{x) = nif„_i,c(a;)(Q;ii + a2i). (3.1) 

Proposition 3 . 2 . Let a = (o^i, o; 2 ); q;^ G H, i = 1, 2 6 e i/ie vector of real coefficients 
defining the hyperholomorphic homogeneous polynomial Hn^a{x) = {yiOti+y 2 (^ 2 )^ • 
Suppose that \af = ai^ + 0 : 2 ^ ^ 0 . Then, 

nil 119 _ 

ll^^.^llLq(aBi) “ 27T v^|a| Y{^q + 



where 0 < q < 00 . 
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Proof. Since 



L.idBi) 



( 3 . 2 ) 



27T 7T 



= // [{sin^ <t>i{aicos(f>2 + a2sm(j)if + + a2'^)cos^ sin(t)id(l)id(j)2 

0 0 
2tT 7T 

~ J J “ l)"] ^ sin <l>id(t)id(t)2 



0 0 
27T 7T 



= y y [(|a|^ - |a|^ sin^ cos^((^2 + ^^)] )"] ^ sin <j>id(f>id(t>2 
0 0 



2n 7T 



a 



\nq 



0 0 

where u is defined by 
sincj := 



J j [{l-sin^ 01 cos^(02 +<^)])''] ^ sin0id0id02, 



q;i 



V^ai^~+c^ 
equation ( 3 . 2 ) will reduce to 

W^^^o^WlqidBi) 



and coscj := 



Q ;2 



+ 012 ^ ’ 



oo 

= ( 0 (/ ’’’ (y [sin(<Ai)]2'=+id(/)i 



Using integration by parts, it follows that 



27T 



h := y [cos(<^2 +o^)]""#2 = 



Also, 



7 T 

:= y [sin(,^i)] 2 '=+i 



d(f>i 



{k)\ 

2 '=+i(fc)! 

( 2 ifc + l)!!’ 



Therefore, we obtain that 



II 111,(361) ~ ’*'1^1 



». v-r-i 

£j' ' U A2*-'W! (2^ + 1)!! 
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Now, we calculate the sum of the series 



E<-i) 



nq ^ 

k I 2 



k=0 



1 



k J 2k -hi' 



Let 



Then, 



and 



^ /M\ 1 



k=0 



dFjti) 

dti 



k J 2k + 1 



nq \ 



= F'(ii) = I 



2\^ 



k=0 



F{1) = ‘ 

k=0 






k J 2k + I 

1 + 



Jo Jo 



(1 - t2h'^ dt2 



We obtain 



r(fg + |) 



11-^"-“ 111,(051) — 27T\/w|Q! 
and our proposition is proved. 

Now, using formula (3.1), we obtain 






where >0, V n, and 



5 ,( 05 i )^ >;,„9 



■6(|) + 1) 



Corollary 3.3. We have 



n-oo B(i n^-l-1) 



lim 



2-^-^"'“IL,(aBi) 



ll^n,a| 






> An, \/q, 0 < q < oo. 



Corollary 3.4. Suppose that q >2. Then, 



-DM 

2'^-”«.“llL2(aBi) , 2+32 

> An 29 . 



Il^n.al 



5,(asi) 



□ 
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Proof. We consider the following equalities: 



i r) ff \\ 



-hDHr, 



hDHnjf, 



\\Hn,a\\ 



1 ii2 II tt ii2 



LJdBi) 



- kDH, 






ll^fn,a|| 



LJdBi) 



Then, from (3.1) and Proposition 3.2, we obtain 



- ^DHn,a\ 



2!l = A 



r(n) (T{^q+I) 






r(n + i)Vr(M^ + i) 



Using 



r(n+i) 



Wn 2 1 as n (X), we conclude that 



r(n+i)" ir(fcii, + i)" 

and, applying Corollary 3.3 we proved that 






2 ^ ^ 



where A is a constant not depending on n. 
Theorem 3.5. Let 2 < q < oo and let 



/(^) = ( E iig II " ^ 

Vn=0 / 






Proof. Prom the definition of we have 






f ^ ( \DHn,a) ^ 



(l-lxl^)^'' ^dB:, = J. (3.3) 



^ jj — is a homogeneous hyperholomorphic polynomial of degree n — 1 

l|-nn,a II 1 



and it can be written in the form 



{-lDHn,a) 

ll•^«.“llL,(aBl 



LI =r("-i)$„(0i,^^.2), 

i)-l 
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where 









\H„, 



(3.5) 



J / dBi 

Now, using the quaternion-valued inner product 



(/,5)asi(o) = / f{x)g{x) 

JdBi{Q) 



dTx, 



the orthogonality of the spherical hyperholomorphic polynomials $n( 0 i, 02 ) (see 
[6]) in L2(55 i( 0)), these hyperholomorphic polynomials are called spherical mono- 
genics therein), and substitute from (3.4) and (3.5) to (3.3), we obtain 



j-jj (ig,.-... 



0 9Bi(0) 
1 



i{(l)l,<p2)ar 



2 \ f 



^dr^dr 



0 asm ^n=oj=o / 

Using Holder’s inequality, for 1 < ^ < oo, we have 

[ \f{x)\'‘dr,>{iny-^ [ f{x)dr,\ 

JdBi{0) JdBiiO) 

Prom the last inequality, we obtain for 2 < g < oo that 

/* / ^ \ 2 

0 

/* / ^ \ 2 

0 

Using Corollary 3.4 we obtain 



||^n(01? <?^2)||£,2(aSi) 



L 

(9J5 ) 2 +^ 

> An 2g . 



i/f, 
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Then (3.6) will reduce to 






J > (47t) 1 Ui f (^1 

r / ^ \ 2 

= A 2 / (^n^ r®(l 

n n=0 



— ^ 
2 

> A; 



/(£’ 

0 ^"=0 

/(£’ 






^f^|a„|Vn (l-ri)t«-i(/ri 



(3.7) 



where Ai,A 2 , and A 3 are constants not depending on n. Applying Lemma 1.3 in 
(3.7), we obtain that 



\\l. 






n=0 



k£ln 



Since 



Then, 



^ \akf > (2") ' 2 "’ |afep 






kein 



\\q 

\\b^ 



n=0 ^keln 

where C be a constant not depending on n. Using Holder’s inequality, we obtain 

2 



J] \ak\^>^ • 



keIn 



keIn 



Therefore, 



\\Q 

IB9 



> EmV. 

71 = 0 ^k£ln 

n=0 ^ 
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where C\ be a constant not depending on n. Hence we deduce that, 



n=0 



kein 



□ 



Corollary 3.6. Let f be a hyperholomorphic function in 5i(0). Then for 2 < q < oo 
and 1 < |a| < oo, we have that 



/(^) = ( E 



H, 



n,a 



a ii«". 






a„ j 



71=0 



■2(2 9)) f ^ \ak\ 1 < cxD. 

kein 



Proof. This direction can be proved directly from Theorem 3.5. 

“<^=”: The proof of this direction follows as in the proof of Theorem 3.1 by em- 



ploying the function 
obtain 



Hn 



\H. 






(where 1 < |a| < oo) instead of Hn{x). So we 



dBx 



/ (E V - - NV / ^ 

J n2|Q;|^ / JdBi{0) \l - ary\ 



n 71—1 






(l-r)S^-'(l-|a|0 • 



(1-HT 



jdTy r^dr 



-dr 



0 

(|<^|) f (x! (l-r)^^“^dr 

n '^n=l / 



< h 



where ^2 = ki , fci is a constant not depending on n, and ks{\a\) is a 

constant not depending on n but on /c 2 and \a\. Using Lemma 1.3 in the last 
inequality, we get 

Q 

\ 

n=0 ^keln 



/ I 9 3 oo / 

\-Df{x)\ {l-\x\y^-\l-\^a{x)f)^dB, < fc3(|a|)i^5]2-i"4 J] 



Bi(0) 

which implies that 






Bi(0) 



<ks{\a\)Kj^2^^^ 



2 V 2 qB 



1=0 



E 



k€l„ 
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Therefore, 



BO < A 2(2 
n=0 




□ 



Corollary 3.7. Let f be a hyperholomorphic function in Bi{0). Then for q = 2^ we 
have that 



fix) = ^ 



Ho 



n=0 



||■f^2",o||L2(aBl) 



02" £ = Q2 'y ] 2 ^^^ 2 ) |(j2n 1 ^ < 00, 



n=0 



where 






Q2 = U e ker D : sup 

a6Bi(0) . 



[ \Df{x)\^{l-\(fa{x)fYdB^ <oo\ (see [12]) 

^Bi(O) ) 



Proof The proof of this corollary follows directly from Theorem 3.1 by using the 
same steps as in Theorem 3.5 with keeping in mind that we have only \a 2 n \ but 
not Efce/n ° 



4. Strict inclusions of hyperholomorphic functions 

In this section we study the equivalence between hyperholomorphic functions 
and their coefficients by series expansions in homogeneous hyperholomorphic poly- 
nomials. Finally, we prove that the inclusions C B^, 2 < qi < q < 00 are 
strict. 



Theorem 4.1. Let 2 < q < 00 and let 



f(^)= (S 



^ Hn.a 






LgidBi ) 



e Bn. 



Then, 

£2«(‘-?i(5;kA<oo. 

Proof. This theorem can be proved by using the following inequality 

2 ^ An 

and the same steps used in the proof of Theorem 3.5. □ 

The rigorous statement of our idea is given by the next theorem. 

Theorem 4.2. Let f be a hyperholomorphic function in Bi{0). Then for 2 < q < 00 , 
we have that 



n^) = E 



nHn 



||■^^n,allL„(aBl) 



eBn 



^2,0 



— H ) 
2 ^ 



n=0 



n=0 



1"* I 

kein 



< 00. 
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The proof follows from Theorems 3.1 and 4.1. 



Remark 4.3. It should be remarked here that our functions 






^ \\Hn,a\\L,{dB,) 



are more general than the functions introduced in [13]. In [13] only powers n = 2^ 
were allowed in the series expansion. Moreover, functions can be characterized 
(where 2 < g < oo) by their coefficients of a series expansion with non-normalized 
functions as it was shown in Theorem 4.2 for general a (0 < |a| < oo). 



Corollary 4.4. The inclusions C B*^ are strict for all 2 < qi < q < oo. 



Proof. Let 



/w = X] il Tf ^ ii"’“ = {yiai + U2a2r , lap = a, + 0, 

and jcinl ~ 91 Cl nT • Then, 

2 9^ 2’ 



n=0 



oo 



E 



1 

2(9-9i)(f-l) 



< OO, 



V9 > 9i 



and 

00 00 

= J]l = oo. 

n=0 n=0 

By Theorem 3.1 and Theorem 3.5 we have that / G B^ but / ^ B^^, so the 
inclusions are strict. □ 



Remark 4.5. We would like to emphasize that the motivation for this work lies 
in the definition of weighted B^ spaces as given in [11] not that used in [10]. The 
strict inclusions ensure that the B^-spaces form a scale consisting in spaces, all 
different from the Bloch space. 
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Pointwise Convergence of Fourier Series 

on the Unit Sphere of 

with the Quaternionic Setting 

Shuang Liu and Tao Qian 

Abstract. We offer a new approach to convergence of Fourier series on the 
unit sphere of the four-dimensional Euclidean space. The approach is via the 
quaternionic analysis setting with a crucial application of Fueter’s theorem. 
Analogs to the Riemann-Lebesgue theorem, localization principle and a Dini’s 
type pointwise convergence theorem are proved. 
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42C10. 

Keywords. Quaternion space, Fourier series, unit sphere, Dini’s type pointwise 
convergence theorems, Fueter’s theorem. 



1. Introduction 

There have been many investigations on convergence and summability of Fourier- 
Laplace series on unit spheres of higher dimensional Euclidean spaces (see [WL] 
and its references). Except for the very lowest dimensional cases, pointwise con- 
vergence could be said to be relatively ignored. The case n = 2 is simply Fourier 
series on the circle (see, for instance, [Zy]). Dirichlet ([Di]) gave the first detailed 
study for the case n = 3 on the so called Laplace series. Koschmieder studied 
the case n = 4. In 1976 E.L. Roetman considered the general cases, and, under 
certain conditions, reduced the convergence problem for n = 2fc + 2 to n = 2; and 
for n = 2fc + 3 to n = 3 ([Ro]). C. Meaney studied the problem, as well as some 
related ones, including the cases where functions are in spaces (see [Me] and 
its references). 

In this note we offer a different approach using Clifford analysis. The expecta- 
tion is to use the complex structure, viz. the Cauchy type methods. On one hand, 
in the lowest dimensional case n = 2 it involves complex analysis and operator 




132 



Shuang Liu and Tao Qian 



theory and has obtained delicate results; while on the other hand in higher dimen- 
sional cases results obtained are less and weaker. With Clifford analysis one is able 
to develop an analogous function theory in relation to operator theory on higher 
dimensional spheres. Indeed, one can define a Hilbert transform and an algebra 
of singular integral operators on spheres ([Ql], [Q 3 ]). We restrict ourselves to the 
quaternionic space which is equivalent to the four-dimensional Euclidean space. 

The study in [Ro], and those of the others mentioned above, heavily depends 
on properties of spherical harmonics, and especially on properties of Legendre 
polynomials or other types of special functions. Our approach, however, depends 
on Fueter’s theorem on inducing quaternionic regular functions from holomorphic 
functions of one complex variable. In particular, the modified Dirichlet kernels 
in the quaternionic case are induced from the Dirichlet kernels in one complex 
variable using the theorem. The study is much along the same line as in [Ql], 
that is, we stay away from special functions, and we are based on the Clifford 
analysis setting. The convergence results presented are not included in the above 
mentioned literature. In the present paper we wish to stress on the principles and 
do not make deliberate efforts to make the results to be best possible under the 
type of conditions assumed. 

The convenience of quaternions is that they form a non-commutative as- 
sociative division algebra. A higher-dimensional Euclidean space is only a linear 
algebra. The approach developed in the quaternionic case, however, can be adapted 
to higher dimensional cases. In the latter the simplification role of our approach to 
the theory is clearer. It requires somehow more abstract and different treatments 
and worths a separate paper. 

In §2 we introduce Fueter’s theorem and monomial functions in the quater- 
nionic space as well as convolution integral expressions of Laurent series by mono- 
mial functions. In §3 formulas for the monomial functions and the quaternionic 
Dirichlet kernels are deduced. In §4 we state and prove a Riemann-Lebesgue theo- 
rem, a localization theorem, and a Dini’s type convergence theorem in the context. 



2. Fueter’s Theorem and its Applications to Laurent Series 
Expansion 

Quaternionic analysis introduces a complex structure in the four-dimensional Eu- 
clidean space which is in great similarity to the complex structure of the two- 
dimensional complex plane. The Hamilton quaternionic space is the universal al- 
gebra generated by ei,C2 with the properties ej = = -l,eie2 = -0201. We 

set io = l,ii = 0i,i2 = ^2,13 = 0102 as the usual canonical basis. There follows 
from the properties of 01 and 02 that 

iih = ~hh = 13? hh — = L? hh = = 12, 



and 



- 1 :2 _ .2 _ .2 _ 

h — h — h — 
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Let H and denote the algebras of the real and complex Hamilton’s quaternions, 
respectively. 

A general quaternion is of the form q = where qi eH or 

G C, depending on G H or ^ G hc, qo and q = qiii+ q2h + ^313 are the real 
and imaginary part of q^ respectively. The quaternionic conjugate of q^ denoted 
by q^ is defined to be ^ = ^0 — For any non-zero element g G H, there exists 
an inverse G H : such that q~^q = qq~^ = 1 . The natural inner 

product between q and q' in denoted by < is the number 

and the norm of q associated with this inner product is |^| = (ZlLo 
we have \qq'\ = \q\\q'\> The angle between q and q' in H, denoted by arg(g, is 
defined to be arccos , where the inverse function arccos takes values in [ 0 , tt]. 
Denote, in similarity to the one complex variable case. 




as the Cauchy-Riemann operator. Functions to be concerned will be H^-valued, 
but defined in subsets of H. We will assume the existence of partial derivatives of 
any order of the functions under study, whenever these are involved. The operator 
D can be applied to a function / = /oio + /lii + /2I2 + /3I3 from the left- and the 
right-hand side in the manners 



Df{q) 



2 ^ ^ ~ ^ ^ rim 



dfk. 



dqi 



l/cl/, 



respectively. 

If Df = 0 or fD = 0 , then / is said to be left-regular or right-regular^ 
respectively. A function which is both left- and right-regular is said to be regular. 
The conjugate Cauchy-Riemann operator will also be used: 



D = — 

2 dqo ^ dqi 






We denote 




Note that for any left-regular function / we have 



Df=^f = -Df. 
oqo 



( 1 ) 



Assume that D is a bounded, open and connected set in that is considered 
to be identical with H under the mapping: 9 ^ (go, ^2, 93)- Assume that has 
a Lipschitz boundary, and /,g are respectively left- and right-regular functions 
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defined in a neighborhood of the closure of Q. Then there holds the Cauchy-Fueter 
theorem 

f 9{qMq)f{q)da{q) = 0, 

JdQ 

where da is the surface area measure and n{q) is the outward pointing unit normal 
to dQ. aX q e dil. Under the conditions, if g G fl, then 

f{q) = ^ ~ 

known as Cauchy-Fueter formula^ where E{q) = is the Cauchy-Fueter kernel 
Denote by I the Kelvin inversion defined by 

I{f){q) = E{q)f{q-^). 

Define, for fc G Z_^, where Z_^ is the set of positive integers, 

p(-'^)(q) = LD!X^£,{k-i)E{q), and 

[k-iy. 

Since E is regular, owing to the relations in (1), has alternative expressions: 

Functions P^^\k G Z, where Z is the set of all integers, are called monomial 
functions. 

It can be easily shown: 

Lemma 1. For A: G Z+, is regular outside a neighborhood of the origin and 

homogeneous of degree —2 — k; is a polynomial of qi, I = 0^ 1,2,3, regular 

and homogeneous of degree k — 1. Moreover, 

p(''-i)(g) = gM2'=p(-'=)(g). 

Remark. In the quaternionic space, we consider the vector q = qo + q where 
q = qiii + q2h + ^313 can be written in the form q = e\q\, where e = |=i and 
= — 1. This shows that the variable qo + e\q\ behaves like the complex variable 
z = X + iy^ under the correspondence x qo,y \q\,i e. 

Pueter’s theorem provides a method to induce regular functions of one quater- 
nionic variable from holomorphic functions of one complex variable. Now assume 
that is holomorphic, defined in a relatively open set O in the upper half complex 
plane, f^{z) = u{x, y) + iv{x, y), z = x iy, where u and v are real- valued. Then 
Fueter’s theorem says that A/° is a quaternionic regular function in the relatively 
open set 0 = {q = qo q : {qo, \q\) G O}, where 
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and eg = |=i . We will call the induced function from and O the induced set 
from O. The following relations are useful: 

B/»=(f). SAr=A(f), 

where 

_d _ 1 

dz 2 dx dy ^ 

and 

We refer the reader to [De] or [Su] for proofs of these equalities and the two-sided 
regularity of A/^. 

Denote by r the mapping 

Note that r is linear with respect to addition and multiplication by real scalars. 
As is shown in [Su], 

E{q)=r{{r^){q), 

which is 

P^-^\q)=riir^){q) 

in our notation. In general, we have 

Lemma 2 ([Ql]). 

p(-'=) = r((-)"''),fcez+. 

The following relation is anticipated which can be used to alternatively define 

pf'') for fc e {0}UZ+. 

Lemma 3 ([Q2]). 

and thus 

p('=-i) =r((-)''+^),fcG Z+. 

Lemma 2 and Lemma 3 establish a corresponding relationship between the 
sequence 

and the sequence 

{. . . , p(“2)^ p(-l)^ p(0)^ p(l)^ p(2)^ ^ ^ 

and therefore a possible relation between Laurent series in the complex plane and 
those in the quaternionic space. 
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As example, the kernel for Hilbert transform on the unit sphere can be 
obtained through the one on the unit circle. Indeed, in the holomorphic extension 
sense, there follows 



-1 



'£pW{q) + Y^-p('^){q) = + 



k=l 



k=l 

r(-l + 



l-z' 



= 

= 2£(1-,), 



a function regularly defined everywhere except at g = 1 ([Ql]). 

The unit circle, or the one dimensional unit sphere, in the complex plane 
C is denoted by SL Denote by A(S^) the class of the functions analytic in some 
annulus containing S^. It is well known that the restrictions on of the functions 
in A(S^) form a dense subclass of L^(S^). By the theory of Laurent series, we have 
that for any / G A(S^), 

00 

f{z) = Ckz'", 

k= — oo 



where 




fcGZ. 



Note that the term CkZ^ is the projection of the function / onto the space of 
holomorphic functions which have homogeneity degree k. The projection operator, 
denoted by P/c, is a convolution operator on the unit circle using the function 
as kernel: 



PkU){z) = CkZ^ = , k e Z. 

Thus, the Laurent series of a function € j 4(S^) has the expression 



fiz) 



£ hjj 






k=—oo 



r 



fc e Z. 



In the quaternionic space we consider the class of functions 

A(S^) = {f{q) • f{q) is left-regular in 1 — s < |g| < 1 + s for some s > 0}. 

It was proved in [Ql] that the restrictions on of the functions in the class A(S^) 
form a dense subclass of L^(S^). 
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Lemma 4 ([Ql]). If f E A, then 

oo . 

/(^) P^^\p~^Q)E{p)n{p)f{p)d(T{p), 1 - s < |q| < 1 + s. 

k=-oo ^ 

Comparing the above lemma with Laurent series expansions in one complex 
variable, we can see that the functions and play the same role in their 
respective spaces, and, the striking fact is: = P^^\k < 0; and = 

P(^),fc>0. 

We note that for any fc, 

P^^\p-\)E{p) 

is regular in both p and q ([Ql]). Since E{p)n{p) = 1 on the sphere, owing to the 
orthogonality of spherical regular functions of different homogeneities ([BBS]), we 
have 

[ P^''\p~\)d(T{p) = 0, |qr| = l, fc^O; (3) 

Js^ 

and, since P^^^ = = I{E) = 1, we have 

^ 1^1 = 

These results will be used in §4. 



3. Dirichlet Kernel and Its Estimates 

The Fourier series of a square integrable function / has the form 

oo 

n= — oo 

where and Cn = ^ f{x)e~'^'^^dx. If is a nonnegative integer, then 

the ATth symmetric partial sum of the Fourier series of / is 

SNf{x) = 

\n\<N 

Inserting the integral expression for Cn we have that 
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where for x ^ 0 (mod 27 t) 

dN{x) = e'"" 

\n\<N 



sin(AT + ^)x 
sin 



( 5 ) 



If X is congruent to 0 (mod 27 t), then d]\j{x) has the value 2A^H-1, which is obtained 
by continuous extension of the last expression. The function is the classical 
Dirichlet kernel on the circle. 

Note that is a trigonometric polynomial of degree N which is even in x 
and satisfies 

IT- 1 r - 

— / d]sf{x)dx = — div(x)dx = 1. 

2^ J-TT ^ Jo 

It can be shown (see, for instance, [Zy]) that 

ii4iii = 4iog^+c'(i)- 

The Dirichlet kernel in the complex plane is 

dN{z) = X! 

\n\<N 



where z is any complex number. We note that djsf{e^^) = djsf{x). 

Parallel to the discussion in the complex plane, and in accordance with 
Lemma 4, for any function / integrable on the sphere S^, we can associate it 
with a Fourier series 

1 °° r 

k=—oo ^ 

where S is the abbreviation of that will be kept the same in the sequel. The 
above series is also written 

oo 

E ^^(/)(«)> 

k=—oo 

where 

Pk{f){q) = -^ i P^''\p~^q)E{p)n{p)f{p)dcr{p) 

J s 

is the projection of / onto the space of left-regular functions of fc-homogeneity. 
The partial sum S'iv(/) and the associated Dirichlet kernel are defined to be 

snUm = E = E 

|fc|<AT \k\<N 

The study in the previous section shows that the mapping r does not map dN{z) 
to DN{q), but 

T{dN){q)= E P^'^Hq)- 

k=-N 
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Define 

D'N{q) = r{dN){q)^ 

The latter is called the modified Dirichlet kernel. The partial sum corresponding 
to the modified Dirichlet kernel is 

N-2 

E 

k=-N 

Owing to the Riemann-Lebesgue theorem proved in the next section, under the 
set conditions, there holds 

lira SN{f){q) - S'i^{q) = 0. 

N-^OO 

So, in relation to pointwise convergence under the conditions, to consider SN{f){q) 
and to consider 5^(/)(^) are the same. 

Below we first apply r to the terms and get the expressions of on 

the unit sphere S. 



Lemma 5. For A: G Z, 

"" “2sin0^ ~ 2^ “ ®^^2sin0^ 



1 du v(6) 

2 dO 2 sin^ 6 



where = |=| , = u/c(r, 0) + ivk{r^ 6) = r^ cos kO + ir^ sin k6, 

for k < 0, u = Uk, V = Vki 

and for k>0,u = Uk-{. 2 , v = Vk-\- 2 - 



(7) 



Proof Prom Lemma 2 and 3, we have r(z^) = P^^\q) for fc < 0; and = 

P^^\q) for k > 0. By using the relation (2), we have 






1 

M 



2^(90, M))- 



( 8 ) 



For z = x + iy^x = r cos 6,y = r sin 0, we have, on the unit sphere (r = 1), 



du du dO du dr du cos 6 du , . du . du . ^ 

dv dv dO dv dr dv cos 6 dv , . dv . dv , . 

Substituting these into the formula (8) while taking into account the Cauchy- 
Riemann equations in polar coordinates. 



du 1 dv 

dr r d6^ 

dv 1 du 

dr r dO' 
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we have 



COS0 du 1 dv cos 9 dv 1 du v{9) ^ 

“2sin6l^ “ 2^ ^ 2 m ^ 2sm‘^6' 



^ = fccos/c0, ^ = -fcsinfc^, 
00 06 



we further obtain 



p(k)i. fcsin(fc-l)g sinfcg fccos(fc-l)^ 

2sin0 ^ ^4sin2 0 2sin0 ’ 



n(fcW ^ (fc + 2) sin(fc + 1)6> ^ _ ^ sin(fc + 2)6> (fc + 2) cos(fc + 1)6> 

^ 2sin0 - 2sin^0 2sin0 ’ “ ' 



Next we compute the modified Dirichlet kernels. 

Lemma 6. If dN{z) = u + iv, then 

f cos 6 du 1 du 

"" ^2sin6l^ 

COS 6[{N + 1) sin N6 — N sin{N + 1)0] 
2 sin 0(1 — COS0) 

N sin{N + 1)0 - {N + 1) sin A^0 
2(1- cos 0) 

where 0 == arccos^o ^ [0,7rj. Moreover, we have 

DN{q) = 0{N^) as 0^0. 

Proof. For (In{z) = u-\- iv, the relation (2) gives 



= “2ffl lsl> “ ■ lip”'®’ '2“- 
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We first work out u and v in polar coordinates. We have 



dN{z) = 



E 

\n\<N 

1 



yN-^1 



yN 



{I - z) 1 - z 
(1 + cos NO — (r + r^AT+i ^ cos{N + 1)6 



r^(r^ - 2r COS0 + 1) 

, (r — r‘^^~^^)sm{N + 1)0 + (7*2iv+2 _ sin NO 






riV^^2 _ 2r COS0 + 1) 



u{r,6) + iv{r,0). 



Accordingly, 



du 

dy 



du do du dr 

dO dy dr dy 



dv dv dO dv dr 

dy dO dy dr dy 



du cos 0 du . 

dv cos 0 dv , . 

^ + ^sin0. 

dO r dr 



Invoking the Cauchy-Riemann equations in polar coordinates, restricted on 
the sphere, we have 

Nsin{N + 1)0 ~{N + 1) sin NO 



du 

du 

dr 

dv 

dr 



1 — cos 0 



dv 

du 



0 , 



Note that when r = 1 the value of function v{r,6) is zero, and the partial 
derivatives of u and v only depend on the angle 0. 

Substituting these results into (9), we obtain 



D'M = -s?rtS^(®.l2l)-e,l(g^(*>lsl) 



2\q\ dy 
COS 0 du 1 dv 

2 sin 0 90 ^-2 dr 

cos 0 du 1 du 

2sin0 90 ^-2 90 






2^(^o,kl)) 



COS 0[( AT + 1) sin NO - N sinjN + 1)0] 
2 sin 0(1 - COS0) 

Arsin(iV + l)0-(Ar + l)sinA^0 
2(1- cos 0) 

The kernel D'f^{q) may be written 

D'j,{q) = R{6)+e,m. 
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Using Taylor series expansions of sine and cosine functions at the origin, we obtain 
the estimates: 



]imR{e) = -lN{N + l){2N + iy, 

9->0 6 

lim/(6l) = 0. 

6>-.0 



4. Convergence Results 

The classical Riemann-Lebesgue theorem for Fourier series asserts that for any 
function in L^([0,27 t]) its Fourier series coefficients Ck enjoy |cfe| — > 0, as |A:| — > oo. 
The Riemann-Lebesgue theorem for Fourier transforms says that for any function 
/ G ), there follows /(^) 0, as |^| ^ oo. On higher-dimensional spheres 

there do not exist the concept “Fourier coefficients” (not like in the classical case 
where CkZ^ has two separated parts Ck and for the projection Pk{f) corre- 
sponds to a vector- valued function in a multi-dimensional space: There are several 
coefficients depending on the base that is chosen to express general vectors in 
the space. Therefore, we should consider the whole projection, and the assertion 
Pk{f){Q) — > 0 is a generalization of the classical Riemann-Lebesgue theorem (see 
Theorem 1 below). 

Averages of spherical functions on two-dimensional spheres are involved. Ex- 
cept the eq part, the terms in P^^\q) and the modified Dirichlet kernels D'^{q) on 
S depend only on the angle 6 = arccos^o, 6 ^ [0, t^']- This corresponds to represent 
a quaternionic number q as q = qoio-\-qiii-\-q 2 i 2 +Q 3 h = Qo*^o-^Q = cos^io+Og sin0, 
where = |=| = ii cos a + h sin a cos f3-\- is sin a sin (3. Now let 6 be fixed and take 

average of a function / G L^{S) over the two-dimensional sphere on which all the 
points q satisfy qo = cos 9. This average is denoted by 

Gio{f){0)= [ /(cos0 + e^sin0)da2(O, 

where ^ is the spherical variable on the unit sphere that may be easily written 
out in terms of a and P as we did for e^, and da 2{0 is the normalized surface area 
measure on the sphere S^. We call Gio(/)(^) ihe average of f about io in angle 
9. 

Now let g be a fixed point on S. We can similarly formulate Gq{f){9) to be 
the average of a function / over the two dimensional sphere whose points p satisfy 
arg(p, q) = 9, and phrased as the average of f around q in angle 9. 

Note that in considering convergence problems it suffices to assume / to be 
scalar- valued. Without repeating, we will always assume this for the rest of the 
paper. The Riemann-Lebesgue theorem may be formulated as follows. 
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Theorem 1 (Riemann-Lebesgue theorem). Assume that f G Let q he a fixed 

point on S and Gq{f){6) the average of f around q in angle 0. Denote Gq{6) = 
Gq{f){0) and Gq{0) = Gg(e(.)-ig/(*))(0). Assume that both Gq{f) and G® are 
absolutely continuous in [0, tt], and, with their derivatives denoted by Fq and F®, 
respectively, the functions sm{-) Fq{') and sin(-)F®(-) are in L^{[0,7 t]). Then 

.lira Pk{f){q)=0. 

\k\—*cx) 



Proof. Since on the unit sphere E{p)n{p) = 1, the integration formula of Pk{f) is 
abbreviated as 

Pk{f){q) = [ P^^\p~^q)f{p)da{p), 

Js 

where p~^ = p = po-pAi -P 2 U -P 3 I 3 and p~^q = {poqoFpiqi -\-p 2 q 2 Fpsqs) + 
lm{p~^q) = COS0 + Gp-igSin^. 

Substituting the expression (7) for P^^\p~^q) into the integral expression 
and, based on Fubini’s theorem, decomposing the integral on the sphere S into the 
iterated integral composed by one in angle 6 with respect to the direction of q and 
the other in the 2-dimensional sphere orthogonal with the q direction, we have 



Pk{f){q) = UJ 2 [ sin^(9[- 
Jo 

r . 2n\ 

fA 



cos 6 du Idv 



]G,{fm 

v{e) 



— CU 2 



2 sin 6 dO 2 d6 

cos 6 dv 1 du 

2 86 2 sin^ 6 

dv 



sin 6 86 
du 1 
^ “ 2 
dv 1 






sin 20^ - ^ sin^ 6^)Gq{0)d9 



- ^)Gg{9)de, 



where U 2 is the surface area of the two dimensional unit sphere. Since Gq and G® 
are absolutely continuous, that validates taking integration by parts, we have 



Pk{f){q) = o ;2 



+UJ2 

FuJ2 

—UJ 2 

+CJ2 



V.(M,( 

/’.(MX 

Jo 

f u{l,6){ 

Jo 

f 






2 

sin 26 



G,{6) 



4 

sin^O 



Fq{6))d6 



2 

sin 26 



G^q{e) + "^F^q{6))de 



v{l,6) 



G^qi6)de. 



Recall that 



u(l, 6) = cos k'6, v{l, 6) = sin k'6, 
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where k' = k for k < 0; and k' — fc+2 for fc > 0. The assumptions on Gq, Gq, Fq, F® 
allow us to use the Riemann-Lebesgue theorem on [0, 27 t], and we obtain 

hm □ 

|fc|— >CX) 

Corollary 1. Let f G L^{S) and q be a fixed point on S. Assume that Gq is ab- 
solutely continuous and its derivative Fq satisfies sin(*)Fq(-) G L^([0,7 t]. Then for 
the Fourier series of f in spherical harmonics: 

oo 

fig) 

k=0 

we have 

lim fk{q) = 0. 

k—*oo 

Proof It is a general result that //e, as a fc-spherical harmonic on the three- 
dimensional unit sphere, has a unique decomposition fk=9k+ g~k- 2 , where 
Qk and Q-k -2 are spherical regular functions ([BDS]) of, respectively, homogeneity 
degree k and -k - 2. It turns out that, in the notation of the proof of Theorem 
1, 9k = Pk{f),g-k -2 = •P-fc- 2 (/)- In fact, the partial sum fk{g) is identical 
with the modified partial sum *5^+2 (/)(^) induced from the modified Dirichlet 
kernel Since fk is scalar- valued, we have 

A = Re(P,(/)) + Re(P_,_2(/)). 

As consequence, in the proof of Theorem 1 the average Gq and the related Fq are 
cancelled out, and thus are irrelevant. Thus, without the assumptions on Gq and 
Fq the result still holds. □ 

The corollary may be regarded as Riemann-Lebesgue theorem on the sphere 
with the traditional setting. We will call the series in the corollary a scalar Fourier 
series. Due to the fact that all entries of the series, as well as the function itself, 
are scalar-valued, it is clear in the proof that only assuming the conditions on G 
and F is sufficient. Thanks to this corollary we can ignore any finite but limited 
number of entries in the end of a partial sum of a scalar Fourier series, or any 
finite but limited pairs Pk{f) and P^k-2{f) ^he two ends of a modified partial 
sum when dealing with pointwise convergence under the set conditions on Gq and 
Fq, In the sequel we will concentrate in the modified partial sums as they are 
equivalent with the partial sums of scalar Fourier series. 

Localization Principle in the context is as follows. 

Theorem 2. Let f G L^{S) and q be a fixed pint on S. If f vanishes in some 
neighborhood of q, Gq is absolutely continuous and Fq = G'q is integrable, then for 
the modified partial sums we have 

lim 5^(/)(9) = 0. 

V— >oo 
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Proof. In view of the proof of Corollary 1, the modified partial sums are real- valued 
and we can restrict ourselves to the scalar-part of the integrals under study. Using 
the formula for and performing integration by parts, we have 



s'AfM = 



C 02 

27t2 



rsin^e{ 

Jo 



cos 6 du 



2sin0 86^^^ 



)Gg(0)de 



= ^2 r 

Jo 



Since / vanishes in a neighborhood of q, there exists <5 > 0 such that f{p) = 0, 
0 < 0 < S, 6 = arg(j), q). Recalling 



u{l,0) = 



sin(iV + i)0 



sinf 



we have 



U 2 r sin(A/'+ ^)0cos20 



u >2 sin{N + i)0sin20 



2 sin ! 



Gq{0)d0 



+ 



(^2 r 
2n^Js 



4sinl 



Fg{0)d0. 



Since Fq{0),Gg{0) are integrable in the interval (<5,7 t), on letting N go to infini ty 
and applying the classical Riemann-Lebesgue theorem, we conclude 



lim S'jg{f){q) = 0. 

N—^OO 



□ 



Denote 

Gq{O)=UmGq{0), 

V — 

if the limit exists. 

A Dini’s type convergence theorem is as follows. 

Theorem 3. Let f G ^^(S) and q be a fixed point on S. If, in addition to absolute 
continuity of Gq in [0,7t] and integrability of Fq in (0,5), for some S > 0, we 
assume that G{0) exists and is integrable in (0,5), then 

hm SM{q) = Gq{0). 

N^oo 

If, in particular, f is continuous at q, then 

hm sMiq) = m- 

N^oo 



Proof. It suffices to show 
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From the relations (3) and (4) we have 

^ = 1- 

We are reduced to show 

i - Gg{0))da{p) = 0. 

J s 

The last integral is scalar- valued and thus is induced from the scalar part of 
the modified Dirichlet kernel, viz. 

^ - Gq(0))da(p). 

Substituting the expression of D'^{p~^q) and writing the integral into an iterated 
integral, the above becomes 



2 ^ 



2 sin 9 89 



Replacing u by integrating by parts, we have 



lim {SMiQ)-Ggm 

N—*oo 



sin(W+l)«cos29 
U 2 r sin(AT + i)0sin20 d 



{Gg{9)-Gg{0)) 



2 sin I 



de 



~{Gg{6) - Ggmm- 



Owing to the assumptions on Gq and Fq we can apply the classical Riemann- 
Lebesgue theorem to the last two integrals, and obtain 

lim S',^{f){q) = Gq{Q). □ 

AT— >00 
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Cauchy Kernels for some Conformally Flat 
Manifolds 

John Ryan 



Abstract. Here we will consider examples of conformally flat manifolds that 
are conformally equivalent to open subsets of the sphere S'^. For such mani- 
folds we shall introduce a Cauchy kernel, Cauchy integral formula for sections 
taking values in a spinor bundle and annihilated by a Dirac operator, or gen- 
eralized Cauchy-Riemann operator. Basic properties of this kernel are exam- 
ined. We also introduce a Green’s kernel and a Green’s formula for harmonic 
sections in this context. 

Mathematics Subject Classification (2000). 30G35, 42B30, 53C27, 58J32. 

Keywords. Conformally flat manifolds, surgery, Cauchy kernels, Dirac opera- 
tor. 



1. Introduction 

In recent years Clifford analysis has proved to be a powerful tool in analyzing 
problems in n real variables using techniques akin to those employed in the com- 
plex plane. In euclidean space the Dirac operator takes the place of the Cauchy- 
Riemann operator, and one uses analogues of Cauchy kernels to study proper- 
ties of solutions to the Dirac equation. In turn this analysis reveals a wide array 
of extremely useful tools including singular Cauchy transforms, Hardy spaces, 
Kerzmann-Stein kernels, Szeg5 kernels and Bergman kernels. All of these, and 
other operators, prove to be very useful in solving boundary value problems and 
other problems related to classical harmonic analysis. See for instance [18, 15, 14]. 
In contrast Dirac operators have proved to play important and even crucial roles 
in mathematical physics and geometry. See for instance [2, 13, 20]. Also in recent 
times there have been several attempts to reconcile these two approaches to ap- 
plications of Dirac operators. See for instance [5, 7, 19]. In these works, amongst 
other things, Cauchy integral formulas for solutions to general Dirac operators are 
introduced and applied in the setting of general Riemannian manifolds. However, 
so far in this wider context there is a general lack of an ability to perform explicit 
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computations. This is in sharp contrast to the euclidean setting. However, if one 
restricts attention to a particular class of manifolds one can obtain, at least for 
a number of examples, explicit representations of the Cauchy and Green’s ker- 
nels. This allows one to be able to compute more directly in such settings. The 
setting we are referring to is the class of conformally flat manifolds. Conformally 
flat manifolds have been studied extensively in various contexts aside from Clif- 
ford analysis. See for instance [4, 6, 25]. They are manifolds that posses an atlas 
whose transition functions are Mobius transformations. As such they include the 
n dimensional analogues of the compact Riemann surfaces, namely the sphere, 
the torus and the fc-handled sphere. Other examples of conformally flat manifolds, 
that do not arise as analogues of Riemann surfaces, are given in [10]. 

In a number of papers the author and his collaborators, [11, 12, 16, 17, 23, 24] 
use conformal transformations to develop aspects of Clifford analysis, function 
theory, potential theory and classical harmonic analysis over certain examples of 
conformally flat manifolds. The construction that enables one to carry out the 
calculations and obtain explicit formulas is due to Ahlfors and Vahlen. See for 
instance [1, 22, 27]. In those works it is shown that any Mobius transformation 
over the one point compactiflcation of can be expressed as {ax + b){cx d)~^ 
where a, 6, c and d are members of a Clifford algebra generated from and 
satisfy certain constraints. See[l] and elsewhere for details. 

In [23, 24] we use Cayley transformations to develop basic properties of Clif- 
ford analysis and its applications to harmonic analysis on spheres and hyperbolas. 
Similar results using a different approach were developed by Van Lancker, [28] for 
the sphere. In fact in [28] a broader function theory is developed as the author 
considers a family of Dirac type operators. As the hyperbola and the sphere are 
both real submanifolds of the complex sphere {(zi, . . . , Zn G : z^ + . . . z^ = 1} 
many of the results obtained in [28] automatically extend from the context of the 
sphere to the context of the hyperbola via holomorphic continuation arguments. 
This is also true for results obtained in [16, 17] where the authors, amongst other 
results, construct a Green’s formula for functions that are harmonic on a domain 
in S^. 

One way to explicitly construct a conformally flat manifold is to factor out 
a simply connected subdomain of the sphere or R^ by a Kleinian subgroup of the 
M5bius group that acts discontinuously on the subdomain. In [11] we consider 
the cases where the domain is R^ and the Kleinian group is an integer lattice. 
This enabled the authors in [11] to develop large aspects of Clifford analysis and 
its applications to harmonic analysis in the context of cylinders and tori. In [12] 
we extend this technique to establish similar results in the context of amongst 
other manifolds, including real projective space and the Hopf manifold. The Hopf 
manifold is x and is obtained by factoring the domain R^\{0} by the 

discrete subgroup {2^ : k G Z}. 
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Using Cayley transformations from into one may see that the sphere 
S'^ is a conformally flat manifold. Also by factoring out a simply connected subdo- 
main of either or S'^ by a Kleinian group that acts on the domain discontinu- 
ously one may construct other examples of conformally flat manifolds. These exam- 
ples include cylinders, tori, real projective spaces and the Hopf manifold x 
Cauchy kernels for Dirac operators and Green’s kernels for Laplacians are explicitly 
constructed for spinor bundles over all these manifolds in [23, 24, 16, 17, 11, 12, 28]. 

While factoring out domains by Kleinian groups is one useful way of con- 
structing conformally flat manifolds here we will look at another technique for 
constructing some examples of conformally flat manifolds where again we can 
obtain explicit formulas for the Cauchy kernel and other related kernels. These 
manifolds are obtained using Mobius transformations to glue together n-spheres 
or copies of R^ or pairs of hyperbolas. If we glue together a total of k such spheres 
to an n-sphere we obtain a manifold that can be seen as a sphere with k bumps, or 
warts, on it. In turn we might also put a flnite number of bumps or warts on each 
wart via the same process. We can continue to place flnite numbers of warts on 
already existing warts. Again this is done via the same surgery or gluing process. 
If we do not glue any of the warts to more than one sphere or wart we obtain 
a manifold that is homeomorphic to S'^. As such this type of manifold is simply 
connected. However its conformal structure is more complicated than that of the 
sphere. In particular the construction of the spinor bundle structures on these 
manifolds is more complicated than the construction for the sphere embedded in 
R^. 

The purpose in this paper is to give an explicit construction of the Cauchy 
kernels for such manifolds. This construction makes use of the unique continuation 
property for solutions to the Dirac equation considered here. We also show that a 
number of known properties of the Cauchy kernel in euclidean space readily carry 
over to the context considered here. This includes a Hardy space decomposition of 
spaces for strongly Lipschitz hypersurfaces lying in the manifold. This Hardy 
space decomposition is expressed in terms of solutions to a Dirac equation de- 
flned on the complementary domains to the hypersurface and with appropriate 
continuation properties to the boundary. The techniques used here mimic existing 
techniques from classical harmonic analysis in Euclidean space, see for instance 
[26]. 

Acknowledgement. The author is grateful to David Calderbank and Michael East- 
wood for drawing his attention to the type of conformally flat manifolds introduced 
here. 



2. Preliminaries 

We will consider R^ as embedded in the real 2^ dimensional Clifford algebra Cln 
such that under Clifford algebra multiplication x‘^ = “Ik IP for each x e R^. 
So each non-zero vector x G R^ has a multiplicative inverse given by the Kelvin 
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inverse of x, namely x ^ If ei, . . . , 6n is an orthonormal basis for then 

1, ei , . . . , . . . , , . . . , ei . . . is a basis for Cln- Here 1 < r < n and 

ii < • • - Jr- Regarding this basis as an orthonormal basis for Cln then the norm, 
II ^11 of a vector A G Cln can be introduced in the usual way. We will also need the 
anti-automorphism Cln Cln • • • ^jr) — ^jr • • • usual we write 

A for ~ A. 

As shown in [1] and elsewhere any Mobius transformation y = ijj{x) over the 
one point compactification of can be expressed as {ax + b){cx + where a, 
6, c and d are elements of Cln and satisfy certain constraints. Those constraints 
are detailed in [1, 12, 22] and elsewhere. If we regard R^ as embedded in 
then Cln is a subalgebra of C/n+i- Further we may regard R^^^ as having as 
orthonormal basis ei, . . . , Cn, Cn+i- In this case we have the Cayley transformation 
c{x) = (en4-ix + l)(x + en+i)“^ which maps R^ homeomorphically to 5’^\{en+i}. 
The Dirac operator in euclidean space is the differential operator D = 

Any Cln valued, differentiable function / defined on a domain U in R^ is called a 
left Clifford holomorphic function or left monogenic function if Df{x) = 0 on 17. 
If g is also defined on U and takes values in Cln then if g is differentiable then 
g is called a right Clifford holomorphic function, or right monogenic function if 
g{x)D = 0. Here g{x)D = Basic properties of left and right mono- 

genic functions are described in [3] and elsewhere. The function G{x) = is an 
example of a function that is both left and right Clifford holomorphic. It is shown 
in [21] and elsewhere that if f{y) is left Clifford holomorphic in the variable y then 
Ji(^,x)/('0(x)) is left Clifford holomorphic in the variable x where Ji('0,x) = 

\\cx+d\\^ ■ Moreover, [21], G{'ip{x) -ip{y)) = Ji{'tp,yy^G{x-y)Ji{ip,x)-'^. Similarly, 

[21], if f{y) is harmonic then J2('0 , x)/(' 0(x)) is harmonic in x where J2('0,x) = 

1 

(n— 2)||cx+d||’^~2 * 

In [23] the author notes that if y = c~^{x) where C~^ is the inverse of the 
Cayley transformation then any left Clifford holomorphic function f{y) defined on 
a domain U in R^ is transformed to a function J(c“\ x)/(c“^(x)) defined on a 
domain c~^{U) lying on 5^. In [23] it is shown that such a function is annihilated by 
a Dirac operator Ds acting over S'^. An explicit expression for Dg is determined 
in [8], see also [16, 24]. For each x G c~^{U) the expression J(c“\x)/(c“^(x)) 
takes its values in a 2'^ dimensional subspace of (7/n+i- What we are describing is a 
bundle structure over 5^\{en+i}. In [23] it is shown via the Cayley transformation 
that the Cauchy kernel for S'"" is = 2 ^{i-<ly>)^ where x,y e 

As noted in [23, 24] there is also a Cayley transformation from the open unit 
disc in R^ to the hyperbola R^^^ =span< ei, . . . ,en,^en+i >. Specifically the 
hyperbola Hn is the manifold {x G : x = Xiei + . . . + x^e^ + x^+iiCn+i 
where x^+i > 0 and x^_^i - xf - . . . - x^ = 1}. In this case, again by this Cayley 
transformation, one sees [23, 24] that the Cauchy kernel is - — . In fact by 

((x-y)2)2 

noting that iHn C Sq = {ziei + . . . 2:^+1671+1 G C : + . . . + = 1} as is 

one may see that the Cauchy kernels for the sphere and iHn are restrictions to 
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these real manifolds of the kernel — n where 2; and w e S^. In turn the Dirac 

{{Z-Wy)2 ^ 

operator D{h^ for iHn is the restriction to iHn of the holomorphic continuation 
to Sq of the Dirac operator Dg associated to S'^. 

It should be noted that = -A, where A is the Laplacian for euclidean 
n-space. The fundamental solution to Laplace’s equation is — Via 

(n-2)||x-y||^“ 

the Cayley transformation this kernel transforms to 



G2,s{u,v) 



1 

(n — 2 )\\u - v\\^ 



for the sphere. Here u,v E S^. In [16, 17] we explicitly construct a Laplacian 
A5 over the sphere. The kernel G2^s{u,v) is the Green’s kernel for this spherical 
Laplacian. See [16] for details. 

It is now time to introduce conformally flat manifolds. 



Definition 1. An n-dimensional manifold M is said to be conformally flat if there 
is an atlas ^ of M such that for any pair of chart maps and (j)2^U2 the 

transition function 'ipi2 = (j)2(t>i^ is a Mobius transformation wherever this function 
is defined. 



Using Cayley transformations it is clear that S'^ and Hn are examples of 
conformally flat manifolds. 

Definition 2. Two n dimensional conformally flat manifolds M\ and M2 are said to 
be conformally equivalent if there is a diffeomeorphism : Mi M2 which with 
respect to the atlases A\ and A2 of Mi and M2 is locally a Mobius transformation. 

The manifolds we shall consider here are conformally equivalent to connected, 
open subsets of the sphere, particularly spheres with a finite number of points 
removed. 

We shall now introduce appropriate spinor bundles over conformally flat 
manifolds. Given a conformally flat manifold M then following [12] one can iden- 
tify a pair of points (y,T) G (02(^2), C/n) with either (x, Ji('0i2, x)F) or 
(x, -Ji{'ipi2,x)Y) where y = '0i2(x) = (ax + 6)(cx + d)~^ = (-ax-6)(-cx-d)“L 
It is the two distinct ways of representing the same Mobius transformations in 
the previous sentence that gives rise to the choice of signs in the construction of 
these fibers. If a choice of signs in the previous construction can be made for each 
pair of chart maps in A that is compatible then we have constructed a spinor 
bundle S{M) over M and M is regarded as a conformally flat spin manifold. The 
sphere is an example of such a manifold. In constructing such a bundle we have 
used the conformal weight functions that preserve Clifford holomorphy. It follows 
that for any subdomain [/ of a conformally flat spin manifold we can introduce 
a section f : U ^ S{M) such that locally / pulls back to a left Clifford holo- 
morphic function. Such a section is called a left Clifford holomorphic section. It 
also follows that we can introduce a Dirac operator Dm that locally pulls back to 
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the euclidean Dirac operator. Moreover Dm! = 0 for any left Clifford holomor- 
phic section. It is in this way that conformally flat spin manifolds may be seen as 
natural generalizations of Riemann surfaces. 

Similarly for our conformally flat manifold M one may also follow [12] and 
identify a pair of points (y, Y) E (02(t^2), Cln) with (x, J2{i^i2,x)Y) where, as be- 
fore, y = and J2('0i2,^) = {n-2)\\cx-\-d\\^-‘^ • ^ conformal 

weight function J2('0i2,^) is scalar valued, unlike the conformal weight function 
Ji{'ipi2,x) which contains the term cx + d, there is no choice of signs here. It fol- 
lows that the previous construction can be made for each pair of chart maps in A 
and we obtain a bundle H{M) over M. It follows that for any subdomain [/ of a 
conformally flat spin manifold we can introduce a section h : U ^ H{M) such that 
/ locally pulls back to a harmonic function. Such a section is called a harmonic 
section. It also follows that we can introduce a Laplacian Am that locally pulls 
back to the euclidean Laplacian. It should be noted that the two bundles E and 
F over M are different bundles. 



3. Construction of the Manifolds 

We begin by considering two copies, Ai and A2 of the annulus ^4(0, ^,r) = {x G 
: ^ < ||x|| < r}. We identify each point x E A\ with the point —x~^ G A2. 
This is done via a Mobius transformation ijj' : Ai A2. We now consider two 
copies, and ^2, of the unit sphere S'^ lying in Let Ri be a copy of R^ 

containing the annulus A\ and R2 be a copy of R^ containing A2. We have Cayley 
transformations ci : ^ Si and C2 : R2 ^ S2- Let C\ = ci{Ai) and C2 = 02(^2). 

In fact both C\ and C2 are annuli on the spheres Si and S2 respectively. Let Bi 
be the copy in Ri of the closure of the ball in R^ centered at the origin and of 
radius Y We may similarly define B2 in i?2- For i = 1,2 let 5' = Si\ci{Bi). We 
adjoin S[ and S'2 by identifying points in Ci with points in C2 via the M5bius 
transformation 'll) : Ci ^ C2 where '0 = C2'0'c]~^. In this way we have used Mdbius 
transformations to ’’glue” together the two spheres Si and S'2. As we have only 
used M5bius transformations in this ’’gluing” process the resulting manifold M 
is conformally flat. We denote this manifold by Si A S2(r). The reason for the r 
appearing here is that our construction of the manifold depends on our choice of r 
in the outer radii of the annuli Ai and A2. So in fact we have constructed a whole 
family of conformally flat manifolds. In fact using dilation and inversion it may 
fairly easily be seen that each of these manifolds is conformally equivalent to the 
sphere, S^ embedded in RJ^^^ even though Si A S2(r) is not embedded in RT'^^. 
In this way Si A S2(r) is a different representation of S^ than the one usually used 
in Clifford analysis, see for instance [23, 24, 16, 17, 27]. 

As mentioned in our introduction the conformally flat manifold Si A S2(r) 
can be regarded as an n-sphere with a bump or wart. Furthermore we can in turn 
attach another sphere S3 to either Si or S2 by the same techniques that we used 
here to ’’glue” Si and S2. We would denote such a manifold as Si AS2 AS3(r). Here 
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we will not consider attaching Ss to both Si and 82 - This particular construction 
leads to a manifold which is a sphere with a handle. The process we are describing 
is an elementary form of surgery. 

In general we may choose a finite number of points xi, . . . lying in the 
sphere S^. We now excise k nonintersecting closed caps C{xj) from S'^. Each cap 
C{xj) is centered at Xj, where j = 1, . . . , fc. By the process just described using 
Cayley transforms we now may attach k spheres 5^ . . . , 5^ to this open subset of 
S^. Again we obtain a conformally fiat manifold that is conformally equivalent to 
the sphere S'^. 

Similarly we may attach copies of to S'^. To do this consider A(0, ^, 00 ) = 
{x ^ : ||x|| > ^}. Now using a Cayley transform c we identify A(0, ^,r) C 

A(0, ^, 00 ) with the spherical annulus c(A(0, ^,r) C S^\c{B{0^). In this way 
we ’’glued” one copy of R^ to S'^. We will denote this manifold by Ri A 82 ^ 
This manifold is conformally equivalent to the sphere with one point removed, or 
equivalently R^. However, it is another representation of those manifolds. 

By picking finitely many points xi, . . . , Xj^ on 5^^ we may adapt the process 
just outlined, and attach finitely many copies of R^ to 8 '^, Using Kelvin inversion 
and other Mobius transformations one may see that such a manifold is conformally 
equivalent to 5'^\{xi, . . . , x/^}. 

Of course one may repeat this process and ’’glue” copies of either R'^ or 8 '^ 
to the spheres or copies of R^ that have already been attached to and so on. 
If we avoid multiply gluing a sphere or euclidean space to several parts of another 
sphere or euclidean space we end up with a manifold that is conformally equivalent 
to either 8 '^ or S'^\{xi, . . . ,Xfc}. 

We can similarly remove a closed disc from one copy of R^ and also from 
another copy of R^. Using Kelvin inversion we may now identify two annuli on 
the remaining open sets Here the annuli have same centers and inner radii as the 
removed discs. The manifold we obtain is conformally equivalent to 8 ^\{^en} or 
to R^\{0}. 

Similarly we may consider the image, C2(B(0,r), of a ball B(0,r), C B(0, 1), 
under the Cayley transformation C 2 . This gives rise to a cap C(ien+i,'r) on the 
hyperbola centered at As noted in [9, 24] and elsewhere the conformal 

group acting on the unit ball in R^ is equivalent to the Lorentz group SO{n, 1) 
acting on So under any action T of the Lorentz group T(C(/n+i,r) is con- 
formally equivalent to B(0,r). Now it is straightforward to introduce, via C 2 and 
Lorentz transformations, analogues of annuli on hyperbolas and to use the same 
type of surgery techniques used earlier in this section, namely Kelvin inversion, di- 
lation and translation, to identify together finitely many hyperbolas. If we identify 
two hyperbolas in this way we get a manifold that is conformally equivalent to an 
annulus in RJ^. It is diffeomorphic to (0, 1) x R x and S'^\{±en}. If we 
identify three such hyperbolas in this way we get a manifold that is diffeomorphic 
to a ball with three infinite cylinders attached. The conformally fiat manifold here 
is conformally equivalent to the n-sphere with three non-intersecting closed balls 
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removed, which in turn is conformally equivalent to an open ball in with two 
non-intersecting closed balls removed. 

For all these types of conformally flat manifolds we are able to construct a 
Cauchy kernel. 



4. Construction of the Cauchy Kernel and some Consequences 

We will start by working simply with the case M = Si A 82- All the other cases are 
relatively straightforward extensions of this one case. We will denote the kernel by 
Cm{x, y)> This will be a CZn+i valued function deflned on MxM\{(x, x) : x E M}. 
When X and y both belong to 5 ', for j = 1 , 2 , then CM{x,y) = \\x-y\\n • Here we 
are regarding each 5 ' as being embedded in a copy of Let us denote the part 
of S'l that is identifled with part of S'2 by 5 i 2 , and the part of S'2 that is identifled 
with part of S[ with S'2 by S'2!. Recall that Su and ^21 are annuli on spheres that 
are identifled with each other via a Mobius transformation ' 0 i 2 : Su 821- Let 
Ml = S'i\Si2 and M2 = S'2\S2i- Suppose now that x E S'l and y belongs to the 
part of S1AS2 where 5 i 2 and S21 are identifled. Then in this case y can be identifled 
with yi E S12 or y2 G ^21 where ' 0 i 2 (yi) = ^2- In this case the kernel CM{x,y) 



x-yi 



which in turn may be identifled with 






IS again 

Furthermore if x also belongs to 512 then X2 = ' 0 i 2 (^) and CM{^^y) can be 
identified with , X2) 

Last of all we turn to the case where x E S'^ and y G 52 - In this case we 
note that the Mobius transformation -012 has a unique continuation to a M 5 bius 
transformation ^12 : ATi A^2 where Nj = Sj\Mj. In this case y E N2 and 



y 



^12(2/1) for some yi E Ni. In this case CM^x^y) = 






ik-^r2(2/)ii’ 



j(^ 



12 ^y)’ 



While we have not covered all possibilities of locations in x and y on M in 
this construction all remaining possibilities can be constructed easily by adapting 
the existing constructions presented so far here. However our construction yields 
a kernel K{x,y) deflned for all (x,y) E {Si A S2{r) x Si A S2{r)) and x ^y. 

As stated at the beginning of this section the construction of the Cauchy 
kernel just given for the conformally flat manifold 5 i A S2{t) is readily adapted to 
all the other examples of representations of conformally flat manifolds constructed 
using surgery in the previous section. So in fact if we let M denote one of those 
examples we now have a Cauchy kernel Km{x^ y) where (x^y) E M xM and x ^ y. 

From now on let M denote one of the examples of a conformally flat mani- 
fold constructed in the previous section. In our construction of the Cauchy kernel 
K{x,y) and the observed automatic generalization to the other conformally flat 
manifolds it should be noted that we have constructed a spinor bundle S{M) 
over M. As pointed out earlier here we may now introduce a Dirac operator Dm 
for S{M) and for each open subset U we may consider left Clifford holomorphic 
sections f : U ^ S{M) where Dm/ = 0 . 
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Of course one may also similarly set up right Clifford holomorphic sections. 
In this case the sections take values in a spinor bundle analogous to E{M) but 
constructed with multiplication of the conformal weight functions appearing on 
the right instead of on the left. 

Definition 3. A (n- l)-dimensional surface, or hypersurface, 5, lying in M is called 
a Lipschitz hypersurface if locally S is the image under Mobius transformations of 
Lipschitz surfaces lying in R^. If the Lipschitz constants for these hypersurfaces 
in are bounded then S is said to be strongly Lipschitz. 

We now have the following version of Cauchy’s integral formula for the class 
of manifolds considered here. 

Theorem 1. Suppose that dU is the boundary of a domain U lying in a domain 
V C M. Suppose that the closure of V is compact and dU is strongly Lipschitz. 
Furthermore suppose f :V S{M) and that f is left Clifford holomorphic. Then 
for each y eU 

f{y) = — / KM{x,y)n{x)f{x)da^ 

JdU 

where n{x) is the unit vector in the tangent space TMx that is orthogonal to the 
tangent space TdUx, and points outward from U. Further a is the Lebesgue measure 
on dU. 

Having obtained this Cauchy kernel and Cauchy integral formula standard 
arguments developed in [19] and elsewhere give us the following decomposition 
result. 

Theorem 2. Suppose that S is a Lipschitz hypersurface lying in M and the com- 
plement of S has two components, *5^ . Then for I < p < oo we have that 

LP{S) = H^{S^)eHP{S-) 

where L^{S) is the space of S{M) valued sections on S that are L^ integrable, and 
H^{S^) is the Hardy p-space of left Clijford holomorphic sections defined on S^ 
with L^ non- tangential extension to S. 

As seen earlier the construction of the spinor bundle S{M) over M using 
Mobius transformations can readily be adapted using the conformal weight func- 
tion J 2 to construct a bundle H(M) over M. For this bundle we have an associated 
Laplacian Am and for U an open subset of M a section h : U ^ H{M) is said 
to be a harmonic section if Am/^ = 0. Furthermore by similar arguments to those 
used to construct the kernel Km(^, 2/) we can replace the weight function J\ by 
the harmonic weight function J 2 to produce the Green’s kernel GM{x,y) of M. 
Adapting arguments in [21] we have: 

Theorem 3. Suppose U is an open, connected subset of M and ui : U S{M) is 
a section with compact support. Then for each y eU 

^ 1 ( 2 /) = — [ KM{x,y){DMu{x))dU{x) 

<^n Ju 



( 1 ) 
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where dU{x) is a volume element ofU. 

Proof (Outline). If w = and v = 'ip{y) we have previously noted that G{v — 
w) = Ji{'if,y)~^G{x - y)Ji{'ijj^x)~^. Furthermore the Dirac operator D is inter- 
twined by x) and x) where x) = • See [21] for details. 

Also the Jacobian for a change of variable under the M5bius transformation over 
a domain on M is • It follows that the right hand side of Equation 1 is lo- 

cally invariant under Mobius transformations. As the spinor bundle is constructed 
from equivalence classes of fibers obtained in local co-ordinates the right hand side 
of Equation 1 becomes globally invariant under local changes of co-ordinates under 
Mobius transformations. As Equation 1 is locally valid the result now follows. □ 



Similarly one may readily adapt arguments of [21] and the previous out line 
proof of Theorem 3 to deduce the following 

Theorem 4. Suppose U and M are as in the previous theorem and U 2 : U H{M) 
is a G^ section with compact support. Then for each y 

U2{y) = —[ GM{x,y){AMU2{x))dU{x). 

Ju 

Of course the sections u\ and U 2 both have trivial extensions to all of M by 
simply defining them to be zero on the remainder of M. 



Theorem 5. Suppose U and V are as in Theorem 1 and that the boundary of V 
is piecewise smooth. Suppose also that h :V ^ H{M) is a harmonic section then 
for each y ^ V 

h{y) = — I {KM{x,y)n{x)h{x) - {GM{x,y)n{x){DMh{x)))da{x). 

JdU 



Proof. Let us first multiply by a G^ partition of unity function p{x) where 
p{x) = 1 on U and is zero in a neighborhood of the boundary of V. Let us denote 
p{x)h{x) by hi{x). Then by the previous theorem 

hi{y) = —[ GM{x,y){AMhi{x))dV{x) 

Jv 

for each y ^U. 

Let us now subdivide the region V\U via a grid. So The closure of V\U is a 
finite union of n dimensional manifolds Mj, where j = 1, . . . K, with boundaries 
dMj. Moreover Mi fl Mj for i ^ j is either empty or subset of the boundaries. 
Moreover, each Mj is a subset of an open subset of M that is via a Mobius 
transformation homeomorphic to an open subset of R^. It follows from Stokes’ 
Theorem that 

/ GM{x,y){^Mhi{x)dMj{x)= {KM{x,y)n{x)hi{x) 

JMj JdMj 

-GM{x,y)n{x){DMhi{x)))da{x). 
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Summing these integrals over j and noting that Am hi = 0 on 17 we have 
from Stokes’ Theorem 

Kv) = — [ {KM{x,y)n{x)hi{x) 

JdUUSi 

-GM[x,y)n{x){DMhi{x)))d(j{x) 

where 0i is a union of (n — l)-dimensional manifolds lying in Mj for j = 1, . . . , K. 

As we can vary the support of the partition function p we may also vary the 
set 01. In this way we can obtain a sequence of such sets 0^, where k = 1, . . .. 
Such that 0fc+i C &k and n^^0/c is empty. Furthermore hi is replaced by a 
sequence of functions hk such that hk{x) = h{x) on U and the support of hk-^-i is 
contained in an open subset of the support of hk- It follows that 

lim / {Km{x, y)n{x)hk{x) - Gm{x, y)n{x){DMhk{x)))da{x) = 0. 

JSk 

The result follows. □ 

It now follows that many standard results in Clifford analysis more or less 
automatically extend to the context described here, including applications to har- 
monic analysis and boundary value problems. 
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CliflEbrd Analysis on the Space of Vectors, 
Bivectors and vectors 
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Abstract. In this paper we propose several extensions of Clifford analysis. 
First, we recall the most important definitions and properties for the usual 
Dirac operator, i.e. the operator defined for functions of a vector variable, 
and we discuss the importance of using differential forms. Next we discuss 
Clifford analysis in several vector variables and in particular so called “sym- 
plicial monogenics”, that are related to the representation theory of Spin(m). 
Then we study several canonically defined Clifford algebras valued systems of 
differential equations defined on the space of bivectors, for which we provide 
a rather complete theory, and more in general on the space of ^-vectors. 
Acknowledgments. The second author has been sponsored for this research 
by: FWO-Krediet aan Navorsers: 1.5.106.02. 
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1. Introduction 

Clifford analysis mostly involves the theory of nullsolutions to the Dirac operator 
dx = Y2 ^j^xj 7 where e^, j = 1, . . . , m are the generators of the standard Clifford 
algebra. A first extension of this setting involves the use of differential forms on 
the space of vectors of the type F = . . >dxa^, whose components are 

Clifford algebra valued. If the components are monogenic, the forms are said to be 
monogenic. Differential forms allow the definition of Dirac operators on embedded 
surfaces. In section 2 we recall the most important definitions and properties for 
Clifford algebras and we discuss the problem of characterizing when an ^-vector 
A is a £-blade, i.e. a pure wedge product X = f\ ... /\ oi vectors. For a 
bivector to be a blade it is necessary and sufficient that is scalar; for ^-vectors 
the characterization is much more complicated. In section 3 we recall the basic 
definition and elementary properties of monogenic functions, i.e. solutions of the 
Dirac operator. For the current state of the art on monogenic function theory and 
its applications, the reader is referred to the survey paper [7] and to the other 
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references in the main text. In that section we also discuss the use of differential 
form calculus in Clifford analysis. In section 4 we present an overview on the 
theory of functions /(x^, . . . ,x^) of vector variables in the kernel of several Dirac 
operators. Of special importance are functions of a wedge product /(x^, . . . = 

F{xiA. . . Ax^), F being defined on the space Rrn-/ of ^-vectors, and more in general 
functions of the form /(x^, . . . , x^) = i^(x^,X;^ A X 2 , . . . , x^ A . . . A x^). Monogenic 
functions of this form are called “symplicial monogenics” : they form a refinement 
of the harmonic functions of a matrix-variable discussed in [12] and play a crucial 
role in the representation theory of Spin(m). This discussion naturally leads to the 
consideration of functions defined on the space Rrn-,e of ^-vectors, and to the study 
of canonically defined systems of partial differential equations defined there, with 
values in a Clifford algebra. These are systems on Rm-e which correspond to the 
embedding of symplicial monogenics. This extended form of Clifford analysis is at 
its very beginning and still contains many unanswered problems. In this section 
we discuss two open questions that will be treated in this paper and we show how 
the Fischer decomposition gives an answer to the first of them. In section 5 we 
consider the case of systems on the space R ^;2 of bivectors and we are able to 
provide a rather complete theory also giving an answer to the second question we 
addressed. Finally, in section 6 we discuss the ^-vector case, discussing many open 
problems while in section 7 we shortly describe the case of monogenic systems on 
the Stiefel manifold. 



2. The standard Clifford algebra 

We start this section by recalling some standard notions about Clifford algebras 
and some basic results that will be useful in the sequel. For a complete treatment 
of these topic, we refer the reader to [8], [13], [22]. 

Definition 2.1. The standard Clifford algebra is the free associative algebra 
generated by the set of symbolic vectors {ei, . . . , e^} together with the defining 
relations ejCk + CkCj = —2Sjk^ Sjk being the Kronecker delta. 

Remark 2.2. A canonical basis for is obtained as follows: let A = {ai, . . . , a^} 
be a subset of M = {1, . . . , m} ordered in the lexicographic way a\ < , . . < ak 
and let \A\ be its cardinality; if we put we can write any element 

a G Rm as 

m 

a = y] aAeA = 

ACM k=0 

where [a]k = i^ called the fc- vector part of a. 

The following result is well known: 



Proposition 2.3. The set {ca} turns out to be a basis for Rrn, so that dim R^^ = 2^. 
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Denoting by Rrn-^k the subspace of all fc- vectors in i.e. the image of []ki 
we have a multivector decomposition, also called “multivector structure” : 

Rm — Rm;0 ® Rm;l © • • • 0 Rm;m- 

Note that Rm;o = R is the subspace of scalars and [a] = [a]o is the scalar part 
of a Clifford number a. We also have that R^;i = R’^ is the Euclidean vector 
space generated by the units ei, . . . ,e^ also called the space of Clifford vectors. 
Prom now on, the elements in R^;! with the exception of the units e^, will be 
underlined. Because of the above multivector structure, general Clifford numbers 
are also called multivectors. The set Rm;m contains elements of the form scm, 
where s G R and the element cm = is called the (unit) pseudoscalar. 

Remark 2.4. Note that the multivector structure is not unique. Indeed, Clifford 
algebras may be introduced with respect to general quadratic forms gjk^ replacing 
the defining relations by 

© ^k^j — ~‘^9jk] 

by Sylvester’s law one can always choose Qjk to be of the form gjk = Sjk for 
j = 1, . . . ,p, gjk = Sjk for j = p + 1, . . . ,p + 9 and gjk = 0 otherwise. 

There are several isomorphisms between Clifford algebras of different signa- 
tures (see [8], [18], [22]), so that a Clifford algebra may admit several multivector 
structures. For analysis, it however suffices to consider the complexified Clifford 
algebras Cm = Rm ®r C since a general Clifford algebra Rp,g,r with generators 

and relations = 1, = -1, ff = 0 may always 

be embedded in Cp^q-^ 2 r putting 

~ fj — ~ ^^2j+p-fg)‘ 

The invariant automorphisms on Rm, i-c. the automorphisms leaving the 
multivector structure invariant, are: 

(i) the main involution ab = ab\ Cj = —ej; 

(ii) the conjugation ab = te; ej = — 

(hi) the reversion {ab)* = b* a*] e* = e^; 

while on the complex Clifford algebra Cm we may also consider the 
(iv) Hermitian conjugation {a -\-ib)'^ = a — ib ; a^b G Rm- 

Remark 2.5. The main involution has two eigenspaces Rm,+ and Rm,- also referred 
to as the spaces of multivectors of even or odd type and Rm,+ is the so-called even 
subalgebra which is isomorphic to Rm-i if we identify the bivectors eiCm = Ei, 
. . ., Cm-iCm = Em-\ with the new Clifford algebra generators £^i, . . . , Em-\. We 
also use the notation a = [a]+ + [a]_ with [a]± G Rm,±- 

Remark 2.6. The Hermitian conjugation leads to a Hermitian inner product on 
Cm given by {a, 6} = [a'^b]o. In the odd case m — 2n + 1, the pseudoscalar 
== Cl ... Cm is central and for m == 4/ -f 1 we have that ej^ = —1 while for 
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m = 4:1 + 3, = +1. Hence in the complex Clifford algebra C 2 n+i, putting either 

W = 6m or W = ieM there always exists a central element W with W‘^ = 1; we 
may introduce the projectors ^(1 ± W) giving rise to a direct sum decomposition 
into mutually annihilating subalgebras 

Cm = \{l + W)Cm-,+ 0 ^(1 - W^)C„;+, 

where, by Remark 2.5, Cm;+ is isomorphic to C 2 n so that it suffices to determine 
C 2 n- This follows from the isomorphisms 

^2m = C 0 Km,m5 ^m,m = End(Rrn) = M(2’^) 

SO that C2m = C{2'^) is the full complex 2^ x 2^^ matrix algebra. 

The isomorphism Rm,m = End(R^) is basically equivalent to the definition of Clif- 
ford algebras in terms of spinor spaces (see [5]) and follows from the consideration 
of the basic endomorphisms 

6j : a ^ Cja] 6j\ : a — ^ aej 

which satisfy the defining relations of Rm,m (see also [12], [33]). The above leads 
to the introduction of the Witt basis 

fj ~ 2^^] ~ fj ~ T ^j\) 

with the following identities 

fjfk = -fkfj, fjfk = -fkfp = ft = -f'k- 

Moreover, introducing the primitive idempotent I = Ij = the 

vector space Rm rnay also be identified with the minimal left ideal Sm — Rm,m^ = 
RrnI and the action of a G End(R,n) on 6 G Rm (denoted by a[b]) is obtained from 
the left multiplication 

a[b]I = abl. 

From the geometrical point of view, not only the Clifford product but also the 
multivector structure plays an essential role; it is determined by the identification 
= R^-i and the definition of a Grassmann product (also called wedge product) 
in terms of the Clifford product by 

^1 A . . . A Vfe = ^ ^ sgnTT = [vj . . . Vfclfc 

= ^(^1 A...AUfc_it;fc + (-l)'=+Vfcl'i A...AUfc_i). 

Definition 2.7. The elements of the pure wedge product form v = y_i A . . . Avj^ are 
called pure k -vectors or k -blades. 

If m < 3, it can be shown that all /c- vectors are fc-blades, but this is no more 
true when m > 3. 

Although the /c-blades span all of Rm-,k, they form a conic surface inside Rm-.k 
consisting of rays Au, A > 0 based on the compact submanifold Q{m,k) of unit 
fc-blades i.e. satisfying the condition = +1 or = — 1, depending on k. 
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Remark 2.8. Note that Q{m^k) corresponds to the manifold of all oriented k- 
subspaces of which is of crucial importance in projective geometry; it is 
a double covering of the classical Grassmann manifold G(m, k) consisting of k- 
dimensional subspaces of . 

Let us now introduce the following: 

Definition 2.9. The spin group is the set given by 

Spin(m) = {5 = 2^1 . . .W 2 i ' 'Mlj ^ = -!}• 

It is well known that there is a double covering cf) : Spin(m) ^ SO{m) 
given by (j){s)x = sxs which extends to an element of End(R^) using the same 
formula (j){s)a = sas. Note that for k < [m/2] the above representation leaves 
Rrn-,k invariant and the restrictions of (f) to Rm;fc are irreducible representations of 
Spin(m). For k = m/2, m even, the space R^;^ splits further into two inequivalent 
irreducible representations. One may also consider the representation of Spin(m) 
obtained by left multiplication l{s)a = sa, which becomes irreducible on minimal 
left ideals (spinor spaces). The above representation constitutes the complete set 
of fundamental irreducible representations of Spin(m) from which all other may 
be obtained using tensor products (Cartan composition method). 

The Lie algebra of Spin(m) is described in the following: 

Proposition 2.10. The Lie algebra of Spin(m) is the set of Clifford bivectors b G 

Rm;2- 

For the proof of this result the reader may consult see [12], [19], or [22]. The 
set of bivectors admits a decomposition in terms of 2-blades (see [19]) as follows 

Proposition 2.11. Bivectors b admit an eigenvalue decomposition of the form 

b = riBi -h . . . + rnBn, n = [m/2], 

where G R, ri > r*2 > . . . > > 0 and Bj — Vj A Wj are commuting unit 

2-blades, i.e. BjBk = B^Bj and Bj = —1. 

It is still an open problem whether similar special decompositions may be 
obtained for the general fc- vectors. In any case, the above decomposition leads to 
the following important lemma: 

Lemma 2.12. An element b G Rm;2 is a 2-blade if and only ifb^ is scalar. 

Proof. If 6 G Rm;2 is a 2-blade, b = v Aw then a simple computation shows that 
b^ is a scalar. Let us suppose that the bivector b is such that b^ is scalar. Then, 
using the previous decomposition, we have 

n 

6^ = (ri5i + . . . + TnBnf = - ^ nrjBiBj 

2=1 

that is scalar if and only if = 0 for 1 < z < j < n. Let us fix the index 
I < j < n: then either ri = 0 for all i and, choosing j = n we get the statement. 
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or Tj =0; in this second case, we can iterate the argument and we get rj = 0 for 
all 1 < j < n. The statement follows. □ 

Remark 2.13. One may wonder whether the above property generalizes to k- 
vectors X i.e. whether X‘^ is scalar implies that X is a fc-blade (the converse being 
obvious), but this is not the case. The first case for which the space of trivectors 
has a dimension greater than that of the space of 3 -blades appears for m = 6 , i.e. 
Rq-s- In fact the trivector 6123 + 6455 is not a blade and has a scalar square. It 
may easily be verified that any trivector for which the square is scalar and the 
equation Xv — vX has a nonzero vector solution v, must be a 3 -blade. 

In the case of fc- vectors, we mention the following result (see [ 10 ]): 

Proposition 2.14. Let fc < y, then a k-vector X G ^-5 a k-blade if and only 
if for any (fc — 1 ) -vector Y the wedge product [TXji AX vanishes, where [TXji 
denotes the vector part ofYX. 

Remark 2.15. Now clearly it suffices to consider the case Y = eai...afc-i ^nd one 
gets a system of quadratic polynomial equations for the cones of fc-blades. 

3. Clifford analysis on the space of vectors 

Clifford analysis started with the attempt to generalize the Cauchy-Riemann sys- 
tem {dx + idy)f{x,y) = 0 to the higher dimensional setting. Among the most 
successful higher dimensional generalization there is the theory of holomorphic 
functions in several complex variables and the Hamilton-Fueter system 

{dx + idy + jdz + kdu)f{x, y, z, u) = 0. 

This system may be incorporated into Clifford analysis by putting i = ci, j = 62, 
k = eiC2 or by putting i = 6263, j = 6361, fc = 6162: it is an example of generalized 
Cauchy-Riemann operators which is not vector valued. In the higher dimensional 
setting R'^ the most commonly used operator is the Dirac operator 

m 

dg^ = ^ ^ Cj dxj , 

acting on Cm-valued functions defined on R^, and the Weyl operator given by 

m 

dxQ dx^ = dxQ ^ ^ Cj dxj 5 

which may be interpreted as the modified Dirac operator 

— em-\-l{^ldxi + . . . + Cm+ldxm+i) 

by putting = Xq and using the fact that the bi vectors Ej = -Cm+iCj play 

the role of new vectors generating the Clifford algebra Rm- For the basic function 
theoretic properties of monogenic functions, which are nullsolutions of generalized 
Cauchy-Riemann systems, we refer (without claiming completeness) to the books 
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[4], [8], [12] and [18]. The three most fundamental theorems which give rise to 
special solutions, and which one would try to generalize to general systems of 
partial differential equations in Clifford analysis, are 

(i) the Cauchy-Kowalewski formula /(xo,x) = exp(— xo5x)/(x), solving the 
Weyl equation; 

(ii) the Fischer decomposition stating that every homogeneous polynomial Rk{x) 
of degree k in admits a unique decomposition of the form: Rk{x) = 

x^Pk-s{x)^ where P/(x), / = 0, . . . , fc is spherical monogenic of degree I 
(i.e. a homogeneous monogenic polynomial of degree /); 

(iii) the Cauchy-Pompeiu formula which is a direct consequence of Stokes’ formula 
together with the identity 

d{fdag) = + fid^g)) dxi... dxm, 

where da is the Clifford m — 1 form given by 

da = ^^{—ly^^Cjdxj, dxj = dx \ . . . dxj-\dxj^i . . . dXm 

In distributional form, in the case dxQ = 0 and f{x) is equal to the funda- 
mental solution E{x-y), it gives rise to the Cauchy integral formula. 

A collection of interesting first order systems was presented in our paper [26], 
which includes also the complexes for certain special examples. We will list here a 
few examples that follow directly from the Dirac operator itself. 

Example 3.1. In the even dimensional case m = 2n we may put = ie^j, where 
{cj, Cji : j = 1, ... ,n} are the generators of End(M^) which may act on spinor 

valued function of the form fl, I being the primitive idempotent. Choosing / to 
take values in then we get an equation of the form 

dxf ± ifdy = 0 

with dx = YTj=\ ^jdxj, dy = ^i^yr this way one essentially obtains the 
Dirac equation but with less components. Note also that the Dirac equation in the 
phase space is given by the ultra-hyperbolic system 

dxf = ±fdy. 

Example 3.2. In terms of the Witt basis we have that = fj+fj', &j+n = 
and so, putting yj = Xj+n? the Dirac operator may be rewritten as: 

ft > ^z+ = Yl • 

Example 3.3. Also the classical Hodge system (see [14]) may be reobtained from 
Clifford analysis. On one hand, taking / : Rm;/c a fc-vector field, then the 

condition dxf = 0 leads to the Hodge system 

dxAf = \{dj + (-I)V^.) = 0, dx-f = lidj - i-i)^fdx) = 0, 
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that is equivalent to dxf = fdx = 0. Conversely, the relations dxf = fdx = 0 
together also imply that the fc- vector part [f]k of / is still monogenic, i.e. dx[f]k — 
0, leading to the Hodge system. 

A different generalization of the classical Hodge system is the so-called “mod- 
ified Clifford analysis” which uses the Poincare metric instead of the Euclidean 
metric to derive the governing system of differential equations, and Hodge’s defi- 
nition of harmonicity via the Hodge-star-operator (see [11], [16], [17]). 

We finish this section with an argument in favor of combining the use of 
differential forms with Clifford numbers, in spite of the fact that (see example 3.3) 
fc-vectors behave much in the same way like fc-forms. But from a geometric and 
analytic point of view, they are different tools, each of them leading to a much 
wider class of interesting Clifford analysis systems on the space of vectors. This 
point of view has lead to interesting results (see [7], [9], [20], as well as [29], [32]). 
The importance of special Clifford differential forms (from now on called Clifforms, 
for short) is already clear from the use of the special (m — l)-form da leading to 
the Cauchy-Pompeiu formula. For a good reference on difforms we refer to [37]. 

Definition 3.4. A general k- Cliff orm is an expression of the type 

F = Y^FAdxA, 

where the Fa are Clifford algebra valued functions and dxA = dxa^ . . . dxa ^ , where 

A = {ai, . . . ,ak} C {1, . . . ,m}, ai < . . . < ak- 

If one defines the exterior derivative hy d = '^dxjdxj, one has the funda- 
mental Stokes’ formula 

[ dF= [ F. 

Ju JdU 

Let us define some endomorphisms on Clifforms, called b 2 Lsic contraction operators 
and denoted by dx^ J , as 

dxj\{dxkF) = 6jkF - dxkdxj\F, 

SO that they behave like differential operators. The Lie derivative of an operator 
V = is then defined in terms of the operators d and the contraction 

v\ = and acts on Clifforms as CyF = v\dF -{-dv\F. This definition is 

classical but the new thing about Clifforms is that one may choose the components 
Vj{x) to be Clifford algebra valued, leading to many new special operators on 
Clifforms; the most important is the Dirac operator which corresponds to the case 
Vj{x) = 6j. It is given by the “first basic identity” (see [29]) 

Cd^F = dxF = ddx\F F dx\dF 

and, since Vj are constants, dx acts componentwise. In particular we have that 
dax = dx\dVx with dVx = dxi . . . dxm so that the above Lie derivative definition 
readily leads to the basic formula 

d{daxf) = + dx}d)dVxf = dVAf 
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which hence becomes a special case. The Cauchy-Pompeiu form fdag was gener- 
alized in [29] to the case of general fc-Clifforms as follows: let F be a fc-Clifform 
and G be an ^-Clifform; then the monogenic coupling of F and G is defined by 

{F,G} = {Fd,\)G-F{d,\G) 

and we have the second basic identity 

d{{F,G}) = {dF,G} + {F,dG} + {-l)'^-^[{Fd^)G + F{d^G)] 

which, in the case i = k — m, simplifies to the “duality principle” 

d{{F,G}) = {-l)^-^[{Fd,)G + F{d,G)]. 

Using Stokes’theorem, one obtains Cauchy-Pompeiu formulae for Clifforms. More- 
over the analogue of the Cauchy kernel is obtained as follows: introduce the form 

dVk{x,y) = sgnA dxAdyu\A 

\A\=k 



where A = {ai, . . . , ak] C M = {1, . . . , m} with ai < . . . < and where sgnA 
is the signature of the permutation (ai, . . . , a^, 6i, . . . , hm-k) of (1, . . . , m), with 
M\A = {6i, . . . , bm-k}, bi < ... < bm-k- Then the indicatrix of an (m - fc)-chain 
S is defined by 

= [ E{x-y)dVk{x,y), 

dyes 



where 



E{x) = 



1 X 

A \^\Tn 
1^1 



is the Cauchy kernel. It is not hard to prove that dI{S){x) = ±I{dS) so that in 
case of an (m — fc)-chain S, we have both the closedness dI(S) = 0 as well as the 
monogenicity dxI(S) = 0 of the /c-Clifform I{S). Prom the first basic identity it 
then also follows that the contraction d^I{S){x) is a closed {k - l)-form so that 
for any {k - l)-cycle S' in E'" \ S, the number 



I{S',S) 



/ / 

Jx€S' JyeS 



d^\dVk{x,y)E{x 



y) 



is invariant under deformations of S or S' within the same homology; it is in fact 
the winding or linking number of S' and S. 



Remark 3.5. In a problem session (see [24]) S. Semmes described Clifford analysis 
as a codimension one theory due to the fact that, in most papers, only surface 
integrals over codimension one hypersurfaces are considered. The above treatment 
of Clifforms clearly extends Clifford analysis on the space of vectors to the higher 
codimension case. Yet, it is also clear to us that, without the simultaneous use of 
both Clifford numbers and differential forms, such generalization would be hard 
to obtain. 
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Also the Dirac operator on embedded surfaces can be obtained from the first 
basic identity. Indeed, let U be an oriented fc-surface in and C C [7 be a 
compact set with smooth boundary; then, using Stokes’ theorem, we obtain the 
general relation for fc-Clifforms 

/ d,\F=[id,-d,\d)F 
JdC JC 

Next, consider the basic one- form dx = Y^ ^jdxj (see also [32]); then it is not hard 
to see that 

dx^ = CMdVx^ dg^~^ = ±6Mdax^ dx^ = ^ eAdxA 

\A\=^k 

are the oriented surface elements and one also has that dx\ dx^ = jdx^~^, 7 being a 
constant. For any function f{x) in space one may consider the fc-form F = dx^f{x) 
and wonder what the closedness equations dF = 0 mean. Except for fc = m — 1 
it gives rise to a strongly overdetermined system with trivial solutions. But the 
restricted closedness condition 

dd^F^u = ddx'"~^f{x)\u = 0 

corresponds to the tangential Dirac equation for the restriction f^jj and one also 
has the Cauchy theorem 

[ dx\F = 0. 

JdC 

4. Clifford analysis in several vector variables 

If the Dirac operator dx is considered as a generalization of the Cauchy-Riemann 
operator dx + idy^ it is natural to think of the function theory for several Dirac 
operators 5^^, ... ,9^^, with dx. = Yl^kdxjk^ ^ ^ generalization of the theory of 
several complex variables. In particular, one may investigate functions of several 
vector variables x^,...,x^, Xj = Yh^kXjk satisfying the monogenicity equations 
/(^i 5 • • • ? = 0, j = 1, . . . , ^ and one may try to generalize properties valid for 

monogenic functions in one vector variable to the several vector variable case. This 
includes generalizations of the Cauchy-Kowalewski theorem (see [6], [15], [30]) and 
the Fischer decomposition discussed in [6] and [34] in the two variable case and [31] 
in the several variable case. Moreover there is also a generalization of the Dolbeault 
complex studied in [1], [3], [25] for the case of several quaternion variables and in 
[27], [28] for several (abstract) vector variables. In our papers [30] and [36] we 
also defined and studied so called “symplicial monogenics” . These are monogenic 
functions /(x^, . . . , x^) of the symplicial form /(xj^, . . . , x^) E(x^ A ... A x^), F 
being defined on an open subset of the set of ^-blades in In most applications 
we will be working with functions F{X), X G which are defined in an open 
conical subset U of E^;^ (i.e. U = rU ^ r > 0) and which satisfy a homogeneity 
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condition of the form F{rX) = r^F{X). Of special interest is the case in which F 
is a homogeneous polynomial of degree k on Rrn;e- This leads to the following 

Definition 4.1. A spherical monogenic of degree k on the Grassmannian Q{m,i) is 
a function /(x^, . . . , x^) of several vector variables x^, . . . , x^ satisfying the mono- 
genicity conditions dx.f{xi ,- . . , x^) = 0, j = 1, . . . which is of the special form 
/(xi, . . . ,x^) = F{xi A ... A x^) where F{X), X G Rm-e is a homogeneous poly- 
nomial of degree k. For simplicity, we speak of “Grassmann monogenics of type i 
and degree fc” . 

Remark 4.2. The above notion of spherical monogenics on Q{m^£) generalizes 
the notion of harmonic functions (in particular spherical harmonics) of a matrix 
variable, which are functions of the form /(x^ , • • • , x^) = F{x-^ A ... A x^) satisfying 
the harmonicity equations 

= '^dx,^dxjJ{xik,...,xek) =0 

(see also [12]). Note that non trivial spherical monogenics on Q{m,i) only exist 
for i < [m/2]. 

More in general, one may consider the set of ^-tuples of the form 

(Xi,Xi A X 2 , . . . ,X^ A . . . A X^) G Mm;l X ... X Rrn-,e 

and consider monogenic functions /(x^, . . . ,^) of several vector variables of the 
special form /(x^ , . . . , x^) = F{x„x, Ax 2 , . . . ,x^A. . .Ax^) where F(Xi, X 2 , . . . , X^), 
Xj G Rm-j is defined in an open subset of x . . . x Rm-e and satisfies a 
homogeneity condition of the form F(riXi, . . . , reX^) = r^\ . . r^^F(Xi, . . . , X^). 
Functions of this type are called symplicial monogenics. Moreover we may consider 
the so called Stiefel manifold St{m,£), which is the manifold of orthonormal i- 
frames {wi^ • - in It can be identified with the manifold of Ftuples of 
blades of the form {wi^Wi Aw_ 2 , ^ A . . . Aw^), with {w-^^ • • • , 2^^) orthonormal. 
Then we introduce the following 

Definition 4.3. A spherical monogenic of degree (/ci, . . . , ki) on the Stiefel manifold 
St{m, £) is a monogenic function of several vector variables /(x^ A ... A x^) of the 
symplicial form /(x^ , . . . , x^) = F(x^ , x^ A X 2 , . . . , x^ A . . . A x^) , where the iFunction 
F(Xi, . . . , Xi) is a polynomial on Rm;i x . . . x Rm-,e that is homogeneous of degree 
kj in the j-vector variable Xj. We will call those functions symplicial monogenics. 

Non trivial spherical monogenics on Stiefel manifolds only exist for £ < [m/2] 
and, without disturbing the generality we may in fact assume that £ = n= [m/2]. 
One may also define spherical monogenics on various kinds of Flag-manifolds, 
but they are in fact special cases of symplicial monogenics on St{m, [m/2]). Note 
that, using the above notations, the function f{x ^^ . . . ,x^) is also a homogeneous 
polynomial in each of the vector variables x^, . . . , x^, in fact it is homogeneous of 
degree /ci -h . . . + in x^ , of degree /c 2 + • • • + in X 2 , etc., and of degree kn in x^. 
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Moreover, when considering the representation of Spin(m) defined for functions of 
several vector variables by 

= sf{sx^s,...,sx^s), 

we proved in [36] that the space of symplicial spherical monogenics of degree 
(fci, . . . , kn) on the Stiefel manifold, forms a model for an irreducible representa- 
tion of weight (fci + . . . + fcn + , fcn + ^). For the integer weight case one 

may use harmonic functions of a matrix variable as has been exposed in [12]. For 
more details about Spin(m) representations we also refer to the book [12], to the 
famous [35] and also to our paper [30]. As a consequence, all finite-dimensional 
representations of Spin(m) can be modelled by using symplicial monogenics on 
which one may consider either the above representation L for half-integer weight, 
and the representation H given by 

for more details, we refer the reader to [30]. These representations L and H may 
also act on the functions F{Xi , . . . , Xj e defined on the multivector 

space by direct extension of the S'0(m)-representation x — > sxs, x G = Mm;i 
to a — > sas, a G Mm, i-^- 

L(s)F(Ai, . . . , = sF{sXis , . . . , sX^s), H{s)F = L{s)Fs 

and in the case /(x^, . . . ,x^) = F(xi,Xi A^ 2 , . . . A. . .Ax^), both definitions are 
equivalent. The proof of the main result in [36] is based on the fact that the space 
of all symplicial monogenics of degree (fci, . . . , are generated by plane-wave 
type polynomials of the form 

A X 2 ,Ti a T 2 )^^ ...{x^A...Ax^,TiA...A r„)'="Ti A . . . A T„ 

where (a, 6) = [a6]o is the standard bilinear form on C^, and where the set of 
vectors Ti, . . . ,T^ G Cm;i satisfy the nullrelations = 0 together with the anti- 
commutativity TjTk = —TkTj. In other words, (Ti, . . . , T^) spans an n-dimensional 
complex subspace of the nullcone. Putting n = [m/2], we get an example of such 
a frame i.e. the Witt basis Tj = fj = \{e 2 j-i-ie 2 j)^ This example also illustrates 
why one cannot have any monogenic plane waves of variables x^ A . . . A x^ with 
i > n = [m/2]. When proven the fact that such monogenic plane waves generate 
the spaces of all symplicial monogenics, it is easy to derive from it models for irre- 
ducible representations of Spin(m) for monogenic plane waves: they correspond to 
maximal vectors of irreducible Spin (m) -representation spaces, which also generate 
these spaces as Spin(m)-modules. For more information about this nomenclature, 
we again refer to the extended treatment in [12] and our papers [30] and [36]. To 
conclude this section, note that in the above reasoning, we made use of functions 
F depending on multivector variables of the form F(Xi, . . . , A^), A^ G Mm;£ and 
in particular of polynomials in these variables, but we point out that we only need 
the restriction of these functions to the special submanifolds of Fblades, i.e. to 
£- vectors of the form A^ = x^ A . . . A x^. Of course, it is clear that a polynomial 
P(A^), A^ G is by no means determined by its restriction to the manifold 
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A . . . A except the case where P{Xi) is a linear function, which is 
considered in [13]. This book is to our knowledge the first in which the multivector 
variables 

X = J2Xe,Xe^ 

\A\=e 



and derivatives 

9x = dxt = ^ Qxa^a 

\A\=i 

were studied in detail, although, from a historical point of view, the multivector 
derivative was already considered in [23]. Also in our paper [31] we used the 
vector derivatives dx(, in connection with the general theory of spherical means, 
during a time when [13] was not yet published. An important result (see [13]) is 
the fact that, for scalar linear functions of a ^-vector variable (outer morphisms), 
one has the relation 



dxtP{X)\Xt=x^A...AXf == Cidx, A ... A dx^P{xi A ... A ^), (1) 

i.e. the ^-vector derivative is expressible in terms of the “symplicial derivative” 
dx^ A ... Adx^. This property clearly does not hold for polynomials of a ^-vector 
variable which are homogeneous of a degree higher than one, in fact one may easily 
find such nonzero polynomials P{Xe) for which P{xi A ... A x^) = 0. Hence we 
are faced with at least two fundamental problems for scalar-valued polynomials 
on the ^-vector space Rrn-,f 

Problem 1. Does there exist a space P{k,i) of real valued homogeneous polynomi- 
als of degree k on such that any P{Xe) G V{k,i) is canonically determined 
by its restriction to the manifold of ^-blades X^ = x-^ A . . . A x^ and such that for 
any real valued homogeneous scalar polynomial R{XP) of degree k on Rm-/ there 
exists a unique polynomial P{Xi) G V{k^i) for which 

R{xi A ... A x^) = P{xi A ... A x^)7 

Problem 2. Does the identity (1) established in [13] for linear functions (i.e. express- 
ing the partial derivatives of a linear function in terms of symplicial derivatives) 
generalize to the polynomials of the special type described in Problem 1? 

Needless to say that the above problems can be stated for Clifford algebra 
valued polynomials by considering their (scalar-valued) components. In the fol- 
lowing sections, we will illustrate how Fischer’s decomposition gives an answer to 
Problem 1. We also expect that Problem 2 has an affirmative answer since we 
were able to verify the relation in some special cases. Moreover, a complete de- 
scription will be obtained for the canonical extensions of symplicial monogenics 
in all cases: for bivectors, for ^-vectors and for functions of the general Stiefel- 
type F{xi , A ^ 2 , . . . , Xi A . . . A x^) by simply using the chain rule; this leads to 
canonically defined over-determined elliptic systems on the space of multivectors. 
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5. CliflEbrd analysis on the space of bivectors 

We first consider the case M4, i.e. the Clifford algebra with generators ei, 62, 63, 64. 
This algebra is very important for applied mathematics, indeed, the 3 dimensional 
projective space EP^ corresponds to the manifold of rays 

4 

Ray(^) = {A;^ : A 7^ 0 , ^ ^ WjCj G ^ 7^ 0 }. 

The case tC4 7^ 0 corresponds to the 3 dimensional affine space and W4^ may then 
be chosen such that 1^4 = 1 . Next, let represent two points in RP^; then 

the line through these points is in fact the manifold of rays Ray(^), w = Xu-\~iJ.vE 
span{u, y} where span{^, u} is represented by the “homogeneous 2 -blade” A;u A y. 
So, a function on the manifold of lines in EP^ may be thought of as a function 
on the manifold of homogeneous 2-blades which is representable as an even (or 
odd) function on the Grassmannian ^( 4 , 2 ). The 3 D-X-ray-transform assigns to 
each function its integrals over lines in the 3 -space, hence it may be represented 
as a function on the variety of 2-blades and Clifford analysis may be applied to it. 
Note that the canonical basis for E4;2 is the set 



ei4, 624, ^34, 623, ^31 = “613, 612 



and every element X G E4;2 may be written into the form 

X = XjjCjj^ 



i<j 



from which it follows that 



X" = -X^4+ei234i^(X), 

i<j 



where 



K{X) = X14X23 + ^2^24^:31 + ^34^12 



is the so called Plucker polynomial. By Lemma 2 . 12 , it is clear that the equation 
K{X) = 0 is necessary and sufficient for AT to be a 2 -blade; the cone K{X) = 0 
of bivectors corresponds to the classical Klein quadric of projective geometry, 
which describes the manifold of lines in EP^ or CP^. It is not hard to see that for 
polynomials P{X) on C4.2 the following holds: 



Proposition 5.1. Let P{X) be a polynomial on £4.2- Then 

P{X)\x=.Ay = 0 if and only if P{X) = K{X)Q{X) 
for some polynomial Q{X). 



Proof. The irreducible polynomial K{X) generates a radical ideal so by the Hilbert 
Nullstellensatz, a polynomial vanishing on the 2 -blades belongs to that ideal, i.e. 
it is divisible by K{X). □ 
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On the space of polynomials on £ 452 , we may consider the Fischer-inner product 

{R{X),S{X)) = [R{dx)^S{X)]oix=o 

which is positive definite on the space of these polynomials and where denotes 
the Hermitian conjugate, while R{dx) is obtained replacing the variables Xij by 
the corresponding partial derivatives dxij • Then we have the following 

Theorem 5.2 (Fischer decomposition). Every polynomial R{X) on R 4;2 admits a 
unique decomposition of the form 

R{X) = P{X) + K{X)Q{X), 

where K{dx)P{X) = 0 and Q(X) is a suitable polynomial. 

Proof The above decomposition is in fact orthogonal with respect to the Fischer 
inner product. □ 

The answer to Problem 1 is obtained by considering the polynomial solutions (real 
or Clifford algebra valued) to the scalar quadratic equation (Pliicker PDF) 

K{dx)P{x) = + 434^, JP(X) = 0. 

Indeed, from the Fischer decomposition one immediately gets the following: 
Corollary 5.3. The restriction operator 

P{X)-^P{xAy) 

of polynomials to the variety of 2-blades is injective on the space of solutions of 
Pliicker PDE. 

We also have the following result, the proof of which does not depend on the 
dimension m = 4 considered: 

Theorem 5.4 (Higher order Hestenes-Sobczyk for plane waves). The operator dx 
coincides, up to a constant, with dx A dy when acting on the plane wave type 
polynomials (xAy,uAv)^. 

Proof Let us consider a plane wave polynomial {X,uAv}^ and the operator dx> 
Easy computations show that 

dx{X,uAvf = Y1 {X,uAy)’^ = k{X, uAy)’^-^uA y. 

Restricting to the variety of 2-blades we get 

dx{xAy,uAv)^ = k{xAy,uAv)^~^uAv. 

Let us consider now the operator dx A dy and its action on {xAy,uAv}^. Since 

dxAdy = -{dxdy — dydx) we will consider separately the action of dxdy and dydx- 
We have 

dy{x Ay,uA v)^ = k{x Ay,uA v)^~^ “ Xkej){ujVk — UkVj) 

j<k 
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dxdy{xAy,uAv)^ = k{xAy,uAy)^' -E 



-\-k{k - l){xAy,uAy)^' -ME ejVkiujVk - UkVj) E Xj6]^(^UjV}^ Uj^Vj^ I . 



Direct computations show that 



so that 



{xAy.uAy) = {x,u){y,y} - {x,y){y,u), 



dxdy{xAy^uAv)^ = kjuv — vu) {x Ay,u Av) 



H-fc(fc — \){xAy^uAy)^ ^ {{x^]^y— {x^y)u ) . 

Analogously, we have 

dydx{xAy,uAv)^ = k(vu - uv)(x Ay,u A v)^~^ 

+k{k — l)(x Ay^uA {{x^Il)v. ~ {x^v)il) ~ {yiU)v) • 

Putting together, we get 

dx/^dy{xAy,uAv)^ = k{xAy,uAy)^~^uAy 
k 

“ l)(^Ay,u A {{x,u)v- (x,v)u) A ({y,v)u- {y,u)y) = 
k 

k{xAy^uAy)^~^uAy- v)^~^((x,u)(y,;u) - {x,u){y,y))uAy = 

k 

k{x Ay,uA Ay_-\- -{k — l){x Ay,uA V A u, 

thus the statement is proved. □ 

Remark 5.5. Note that, as the Pliicker PDE is linear with constant coefficients, par- 
tial derivatives of sufficiently regular solutions are again solutions and so identities 
of the Hestenes-Sobczyk type are also available for the higher order derivatives. 

Next, let us study some canonical systems of Clifford-PDE on the space of 
bivectors M4;2. 

(i) the bivector derivative dx = Y^ ^ijdxij • This operator is not elliptic and also 
it is not a Dirac operator in the classical sense of leading to a factorization 
of the Laplace operator on = E4;2. In fact, note that 

dx = ^udxi 4 + ^ 24 ^X 24 + 6349^:34 — 61234(^145x23 + 6245^31 + 63453:^2) 

= (2 (1 ~ 6 i 234 ) 5 x + -(1 + 61234)5^)64 

where = eid^^ + 625^2 + e^dx^ and dy = eidy^ + e2dy^ + e^dy^ are 3 
dimensional Dirac operators. 

Hence noting that 61234 commutes with bivectors, it suffices to consider 
solutions of the form l{l-ei234)g{x,y)-{-^{l-\-ei234)h{x,y), with dxg{x,y) = 
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dyh{x,y) = 0. Needless to say that this system has many non-real analytic 
solutions so the system is certainly not elliptic. However we have the following 
result that allows us to say that dx behaves like a square root of the Laplacian 
(i.e. a Dirac operator) on the subspace of solutions to Pliicker PDE. 

Proposition 5.6. The operator dx becomes elliptic when we restrict to solutions 
f{X) which satisfy the Pliicker PDE K{dx)f{X) = 0. 

Proof In fact we have dx = -Ax + K{dx)ei 2 S 4 so that solutions of dxf{X) = 0 
which also satisfy the Pliicker PDE are harmonic, where defined. □ 

(ii) The above Dirac like system: dxf{X) = K{dx)f{X) = 0 is not the best 
possible choice to define a Dirac system on ^ 4 - 2 - Indeed, for j = 1, 2, 3, 4, the 
operators 

[ejdx]i = -\-dxej) 

behave like standard Dirac operators on suitable subspaces of R 4.2 and the 
sum of their squares is proportional to the 6-dimensional Laplacian while 
Yj^j[^j9x]i is proportional to dx itself. Hence the solutions to the overde- 
termined system 



[ejdx]if{X) = 0, i = l,2,3,4, 

also satisfy the 6-dimensional Laplacian as well as the bivector derivative 
dxf{X) = 0, so that they also satisfy the Pliicker PDE. Then, the solutions 
to this system, which is also Spin(m)-invariant under the representation s — > 
L{s) : f{X) — > sf{sXs)^ really have all the good properties and deserve to be 
called “monogenic functions on M 4 ; 2 ”. At this point, the following questions 
arise naturally: do there exist solutions to the above system? and what about 
their restrictions to the variety of 2-blades? The answer will be investigated 
for general spaces of bivectors Rm-, 2 - 

Let us come back to the problem of the characterization of 2-blades: for 
general m, we have the bivector variable X G Mm ;2 given by 

X = OijXij 

i<j 



having square 

i<j i<j<k<l 

where Kijki{X) are the special quadratic polynomials defined on M ^;2 which cor- 
respond to the higher dimensional Pliicker polynomials and which are related to 
the Grassmannian G(m, 2) (see [2]): Kijki{X) = xijXki — XikXje + xuXjk- In the 
sequel, let us call Pliicker variety the variety of 2-blades, i.e. the variety defined 
by the vanishing of Kijki{X) = 0. We have the following 




178 



Irene Sabadini and Frank Sommen 



Theorem 5.7. A polynomial P{X) on Cm ;2 vanishes on the Pliicker variety given by 
the equations Kijki{X) = 0^ if and only ifP{X) is of the form ^ Kijki{X)Qijki{X) 
for suitable polynomials Qijki{X). 

Proof The ideal I generated by the polynomials Kijki{X) is radical, see [2] or 
[21], so any function vanishing on the Pliicker variety must belong to I. □ 

Once again, it is natural to introduce the Fischer inner product by the above 
formula (similar to the case m = 4) and we have the 

Theorem 5.8 (Fischer decomposition). Every polynomial R{X) admits a unique 
decomposition of the form 

R{X) = P{X) + '£KiJkliX)Q^MX), 

where P{X) satisfies the Pliicker PDE: Kijki{dx)P{X) = 0. 

Again the proof follows by Fischer orthogonality. 

Remark 5.9. It is also clear that the generalization of Corollary 5.3 holds and the 
restriction operator to the variety of 2-blades: P{X) P{x A y) is injective on 
the space of solutions of the Pliicker PDE, and provides a solution to the Problem 
1. Moreover, the proof given in the case m = 4 about the higher order Hestenes- 
Sobczyk identification for plane waves 

dxP{X)-^Ckd,Adyf{xAy), 

has general validity since does not depend on the dimension m considered. 

Now, again, we may have a look for canonically defined operators on the 
general space of bivectors and first of all we mention: 

(i) The bivector derivative dxf{X) = '^^ij^Xijf{X) = 0, which is a rather 
complicated non-elliptic system on Rm; 2 - 

(ii) The combined system: dxf{X) = 0, Kijki{dx)f{X) = 0, i.e. solutions of 
the Pliicker PDE which also satisfy the bivector derivative. Solutions to this 
system satisfy the Laplace equation on Rm ;25 he. they are harmonic and so 
the above system is elliptic and could be called a generalized Dirac system. 

(iii) One could also consider simultaneous solutions of the systems 

dxfiX) = 0 [d^xUfiX) = '^eijkiKijki(dx)f{X) = 0, 

that are harmonic though they are not solutions of the Pliicker PDE. 

(iv) Like in the m = 4 case we may consider the “monogenicity conditions” 

[ejdx]if{X) = ^-{ejdx - dxe,)f{X) = 0, 

which also imply both equations Axf{X) = 0 and dxf{X) = 0; from this 
fact one readily obtains [d%Uf{x) = o. 

We have the following: 
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Theorem 5.10 (Chain rule). Let f{X) be a scalar valued function on part ofRrn-, 2 - 
Then for the restriction of f to the manifold of 2-blades we have that 

dxfixAy) = ^{ydx - dxy)f{X)\x=xAy 

Proof. Direct application of the chain rule leads to 

dxJi^ejkixjyk - Xkyj)) = ^dx,{xjyk - Xkyj)dxjJ(X) 

^Y.y>^dx,J{X)-Y,yjdx,J{X) 

where we restrict to X = x Ay. □ 

The above also holds for Clifford algebra- valued functions and so we have 

Corollary 5.11. Let f{X) satisfy the monogenicity conditions [ejdx]if{X) = 0. 
Then the restriction f{xAy) to the manifold of 2-blades is symplicial monogenic, 
i.e. d^f{xAy) = 0. 

We still do not know from this whether non trivial solutions to the mono- 
genicity conditions do exist; after all in the above result we have only considered 
these equations on the manifold of 2-blades. We have the following: 

Theorem 5.12. Let f{xAy) be polynomial symplicial monogenic, i.e. dxf{xAy) = 0. 
Then f admits a unique polynomial extension f{X), X G M ^;2 satisfying both the 
Pliicker PDE and the monogenicity conditions on Krn; 2 - 

Proof. We use the fact here that the space of homogeneous polynomial symplicial 
monogenics is spanned by the plane wave type functions {x A y,Ti A T 2 )^Ti A 
T 2 , (Ti,T 2 ) being a null 2- frame which admit the canonical extensions to Mrn ;2 • 
(X, Ti A T 2 )^Ti A T 2 . Now for any holomorphic function we have that 



[ejdx]ih{{X,Ti AT2)) = [e,(Ti AT2 )]i/i'((X,Ti AT2)) 



while also 



[e,(TiAT2)]i(TiAT2) = 0. 

The monogenicity conditions easily follow from this, while, having to do with 
functions of the plane wave variable (X, Ti AT 2 ) , one also has the Pliicker PDE. □ 

Remark 5.13. One may state that the monogenicity combined with the Pliicker 
PDE leads to equations for symplicial monogenics on the bivector space. We only 
gave the proof for polynomials but the above property is expected to be valid in 
general. We also expect the Pliicker PDE to follow from monogenicity. 




180 



Irene Sabadini and Prank Sommen 



6. Clifford analysis on the space of ^-vectors 

Also in the case of an ^-vector variable, i < mjl^ X — Xi — 
one can find quadratic polynomial equations for the manifold of ^-blades X = 
A . . . A given by the Plucker polynomials. An elegant description of this 
manifold in simple Clifford algebra terms is still to be found. But in any case one 
can do the following. 

Let I be the ideal of polynomials T{X) for which T(xi A . . . A =0 and 
introduce the Fischer inner product by 

{S{X),R{X)) = [S{dx)+R{X)]oiix=o), 
then we have the following: 

Theorem 6.1 (Fischer decomposition). Every polynomial R{X) admits a unique 
orthogonal decomposition of the form R{X) = P{X) -\-S{X), whereby S{xi A. . .A 
x^) = 0, i.e. S e I and P{X) satisfies the Plucker PDE 

T{dx)^P{X) = 0 



for any Plucker polynomial T. 

In any case, a polynomial satisfying the Plucker PDE is fully determined by 
its restriction to the manifold of blades and any restriction to this manifold of a 
homogeneous polynomial of degree k is also the restriction of a unique polynomial 
satisfying the Plucker PDE. We conjecture that a higher order Hestenes-Sobczyk 
for plane waves holds also in this case. More in general, we formulate the following 
conjecture that generalizes the result to homogenous polynomials solutions of the 
Plucker PDE: 

Conjecture 6.2 (Higher order Hestenes-Sobczyk). There exists a constant C (de- 
pending on £ and k ) such that for any homogeneous polynomial solution of degree 
k of the Plucker PDE, the restriction ofdxP{X) to the manifold of blades is given 
by the symplicial derivative Cdx^ A . . . A dx^P[xi A ... A x^). 

Remark 6.3. Like in the case for bivectors, it may be verified by direct computation 
that a generalized Hestenes-Sobczyk relation is valid for plane wave functions 
(X, A . . . A UiY. The verification is more complicated but requires no new ideas 
so it is left to the reader. 

Next, let us consider special PDE defined for functions of a ^-vector variable. 

(i) The fundamental operator is the ^-vector derivative dx = . 

it is in general not elliptic. 

(ii) Let dx be the ^-vector derivative and let T be a fixed s-vector; then one may 
consider the Clifford product Y dx which admits a multivector decomposition 
of the form 

Ydx = [Ydx]£^s + [Ydx]e-\-s-2 + • • • + [Ydx]\e-s\’ 
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Each of these terms is an interesting operator and one may consider systems 
consisting of such operators where the s-vector varies over the space of s- 
vectors or over a submanifold. In particular, when Y varies over the space of 
all s- vectors, it suffices to consider Y e {e a : AcM, |A| = s}. 

(iii) The so called “monogenic system” corresponds to the special case s = i-1, 
i.e. it consists of the collection of operators [eh^,..be^i J2^ai...ae = 

8b-x and the equations ds-xf = 0 are called “monogenicity conditions” as 
before. 

We also have the following: 



Theorem 6.4 (Chain rule). Let f be a scalar function defined on an open subset 
of the space of t-vectors Rrn;i- Then for the restriction to the manifold of i-blades 
we have the formula 

dj{x A Ml A ... A u^_i) = ±[mi A ... A Mf-i5x]i/(^)|x=xA«,A...A«,_i • 
Proof. Applying the chain rule we have that 

. f (— Ml • A M^-l) — ^ ^ 9xy^f{X)^x=xAu^A...Au^_^ 



^ )CfXAJ[^)\X=xAu^A...Au^ 



{dx , Cj A A . . . A i)/(A')|x=xau^ A...A u^ 
so that for scalar functions: 



dxf{x AUi A . . . A u^) = E ej{ej ^u^ A . . . Au^_^,dx)f{X)\x 

and for any vector Y one has that 

(e^ AMi a . . . Am^_i,E) = ±[ejMi . . .Uf_iE]o = ±(ej, [Mi • • -M£-iE]i) 
from which one obtains that 

'Y^ej{ej Au^ A . . . Au^_i,dx) = ±[Mi • • • = ±[Mi A... Au^-i^x] 

leading to the required identity. □ 



The above identity of course also remains true for Clifford algebra valued 
functions and in particular we have the following: 

Corollary 6.5. Suppose that f{X) satisfies the monogenicity conditions; then the 
restriction f{xi A . . . Ax^) of f to the manifold of blades is symplicial monogenic. 

Conversely, at least for homogeneous polynomials we have: 

Theorem 6.6. Let P{xi A . . . A x^) be symplicial monogenic of degree k; then P 
admits a (of course unique) extension P{X) to the space ofi-vectors satisfying the 
Pliicker PDE together with the monogenicity conditions. 
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Proof, The proof is again based on the main result in [36] which states that the 
space of symplicial monogenics of the above type is spanned by the maximal vectors 
i.e. by the plane waves of the form A ... A Ti A . . . A Ti)^Ti A ... A where 
(Ti, . . . ,T^) is an ^-nullframe, i.e. TiTj = —TjTi for all i, j = 1, . . . ,^ examples of 
which are the Witt basis vectors 2Tj = e 2 j-i - For such solutions to exist we 
must have that 2i < m. The extension of this to the space of ^-vectors given by 
{X, Ti A . . . A T^)^Ti A . . . A clearly satisfies the Pliicker PDF whereas for the 
monogenicity conditions we find that 

A ... A Ti)^T\ A ... A 

= A . . . A T^]i(X, Ti A . . . A A ... A 



and straightforward verification shows that for any subset B of M with cardinality 

^- 1 , 

[e^Ti . . . T^jiTi . . . = 0. 



□ 



It remains to be verified also in this case that the monogenicity conditions 
are strong enough to imply the Pliicker PDF. In spite of many problems that still 
remain to be considered it is clear from the above that the most important system 
of equations is obtained simply by the application of the chain rule along the 
manifold of ^-blades. The space of ^-vectors allows the consideration of many more 
canonical submanifolds and differential operators defined for them. For example, 
let X be an ^-vector variable and let Y be an s- vector variable; then the manifold 
of {£ + s)-vectors of the simple form X A T is a special submanifold of the space 
of all {£ + s)-vectors and one can investigate in which cases one has higher order 
Hestenes-Sobczyk: dwf{W) Cdx A dyf{X A T) for VF ^ X A T. In particular 
one may consider chain rules of the form 

dxf{X AT) - C[Ydw]ef{W)\w=XAY 
and consider several interesting operators and problems. 



7. The case of Stiefel manifolds 

More general than considering functions on the vector space Rm-i, one may 
consider functions /(Xi,X 2 , . . . ,X^), 2£ < m of multivector variables Xj G Rm-j 
and investigate necessary and sufficient conditions (in case / is a polynomial) for 
this function / to be determined by the restriction to the “homogeneous Stiefel 
manifold” given by the restriction to the case 

Xi — ^2 = A X2, . . . , X^ = x^ A . . . A X£. 

Let us point out, though we are not going to discuss this matter in this paper, 
that using the Fischer inner product, this again leads to Pliicker PDF. It is also 
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clear that the good candidate for the monogenicity system consists of the totality 
of operators of the form 

[eBdxj]i, BcM, |5|=ji -l and j = 1, . . . 

Moreover, we also have the chain rule (which follows from the previous ones) valid 
for all scalar functions 

dxfi^iXAUi, . . . ^xAUi A ... A 
e 

^ ^ ^[—1 A ... A • • • 7 ^^)\Xj=xAu^A...AUj_^ • 

Again the above also holds for Clifford algebra- valued material and the validity of 
the monogenicity equations for a functions /(Ai, . . . , A^) readily entails that the 
restriction to the Stiefel manifold /(x, x A , . . . , x A A . . . A u ^_ ^ ) is symplicial 
monogenic. Conversely, in the case of homogeneous symplicial monogenics of de- 
gree (fci, . . . ,ke) we may extend the function /(x,x Ai/^, . . . ^xAu^ A . . . Au^_^) in 
a unique way to a function /(Ai, . . . , Xf) satisfying all the Pliicker PDE together 
with all monogenicity conditions. In the case of plane wave solutions 

{x, (x A Ml, Ti A T2)'=^ . . . (x a Ml a . . . a m^_i, Ti a . . . a A ... A 

(Ti, . . . , Ti) being an ^-nullframe, this extension is given by 

(Xi, Ti)'=' {X2,n A Ti A . . . A T,)'=^Ti A ... A 

and these plane wave functions span the space of all symplicial monogenics (see 
[ 36 ]). 
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Universal Bochner-Weitzenbock Formulas 
for Hyper-Kahlerian Gradients 

Yasushi Homma 



Abstract. Hyper-Kahlerian gradients on hyper-Kahler manifolds are first-or- 
der differential operators naturally defined by hyper-Kahler structure. We 
show that the principal symbols of hyper-Kahlerian gradients are related to 
the enveloping algebra and Casimir elements of the symplectic group. In par- 
ticular, we give universal Bochner-Weitzenbock formulas which are certain 
relations in the enveloping algebra. From the formulas, we construct Bochner- 
Weitzenbock formulas for hyper-Kahlerian gradients. 

Mathematics Subject Classification (2000). 58J60, 17B35, 53C26. 

Keywords. Gradients, Bochner-Weitzenbock formulas, 5p(n)-modules, Casi- 
mir elements. 



1. Introduction 

Let {M,g,I,J,K) be a real 4n-dimensional hyper-Kahler manifold. The hyper- 
Kahler structure gives a reduction of the frame bundle with the Levi-Civita con- 
nection. We denote the principal 5p(n)-bundle on M by Sp(M). Considering an 
irreducible unitary representation (7Tp, Vp) of Sp{n) with highest weight p, we have 
a Hermitian vector bundle Sp := Sp(M) XpUp. The Levi-Civita connection induces 
a covariant derivative V on Sp, 

V : T{Sp) ^ r(Sp ® (A^’°(M) 0 A^’\M))). 

Here, and are the (1,0)- and the (0, l)-cotangent bundles with 

respect to the complex structure I. Since both Sp and A^’^(M) are associated 
bundles to Sp(M), we decompose the tensor bundle Sp (g) A^’^(M) into the sum of 
irreducible bundles, Sp (g) A^’°(M) = Then we have a first-order differential 

operator as a component of the (1, 0)-covariant derivative V^’^, 

D , : r(Sp) ^ r(Sp ® Ai-O(M)) ^ r(S,), 
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where 11,^ is the orthogonal projection from Sp(g)A^’^(M) onto Sjy. Since there is a 
real or quaternionic structure 3 on each associated vector bundle, we twist Dj^ by 
3 and have another first-order differential operator 3^i/3~^ • r(Sp) ^ (see 

Section 4). In fact, we know that 3^i/3~^ is a component of V^’^. We call these 
operators hyper- Kdhlerian gradients on M. 

A usual gradient is a first-order differential operator as a component of co- 
variant derivative on a Riemannian or spin manifold. In recent research for gra- 
dients by Thomas Branson et ah, we know that gradients have importance and 
many applications in geometry and analysis (see [1], [2], [3], [4], [6], [8], and a 
series of papers about gradients by T. Branson). In fact, many geometric first- 
order differential operators are gradients: the Dirac operator, the twistor operator, 
the exterior derivative, the interior derivative, the conformal Killing operator, the 
Rarita-Schwinger operator, and so on. Since gradients are defined through fiber- 
wise orthogonal projections, their principal symbols are related to representation 
theory for the special orthogonal group SO{n) or the spin group Spin{n) [1], [4], 
[8]. It is natural to change the group of symmetry, S'O(n), to other Lie groups. For 
the case of the unitary group t/(n), the author has discussed Kahlerian gradients 
on Kahler manifolds and given some applications to Kahler geometry [7]. In this 
paper, we discuss the case of the symplectic group Sp{n), that is, hyper-Kahlerian 
gradients on hyper-Kahler manifolds. 

Our main purpose is to construct Bochner-Weitzenbock formulas for hyper- 
Kahlerian gradients. From the definition of them, we can show that 

^ = (i.i) 



Then our task is to find out independent vectors ({a,y}iy, as 

many as possible such that 

+ b^ZDlD^Z~^ + CyZDlZ~^Dy -h d^DlZDyZ~^ = curvature action. 

(1.2) 

We call these identities (1.1) and (1.2) Bochner-Weitzenbock formulas or Bochner 
identities. These formulas are useful to make vanishing theorems and eigenvalue 
estimates [2], [7], [10], [11]. The equation (1.2) means that the principal symbol of 
the operator on the left vanishes. In other words, there are certain relations among 
principal symbols of hyper-Kahlerian gradients such as the Clifford relation. Our 
plan to construct Bochner- Weitzenbdck formulas is as follows: 

1. We relate the principal symbols to the (universal) enveloping algebra 
?7(5p(n,C)) of Sp{n). 

2. We find out certain relations on /7(sp(n,C)) through study of Casimir ele- 
ments. 

3. The relations give desired algebraic relations for the principal symbols. Fur- 
thermore, they also give some identities for Casimir elements. 
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As a result, we know that there is a correspondence between identities for Casimir 
elements of Sp{n) and Bochner-Weitzenbock formulas for hyper-Kahlerian gradi- 
ents. 

This paper is organized as follows: In Section 2, we give a review to rep- 
resentation theory for symplectic groups. In Section 3, we introduce Clifford ho- 
momorphisms on S'p(n)-modules as a generalization of CliflFord multiplication on 
spinor spaces. We relate them to the enveloping algebra of Sp{n). Through study of 
Casimir elements, we find out the universal Bochner-Weitzenbock formulas, which 
induce not only identities for Casimir elements but also relations for Clifford homo- 
morphisms. In Section 4, we define hyper-Hermitian gradients on hyper-Hermitian 
manifolds and prove their conformal covariance. In the last section, by using the 
universal Bochner-Weitzenbock formulas, we give Bochner-Weitzenbock formulas 
for hyper-Kahlerian gradients on hyper-Kahler manifolds. 



2. Representation Theory for Symplectic Groups 

Let W be a real 4n-dimensional vector space with an inner product g. We call 
{I,J,K) a hyper-Hermitian structure on (W^g) if /, J and K are complex struc- 
tures on W such that IJ = —JI = K and g{Ix, ly) = g{Jx^ Jy) = ^(x, y) for any 
X, y in W. In other words, W is a quaternionic vector space with a compatible 
inner product g. 

We consider the complexification of W, W C, and extend /, J, K and g 
complex linearly on W(8)C. The complex vector space W0C splits into the direct 
sum of and with respect to I. These vector spaces have Hermitian inner 
products given by (u,v) := g(u^v)^ where v is complex conjugate of v. Another 
complex structure J gives a complex-linear map J : because of 

JI = -IJ. Then has an anti-linear map 3 : 3 J{u) G such 

that 3^ = —1 and (3t^,3^) = (v,u). This means that has a quaternionic 
structure 3 compatible with Hermitian inner product. The space also has 
such a structure. Moreover and have complex symplectic structures. In 
fact. 



v) := {g{Ju, v) -h yf^g{Ku, v))/2, v) {g{Ju, v) - \/^g{Ku, v))/2 



are complex symplectic forms on and respectively. 

On a hyper-Hermitian vector space (W, /, J, iT), we choose an orthonormal 

basis {e/c, Je/c, Jcfc, 



^—k •— 

'•= ~7^{^k + V-^I^k)^ ^-k • 






V2 



i^Jek ‘s/ T/i/e/c), 
(^Jek H~ fl J e^k ) 5 
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for k = These vectors constitute unitary bases of and 

{ea}a=±i of such that 

3(€c) = sign(a)e_c, 3(^a) = sign(a)e_c,, 

= sign(a)(S_a/3, e/ 3 ) = sign(a)5_c,/3, 

where sign(a) is the sign of a, 



sign(a) 



1 for a > 0, 
-1 for a < 0. 



The symplectic group Sp{n) is a group of automorphisms on W preserving 
hyper-Hermitian structure, 

Sp{n) := {A G SO{W) \ AI = I A, AJ = JA, KA = AK}. 

This group is also realized on as 

Sp{n) = {t4 G U{W^^^) I {Au, Av) = for u and v in 

= {AeU{W^^^)\UZ~^ =A}. 

The complexification Sp{n,C) of Sp{n) is called the complex symplectic group, 
which preserves on 

Sp{n,C) = {A G GLc{W^'^) I {Au, Av) = for u and v in 

There are matrix representations of the Lie algebra 5p{n) and 5p(n,C) with our 
unitary basis {cc^ja, 

sp(n) = { (^Ab* fj \A + A* = 0,^B = B}, 

spin, C) = { (^ 1 ‘C = C, ‘B = B}. 

Then we define canonical elements of sp(n,C) by 

^a /3 := 6a ® e; - sign(a/3)e_^ ® el„ in ® = EndCW^^’O) (2.1) 

for a^l3 = ±1, . . . , ±n. Here, the basis of 5p(n, C) is {xap\ot + /? > 0}. 

Lemma 2.1. 1. The Lie algebra 5p(n,C) is spanned by {xap}a^^=±i 'ixith rela- 

tions 

Xa(5 = -sign(o;/3)x_/3_c,, 

[^a/3? — ^(SyiXav “h sign(o;/3) 

2. The natural representation o/sp(n,C) on is given by 
Xa(3ey = 5f3j,€a + sign{iyf3)5-au^-.p. 



Proof. By direct calculations. 



□ 
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We shall discuss representations of Sp{n) or Sp{n^C). Let F be a finite di- 
mensional irreducible unitary 5p(n)-module. We choose f) := span]j^{A/^x/j;fc|l < 
fc < n} as a maximal abelian subalgebra of sp{n). Then we decompose V into si- 
multaneous eigenspaces called weight spaces with respect to [) and have the highest 
weight p = (p\ . . . in weights for V. Here, p^ is the eigenvalue of This 
highest weight p satisfies the dominant integral condition^ 

/9 = (p\ . . . ,p") e Z", > • • • > /9” > 0. 

Conversely, for a dominant integral weight p, we have a unique irreducible unitary 
S'p(n)-module with highest weight p up to equivalence. Thus, all the irreducible 
unitary 5p(n)-modules are parametrized by dominant integral weights. So, we 
denote by (np^Vp) an irreducible unitary representation of Sp{n) with highest 
weight p. For example, the natural representation of Sp{n) on has highest 
weight Pi := (1,0,..., 0). 

A significant feature common to irreducible S'p(n)-modules is that there 
is a real or quaternionic structure compatible with the action of Sp{n). A real 
(resp. quaternionic) structure on complex vector space V is said to be an anti- 
linear automorphism Z ‘ V ^ V with 3^ = 1 (resp. 3^ = -1). We shall ex- 
plain this feature refering to [5]. Let {np,Vp) be as above. Considering the con- 
tragradient representation tt* on dual space we know that the weights are 
{—A I A is weight of (tt^, Vp)} and the lowest one is -p. But, we can move this 
lowest weight — p to p by the Weyl group of Sp{n). Thus, the highest weight of 
(tt*, Vp) is also p and there is a S'p(n)-isomorphism Vp ~ V*. Now, we consider a 
vector space of the S'p(n)-invariant bilinear forms on Vp^ that is, Hom^p(^)(Vp, V^*). 
It follows from Schur’s lemma that Hom 5 p(^)(Vp, is a one-dimensional com- 
plex vector space. Then we take a non-zero *Sp(n)-invariant bilinear form fi on 
Vp, which is non-degenerate because of irreducibility of Vp. We define a symmet- 
ric form and a symplectic form by fl±(0, ib As 

dimHom 5 p(^)(Vp, Fp*) is one, we have either = 0 or fl_ = 0. Thus, there is a 
unique non-degenerate symmetric or symplectic form on Vp up to a scalar multiple. 
On the other hands, there is a 5p(n)-isomorphism Vp ~ V* because of unitarity. 
Here, {itp, Vp) is the complex conjugate representation of {iTp, Vp). As a result, we 
have an isomorphism Vp V* Vp as S'p(n)-modules. Normalizing the symmet- 
ric or symplectic form we have a unique S'p(n)-invariant real or quaternionic 
structure Z "Vp ^ Vp such that (30,3'^) = (p) for any (p and ^p in Vp. 

Proposition 2.2. On an irreducible unitary Sp{n) -module Vp, there is a unique 
Sp{n) -invariant real or quaternionic structure 3 such that (30, 3V^) = (0?0) for 
any (p and 'ip inVp. Furthermore, if the highest weight p satisfies that Ylk=i 
even (resp. odd), thenZ is real (resp. quaternionic). 

Proof. It remains to show that Yh P^ is even (resp. odd) iff 3 is real (resp. quater- 
nionic). We consider the natural S'p(n)-module with S'p(n)-invariant quater- 
nionic structure 3- The tensor product module has a real structure (8)^^3, 
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and has a quaternionic structure Each irreducible Sp{n)-mod- 

ule Vp can be realized as a component of or In particular, Vp 

is in (g)^^ if and only if ^ is even. Thus, we have proved the proposition. □ 



3. Casimir Elements and Universal Bochner-Weitzenbock Formulas 

We introduce the enveloping algebra and Casimir elements of the Lie algebra 
5p(n,C). Let be a basis of 5p(n,C). The enveloping algebra U{sp{n,C)) 

is an associative algebra over C such that basis is • • • {Xs)^^\ki > 0} and 

relations are XiXj - XjXi = [Xi, Xj] for ij = 1, .... s. We denote by 3 the center 
of [/(sp(n,C)), which is characterized as the invariant sub-algebra of (7(5p(n,C)) 
under the adjoint action of 5p(n,C). We call elements in 3 Casimir elements. 

We shall construct generators of 3 - Let {xa (3 | o;,/3 = ±l,...,ibn} be the 
canonical elements of 5 p(n, C) defined in (2.1). For each non-negative integer q, we 
define an element in C/(Bp(n,C)) by 

q I Sai,a 2 v,o:q-i=±lv,±^ ^aai^aias ' ‘ ' ^aq-i/3 ^ > 1? 

■ Pa/3 Q = 0. 

It is easy to show that these elements satisfy 

[x^u., xli^] = Sauxlf} - + sign{^J.l^){6-^0xl_^ - S^^cxl^p). 

It follows that Cq := J2a invariant element under the adjoint action of 

5 p(n, C), namely, a Casimir element. The following fact for these Casimir elements 
has been known [13], [14], [15]. 

Proposition 3.1. The Casimir elements {c 2 ,C 4 , . . . ,C 2 n} generate the center 3 cil- 
gebraically. In particular, the Casimir elements with odd degree are polynomials in 

{C2, C 4 , . . . , C2n}* 

A nice method of calculating eigenvalue of Cq on Vp has been shown in [14]. 
The idea is to use projection operators from Vp (g onto irreducible com- 
ponents. The projection operators give homomorphisms among 5p(n)-modules, 
which are just principal symbols of hyper-Kahlerian gradients. We call these ho- 
momorphisms Clijford homomorphisms. Let us clarify the relationship between 
Clifford homomorphisms and Casimir elements, and calculate the eigenvalues of 

Cq. 

Let Vp be an irreducible unitary S'p(n)-module with real or quaternionic 
structure 3 such that (30,3^) = We consider the natural representation 

(tt^i , and the tensor product representation (tt^ (g , Vp (g It follows 

from a decomposition formula (see [14] or Chapter 7 in [5]) that highest weights 
of irreducible components in Yp (g are 

{p 1 ^ 1,1 p -h p^u is dominant integral, u = ±1, . . . , ±n}. 
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where we set 

k — 1 n—k 

and li-k —l^k for fc = 1, . . . , n. Define {0} for p+fiy without dominant 

integral condition, and we can describe the irreducible decomposition as follows: 

© W= © W®W- 

i^=±l,...,±n k=l,...,n 

We adopt a Hermitian inner product and a real or quaternionic structure on each 
component induced by the ones on Note that each component 

has a real (resp. quaternionic) structure if Vp has a quaternionic (resp. real) one. 

Definition 3.2. We define a linear mapping Pu{u) : Vp Vp-^^^ for u in by 

xVp3 {u,(f) ■- II^((/m8)u) e Vp+p^, 

where 11,^ is the orthogonal projection from Vp © onto Vpj^p^. We denote by 

Pv{uY the adjoint of py{u) with respect to inner products on Vp and Vpj^^^. By 

using real or quaternionic structures, we have other linear mappings 

ZPu{u)Z-^ : Vp^p^, ZPum~^ : Vp^p^ ^ Vp. 

We call these linear mappings p^iu), Py{uY , ZPu{u)Z~^, and 3pi.(u)*3“^ Clifford 
homomorphisms. 

The following lemma is useful. 



Lemma 3.3. The Clifford homomorphisms satisfy 

2Pi.{u)2~^ = Piy{Zu), ^Pi,(uYZ~^ = Piy(3uY, 

(Zpi.(u)3~^)* =3p^(u)*Z~\ ZZpu(u)Z~^Z~^ = -Pu{u). 

Now, we can relate the Clifford homomorphisms to the enveloping algebra 
and Casimir elements of 5p(n, C). 



Proposition 3.4. We assign a constant to each component Vp-^/^^ , 



w+k :=-(/- fc + 1) for Vp+p, , 

w_fc := / - fc + 2n + 1 for Vp+p_^ = Vp-p^ . 



We call this constant the conformal weight associated to p and p-\- Then, 
we have the following: 



1 . 



PA^aYpA^oc) 

a=±l,...,±n 



dim Vp+p^ 
dimFp 



(3.3) 



Here, {ca}a is a unitary basis o/W^’^. 
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2. For q = 0,1,. . 

Y w^’P<^(ea)X(e/3) = sign(a/3)7Tp(a;l^_^), (3.4) 

Y K^PA^a)*PA^l3)T^ ==T^p{^li3), (3-5) 

i'=±l,...,±n 

w«5Pi.(ea)*3“Vi^(e/3) = -sign(^)7rp(a:^_^), (3.6) 

i'=±l,...,±n 

'^tPA^c)*3Pu{^0)Z~'^ = ~sign{a)np{x1^l^). (3.7) 

3. The eigenvalue of the Casimir element Cq on Vp is 

7Tp(cg) = np{J2<a) = Y < dimVp+p,. (3.8) 

a ^ iy=dtl,...,:tn 



Proof. We can prove this proposition with a method given in [7], [8]. So, we give 
an outline of the proof. First, since Clifford homomorphisms are defined by the 
orthogonal projection Uj^ :Vp<^ ^ 

6haVp+p^ = trace(n^) = dimV), x 'Y^Pv{<^a)* pA^o) ■ 

a 

Then we have proved (3.3). Next, since the inner product on Vp^p^ is given along 
the tensor inner product on Vp (?) we show that 

'Y^Pu{^a)*Pv{i0) = (e„, €0) = 6a0. (3.9) 

V 

Let C 2 := be the second Casimir element. This Casimir element acts on 

Vp as 7Tp(c2) = 2(||(5 + pf - ||(S|p)id, where Upf is ELi(P*')^ and 5 = (n,n- 
!,...,!) is half sum of the positive roots of sp(n, C). We define an operator C on 
Vp ® by 

C := {(7Tp ® TTp J(C2) - id 0 TTpj (C 2 ) - 7Tp(c2) 0 id}/4 = 1/2 ^ T^piXap) ® {X0a)- 

This operator acts on irreducible component C Vp <S> as constant 

multiple —Wiyid, where 

—Wy = (||(5 + p + Pi/|P — \\S + pII^ — 2n — l)/2. 

Then we have 

X] -WuPi^{^a)4> = (^(^ 0 Ca) = 1/2 ^ '^p{x0v)<i> ® pi {Xu0)ia 

V 

= -sign(a/3) ^ Ttp{x^0-a)4> <8> C/3 
0 

= Y®^Sn(a^)p^(e/3)7rp(x_/3_c)<^), 

0 
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for </) (8) ec, in Vp (8) Thus we get 

w^p^iea) = '^sign{af3)py{e0)TTp{x-i3-a)- (3.10) 

0 

We use this relation g-times and (3.9). Then we have (3.4). For other cases (3.5)- 
(3.7), we use 2{^a) = sign(o;)e_c, and (3.1). Taking the trace in (3.4), we have the 
eigenvalue of Cq on Vp as (3.8). □ 

We consider the equation (3.4) for g = 0, 1, . . . , 2n - 1. Since the confor- 
mal weights {wi^}f2±i different from each other, the Clifford homomorphism 
Pui^aYPui^^) Is realized as a linear combination of {7Tp(x^^_^)}p^Q^. Therefore, 
if there exist relations for 5 then we have relations among Clifford ho- 

momorphisms. In fact. Proposition 3.1 suggests the existence of such relations. In 
the rest of this section, we search explicit relations among {x^^}p>o and {cg}q>o. 
The point is that we try to exchange indices a and (3 of To make calculations 
easy, we define translated elements in U{sp{n^C)) by 

^a(3 ^af3 4“ l/2)<^o;/3. 



and 






A<? 

■ \s, 






aj3 

where we remark that 



3^aa±3^aia2 * * • 3^0Lq-\(3 ^ ^ I5 

g = 0, 



p=0 



«/3=E !)(— V2)-X/3- 



The translated elements satisfy 



Xap = -sign{a(3)x^i3-a - (2n + 1)(5 q/3, (3.11) 

[Xpu, xl^] = 5aa,xl^ ~ + sign(H(^-i'/3^L/. “ ^-naX^L^p), (3.12) 

= (3-13) 



We state the main theorem. 



Theorem 3.5 (universal Bochner-Weitzenbock formulas). The translated element 
^a/3 represented as a linear combination of whose coejficients are 

Casimir elements, 



*a/3 = sign(a/3){(-l)«xl^_„ - - — 



q-1 



p=0 



2 



(3.14) 
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Taking the trace in the above equation, we have identities among Casimir elements 

{^P 



2q 

2C2g+l = ~C2q ~ ^ ^ (~l)^^2g— 

p=0 



(3.15) 



for q = 0 , 1 ,.... 

Proof. It follows from (3.12) and (3.13) that 

~ ^ ^ ~ ^ — (2n + l)x^p — SfxfjCq sign(o!/3)i 

y y 

Substituting (3.11) into this equation, we have 

= ~^oc0Cq - sign{a0)x'Lp_^ - ^sign(i/a)x^^s_i,_a. (3.16) 

y 

This equation means that is a linear combination of whose coef- 

ficients are Casimir elements given inductively. Then we set 

q 

■= -sign(a^)^ aq,p(c)x^^_^ 

p=0 

for g > 0, where {dq,p{c)}q>p>o are polynomials in Casimir elements {cq,ci, . . .}. 
Substituting this into (3.16), we obtain a recursion formula of {dq,p{c)}q>p>o, 



<^q+l,p(c) 



< 



—a 

—a 

—a 



q,qi^) 


for p = g + 1, 


q,q-l{^) + 1 


for p = q, 


q,p-l(c) 


for 1 < p < g — 1 




for p = 0. 



Here, ao,o(c) = -1, ai,o(c) = 2n + 1 = cq + 1, ai,i(c) = 1. We solve this recursion 
formula and have (3.14). If we take the trace of (3.14) for the case that q is even, 
then we have trivial identities. When q is odd, we have (3.15). □ 



Since this theorem induces Bochner-Weitzenbock formulas for hyper-Kahler- 
ian gradients in Section 5, we call the equations (3.14) the universal Bochner- 
Weitzenbock formulas. 

We shall apply the universal Bochner-Weitzenbock formulas to constructing 
relations among Clifford homomorphisms. The next lemma follows from Proposi- 
tion 3.4. 
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Lemma 3.6. We define the translated conformal weight by Wi^ := Wj^-{n-\-l/2). 
Then we have 



Tj Pu{^a)*Pu{^) = sign(a^)7Tp(il„_^), 






y] wlZpAia)*Pv{e(})Z =T^p{xlp), 






wlZPv{^a)*Z Vi^(e/3) = -sign(^)7Tp(i^ 



i/=±l,...,±n 



Y2, KpA^oc)*ZpA^I3)Z ^ = -sign(a)7rp(il„^), 



i^=±l,.--,±n 






dimK 



Y2 wl dimFp+p^. 






Prom the universal Bochner-Weitzenbock formulas (3.14) and the equations 
(3.17), we have identities for Clifford homomorphisms, 






i-(-i)^ 



+ f {Pv{u)*pAu) + ZpAuYpi,{u)Z ^) = 0 (3.18) 

p=0 J 

for ^ = 1, 2, . . . and any u in We shall detect independent identities in (3.18). 
For s > 0, we consider (3.18) for g = 1, ... ,2s. We represent the coefficients of 
{Piy{u)*Piy{u) dPiy{u)*Piy{u)Z~^}iy by a 2s X 2n matrix C{s) • W(s), where C{s) 
is a 2s X 2s matrix, 

/7Tp(co) + l 2 0 0 0 \ 

7Tp(Ci) -7Tp(co) 0 0 0 

7Tp(c2) -7rp(ci) 7Tp(co) + 1 2 0 ... 0 

C(s) := 7Tp(C3) -7Tp(c2) 7Tp(ci) -7Tp(co) 0 ... 0 



■^p(co) > 



and W(s) is a 2s x 2n matrix. 



W—n 

M^(s) := {W-nY {W-n+lY 
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Because 7Tp(co) = 2n and 7Tp(ci) = — n(2n + 1), we should consider only the even 
cases in (3.18), that is, 

2q-l 

Y = 0 (3.19) 

I' p=0 

for q = 1, . . . , s. There is a possibility that these identities are still linear dependent. 
To simplify a discussion, we assume that the number of irreducible components in 
Vp (8) is 2n. In (3.19), the coefficients of {pj,{uYpi,{u) 2Pu{uyPi,{u)Z~^}jy 
are represented by a s x 2n matrix D{s) • VK(s), where D{s) is a s x 2s matrix, 

^'^p{ci) -7Tp(co) 0 0 0 0 ) 

D(^sy- ^p(^3) -7Tp(C2) 7Tp(ci) -7Tp{co) 0 ... 0 0 

\ ^p(ci) -Trp(co)/ 

Since the rank of W{s) is 2n and the rank of D{s) is s, we have 

2n - s < rank(Z)(s) • W{s)) < min{s,2n}. 

In particular, the rank of D{n) • W{n) is just n. Thus there are at least n inde- 
pendent identities in (3.19). In general, if the number of irreducible components 
in Vp (8) is TV, 

N = ^{p + pjy\ p is dominant integral, u = ±1, . . . , ±n} < 2n, 

then we show that there are at least [N/2] independent identities in (3.19). 

On the other hand, from (3.14) and (3.17), we also have 

^ |(i + i-ir)wi - 
1/ ^ 

q-l 

p=0 

for q = 0, 1, In a similar discussion, we know that there are at least 

independent identities in the above. We can also have some independent identities 
for {Zpy{uy2~^Pu{u)}u and {pi.(ix)*3pi.(w)3“^}iy 

Proposition 3.7. Let Vp be an irreducible unitary Sp{n) -module such that the num- 
ber of irreducible components in Vp (8) is N. We consider the Clifford homo- 
morphisms {Piy,pt,ZPiy2~^ where we set py = 0 unless p + py is 
dominant integral. Then we have the following independent identities among the 
Clifford homomorphisms. 

1. 

^Pu{u)*Pi.{u) = {U,U). 



I - dPi^iu)*Puiu)3 ^) = 0, 
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2. Forq = l,...,[N/2], 

2q-l 

DE {-lfTrp{c2g-i-p)wP}{p^{u)*p^{u) + = 0- 

ly p=0 

3. Forq = 0,l,...,[^]-1, 

2q-l 

^ (-l)^^p(C2q-l-p)w^}(Pi/(n)*p^(w) - ZPu{u)*Pu{u)T^) = 0, 

p=0 

2q-l 

^ (-l)''7rp(c2q-l_p)w^}3p^(lt)*3~ = 0, 

IP p=0 

2q-l 

- ^(-l)^7rp(c2g-i_p)wP}Pi,(w)*3p^(u)3“^ = 0. 

IP p=0 



4. Hyper-Hermitian gradients and their conformal covariance 

A real 4n-dimensional Riemannian manifold (M, g) is said to be an almost hyper- 
Hermitian manifold if M has three almost complex structures I, J and K such 
that I and J are orthogonal with respect to the metric g, and IJ = ~JI = K. 
If I, J and K are parallel with respect to the Levi-Civita connection, we call 
{M,g,I,J,K) a hyper-Kdhler manifold, [9]. 

We consider an almost hyper-Hermitian manifold (M, g, I, J, K). Some results 
about hyper-Hermitian structure on vector spaces in Section 2 can be extended 
globally on M. We decompose the tangent bundle T(M) ig) C and the cotangent 
bundle T*(M) g) C with respect to I, 

T{M) ® C = Ti’O(M) © T°’\M), T*{M) ® C = Ai’°(M) © A^’\M). 

These vector bundles have Hermitian metrics {u,v) ;= g{u,v). Another almost 
complex structure J induces bundle isomorphisms J : ^ and 

J : ^ Then we have a quaternionic structure 3 on each bundle 

defined by 2{u) '= J{u). These structure produce bundle isomorphisms, 

A^’°(M) ~ A°’i(M). (4.1) 

The structure group of the frame bundle on M reduces to the symplectic 
group Sp{n). We denote the principal 5p(n)-bundle on M by Sp(M). We consider 
the Levi-Civita connection V®° on T{M) and define a connection by 

■= - I{^Wy)) - J{^x%JY)) - A(V5,°(AF))}/4. 

Since = 0 and J = = 0, the connection is a connection 

on Sp(M). Notice that the torsion tensor of is zero iff M is a hyper-Kahler 
manifold. 




202 



Y. Homma 



For an irreducible unitary S'p(n)-module Vp^ we have a Hermitian vector 
bundle Sp Sp(M) Xp Vp associated to Sp(M). We have known that there 
is a unique *S'p(n)-invariant real or quaternionic structure Z on Vp. Because of 
the *S'p(n)-invariance, we have a real or quaternionic structure Z on Sp such that 
{Zx^’iZx'^) = 4) for 4 and 4 in (Sp)a^. We consider a covariant derivative V on 

Sp induced from the canonical connection This covariant derivative V splits 
into the sum of and 

: r(Sp) ^ r(Sp ® Ai’°(M)) = r(Sp ® 

: r(Sp) ^ r(Sp (g) A°'1(M)) = r(Sp ® t ^’\ m )), 

where we use isomorphisms (4.1). Because and Sp are associated vector 

bundles, we have the irreducible decomposition 

Sp®Ti’0(M)= 0 Sp+p,= 0 Sp+p,©Sp_p,. 

We divide along this decomposition and have first-order differential operators 

D , ; r(Sp) ^ r(Sp ® A^’\M)) = r(Sp ® ^ r(Sp+pj. 

for i/ = ibl, . . . , din. We shall express the operator by using local frame of M. 
Let {ea;}a and {eQ,}c^ be local unitary frames of Tb^(M) and given as 

(2.1). Then, 

£>.(</.) = n,(vi’V) = ® 

a 

= Ve„<^iS) -sign(a)e_„) = - y^sign(a)p^(€_a)Ve„</>. 

a a 

We twist Djy by Z and have another first order differential operator ZDj^Z~^ whose 
local expression is 

a 

The twisted operator is just the operator IIi^ o a component of 

: r(Sp) ^ r(Sp ® a0’1(m)) - r(Sp © ri-°(M)) ^ r(Sp+pj. 

We call these first-order differential operators {Djy,ZDjyZ~^}iy hyper- Hermitian 
gradients. When M is a hyper-Kahler manifold, we call them hyper- Kdhlerian 
gradients. 

In the rest of this section, we see conformal covariance of hyper-Hermitian 
gradients. Let Dy be a hyper-Hermitian gradient with respect to the canonical 
connection on an almost hyper-Hermitian manifold (M, ^, /, J, i^). When we 
deform the metric g conformally to g' = e^^g for a in C^{M)^ the Riemannian 
manifold (M, ^',7, J, K) is also an almost hyper-Hermitian manifold. Then we 
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have another hyper- Hermitian gradient : r(S^ -> r(Sp_,.^ ). The conformal 

deformation gives a principal bundle isomorphism 

Sp(M) 3p = {ea}a >-^p' = {e^}a = {e~''ea}a e Sp(M)'. 

Here, we remark that (e^)* = e'^e* . This principal bundle isomorphism induces a 
bundle isomorphism, 

rpp:Sp = Sp(M) Vp 3\p,(f>]>-^ \p', 4>] e Sp(M)' XpVp = S^. 

Since, precisely speaking, the Clifford homomorphism is defined through not the 
projection 11^ : (g) ThO(M) ^ but 11^ : Sp g AhO(M) ^ Sp+p^, we have 

The following proposition answers the reason why we call Wi, the conformal weight. 

Proposition 4.1. Let be a hyper- Hermitian gradient with respect to the canonical 

connection on an almost hyper- Hermitian manifold (M, g, /, J, K). Deform the 

Riemannian metric g conformally to g' = e^^g, and consider a hyper- Hermitian 
gradient on {M^ g' , K). Then we have 

Dl = o D, o 

Here, Wy is the conformal weight associated to p and p-\- py. 

Proof The proof is similar to the one for the conformal covariance of the Dirac 
operator [12]. First we can show that 

[D^,f] = -p^(y^sign(a)(e«/)e-a) (4.2) 

for / in C^{M). Next, we consider a local connection 1-form on given 

by Vy for ^^ch vector field V. It follows from the definition of 

that 

= g(Vtfe„,e» = l/2{ff(V^%,e» - sign(a/?)g(Vt?e_^, e_„)} 

= -sign(a/3)o;I^(T). 

Thus, is sp(n, C)-valued. Then the covariant derivative V on Sp is 
Vv = l/2^o;f(r)7rp(e/3®e; -sign(a^)e_„(g)e!l^) = ll 2 ^wi{V)'Rp{xi 3 a)- 
On the other hand, the deformed Levi-Civita connection is 

+ {Va)W + (Wa)V - g{V, IF)grad(a) 
for vector fields V and IF. As a result, we have 

VV = V’p o {Vv -F 1/2 Y^{{€c,a)g{V, ep)TTp{x 0 a) ~ {epa)g{V, €a)np{x 0 a))} o 
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Then, 

= - J^sign(a)pi,(e_«)V'^ 

= o {- ^sign(aK(e_„)(Ve<, + 1/2 Y^{e/ 3 a)TTp{xa 0 ))} o ip-^ 

a (3 

= e~'"^p+p, o {D^ - l/2^sign(a)(e^(T)pi,(£_„)7rp(a;«/3)} o^p ^ 

af3 

= e^‘"V’p+M. o - w^/2 p^(^siga{P){e 0 a)e^ 0 )} o 'ip-^ (by (3.10)) 

0 

= e(— '‘/2-D‘^V’p+p. o D, o (e(---'/2)>,)-i (by (4.2)). 

Thus we have proved the proposition. □ 



5. Bochner-Weitzenbock formulas for hyper-Kahlerian gradients 

In this section, we assume that (M, /, J, K) is a hyper-Kahler manifold, namely, 

V«p — On a hyper-Kahler manifold, the formal adjoint operators of Dj^ and 
have local expressions as follows: 

D: = y;sign(a)p4e_«)*V,^ : r(S,+^J ^ r(S,), 

Q 

{2D.r^r = mr^ = - ■■ r(Sp+^j - r(s,). 

a 

Thus, on a hyper-Kahler manifold, the principal symbols of hyper-Kahlerian gra- 
dients and their adjoints are realized with Clifford homomorphisms. Then we can 
use results in Section 3. 

Proposition 5 . 1 . We define a second-order derivative by VyVw — VvyW 

for vector fields V and W .Then hyper-Kahlerian gradients satisfy that 

y a,/3 

^wlZDlD^Z~^ = - Ysign(a^)7rp(i!.c«-/3)Ve,.6-3, 

A ^ (5-1) 

Y^wlZDlZ = -y^sign(a)7Tp(x!.„^)V^^^,^, 

V a, (3 

Y^wlDlZD^Z~^ = - Y®ign(/^)^p(^a-/3)VL.e^- 

V a,f3 

Here, {ecy}c^ is local unitary frame and 

Xa0 := ea<S>e*0- sign(a/?)e _/3 ® el„ - (n + l/2)5a0 
is a local section of the enveloping algebra bundle Sp(M) XAd U{sp{n,C)). 
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To obtain Bochner-Weitzenbock formulas for hyper-Kahlerian gradients, we 
need curvature endomorphisms on Sp. First, we see the curvature Rt on T(M) 
defined by Rt{V, W) := Vy ^ - V^ y . This curvature satisfies 

Rt{IVJW) = Rt{V,W), Rt{JV,JW) = Rt{V,W), Rt{KV,KW) = Rt{V,W), 
RtI = IRt, RtJ = JRt. RtK = KRt. 

These equations mean that we regard Rt as an endomorphism on $p{n). In par- 
ticular, we have 

g{RT{V,W)ea,€0) = -sign{a(3)g{RT{V,W)e^0,e-a), 

giRriV, W)e„, ep) = g{RT{V, W%, ep) = 0, 

Rri^aJiB) = -sign(a/3)i?T(e-/3,e-a), Rriia^^g) = RT{^on^) = 0 

for local unitary frame {caja- Notice that the Ricci curvature J2a^T{(a,^a) is 
zero, and hence, Rt depends only on the conformal Weyl tensor. 

We consider the curvature Rp on Sp, 

Rp{V, W) := Vy py - Vjyy for vector fields V and W. 

Since the covariant derivative V on Sp is induced from the Levi-Civita connection, 
the curvature Rp is expressed as follows: 

= 1/2 y] 9 {Rt{V, W)€a, ^ 0 )TTp{ep ® e* - sign(a/3)e_„ (g) e*_p) 

a,/3 

= 1/2^ g{RTiV,W)ea,^0)T^p{x0a)- 

a, 13 

Since Rp satisfies 

■Rp(ea,e/3) = -sign(a/3)Rp(e_^,e_a), 
we define a curvature endomorphism on Sp for g = 0, 1, . . . by 

Proposition 5.2. The curvature endomorphisms {R^}q are self-adjoint endomor- 
phisms ofSp, namely, ((^^^</), ?/i) = (0, {Rl)x'ip) at each x in M. Moreover {Rjfjq 
satisfy that 

(1 + i-imi - 1 - ^(-l)%p(c,_i_p)RP = 0. 

p=0 

Proof. We can show the first claim by using the Bianchi identity for Rt- The 
second claim follows from the universal Bochner-Weitzenbock formulas (3.14). □ 

For example, we have Rp = 0 and Rp = -nRp. Thus, it is enough if we t hink 
only {Rp«}q. 

Now, we are in a position to give Bochner-Weitzenbock formulas. 
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Theorem 5.3. Let {Dj^^ZDiyZ~^ ^ be hyper- Kdhlerian gradients on a 

hyper-Kdhler manifold. We assume that the number of irreducible components in 
Sp(8)T^’^(M) is N. In other words, there are N non-trivial hyper- Kdhlerian gradi- 
ents in {Dy 1 1/ = ±1, , ±n}. Then we have the following independent identities 
for the hyper- Kdhlerian gradients. 

1 . 

5; DID, = - 1/2V*V, (5.2) 

V a 

= 1/2V*V, (5.3) 



where and are the (1,0)- and the (0,1)- connection 

Laplacian, and V*V is the usual connection Laplacian on F(Sp). 

2. Forq = l,...,[N/2], 

2q-l 

E{ E i--^r^p{c2,-i-p)wi}{D:D, + w:d,z-^) = 2 P?;. (5.4) 

u p=0 

3. Forq = 0,..., [^] - 1, 

2q-l 

E{2*^" - E {~inp{c2,-i-p)K}{D:D, - WlD,r^) = 0, (5.5) 

D p=0 

2q-l 

'^{2wl‘‘ - E (-l)%(c29-i-p)w^}3£'^3“^£>,. = 0, (5.6) 

D p=0 

2q-l 

E{2*^^ - E i~-^rMc2,-i~p)K}D:dD,r^ = o. (5.7) 

D p=0 



Proof. First, we can prove (5.2) and (5.3) by (5.1). Here, we notice that 

a a a a 

Next, by using (3.14) and (5.1), we have 

Y.^id:d, 

a,/3 a,/3 

=Ri + E{(-i)M - - E(-i)%(Vi-pK}3^:-d,3-i. 




Hyper-Kahlerian Gradients 



207 



Put this equation between 3 and 3 ^ , and we have 






2 



w 



q-\ 

V 



q-1 



p=0 



The above two equations induce (5.4) and (5.5). We can prove (5.6) and (5.7) 
similarly. The independence of (5.2)-(5.7) is proved by the same discussion as the 
one in Proposition 3.7. □ 
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Cohomology Groups of Harmonic Spinors on 
Conformally Flat Manifolds 

Tosiaki Kori 



Abstract. We shall investigate various properties of the sheaf of harmonic 
spinors J\f on and, more generally, on conformally flat spin 4-manifolds. 
We prove the Runge approximation theorem on C^, and the vanishing of 
cohomologies; == 0 and = 0. We shall introduce a 

concept of divisors of meromorphic spinors on a compact conformally flat 
spin 4-manifold , and give an analogy of Riemann-Roch theorem. 

Mathematics Subject Classification (2000). Primary 58G30; Secondary 53C21. 

Keywords. Harmonic spinors, conformally flat manifold, Runge theorem, Rie- 
mann-Roch theorem. 



1. Introduction 

This is a continuation of our previous research on harmonic spinors on conformally 
flat spin 4-manifolds, [8], [9]. Let (M, S) be a 4-dimensional Riemannian manifold 
with a compatible spin structure, S = 5“^ 0 *9“ , being the two spin bundles 
associated to two half-spin representations of Spin{4). Let D : S'^ — > S~ be 
the (half) Dirac operator. A spinor (f e is called a harmonic spinor if 

Dip = 0. Let M be the sheaf of harmonic spinors. Since D is an elliptic operator, 
we have the exact sequence 

0 S+ ^ S~ 0, (1.1) 

where <S* is the sheaf of even (resp. odd) spinors. Therefore 
HP{M,Af) = 0 forp>2, 

= coker{D-,C°°{M,S+) (1.2) 
= ker{D-,C°°{M,S^) ^C°°{M,S~)}. 



Research supported by Promotion for Sciences of the ministry of education in Japan (no. 
13640224) and Waseda University Grant for special research project (no. 2000A-129). 
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and are endowed with the structure of Prechet spaces. When 

M is compact these are finite dimensional, and we have 

- dimH^{M,M) = index(D) = (1.3) 

from the Atiyah-Singer index theorem, where pi (M) is the first Pontryagin number 
of the 4-manifold M. 

We are interested in the vanishing of We shall prove it if M is an 

open subset of and for M = We conjecture the vanishing of for 

any non-compact conformally fiat spin 4-manifold. 

Now we shall explain the contents of each sections After the introduction of 
ingredients on spinor analysis that are studied in [8], we shall prove in Section 
3 the Runge approximation theorem, that is, any harmonic spinor on a compact 
subset K of a domain G C such that G \ K has no relatively compact con- 
nected component can be approximated uniformly on K by harmonic spinors on 
G. Several Runge type theorems for Clifford algebra valued functions on a domain 
in R’^, as well as for Clifford modules, were proved earlier in [2, 3, 11]. We think 
our argument, which is close to that by Hormander [7], is worth to be presented. 
In 3.2 we prove that the Dirac equation Dp = 'ip has a solution on any open subset 
G of C^. Hence we have 

H\G,M) = 0. (1.4) 

We can verify the covariance of our theory under conformal transformations 
on R^, thus we can extend it to a conformally fiat 4-manifold. In particular the 
above stated properties are independent of the complex structure on R^. In Sec- 
tion 4 we shall deal with the cohomology of AA on a conformally fiat 4-manifold 
M. We shall see that the cohomology group is calculated by a Leray 

covering. Thus we see that the well known argument to have the classical result 
H^{P^{C),0) = 0 is valid to prove 

= (1.5) 

We shall prove that the restriction map 

has a finite dimensional image for a relatively compact open subset G of an open 
subset G' C M. This implies the existence of a non-trivial meromorphic spinor on 
a relatively compact open subset of M. 

Our results should extend to even dimensional conformally fiat manifolds. In 
fact we have already the Runge approximation theorem on a domain in R’^ as was 
proved earlier in [3] , so if we adopted it we could in principle obtain the results in 
Section 4 also on a domain in R^’^, but it would be very complicated to write it 
down because of the 2'^ components of spinors. 

In Section 5 we shall study the cohomology groups of meromorphic spinors, 
that is, harmonic spinors with singularity, on compact conformally fiat 4-manifolds. 
We develop a divisor theory for meromorphic spinors. But, because we have no 
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product operation on spinors, this is a linear analogy of classical divisors of mero- 
morphic functions. We shall show a Riemann-Roch type theorem for the cohomo- 
logical dimensions of meromorphic spinors with prescribed divisor. More precisely, 
let E be a divisor on a compact conformally fiat manifold M and let Ce be the 
sheaf of meromorphic spinors having the poles at E of order less than deg E. Then 
we have 

dimH^{M,CE)-dimH\M,CE) = degE, (1.6) 

HP{M,CE) = 0ioTp>2. (1.7) 

2. Preliminaries on the Dirac operator and the Cauchy kernel 

Here we shall summarize some ingredients of spinor analysis that are now well 
known, [1, 2, 10]. 

2.1. Dirac operator and harmonic spinors 

Let A = A+ 0 A“ be an irreducible complex representation of the Clifford algebra 
(7/i/(R^); Clif{K^) 0 C = End{A). A decomposes to irreducible representations 
A=^ of *Spin(4), each of which has dimA=^ = 2. Let S' = R^ x A be the spinor 
bundle on R^. The corresponding bundle S"^ ( resp. S~ ) is called even (resp. odd) 
spinor bundle. 

We shall choose complex coordinates and look at R^ ~ C^. Our theory does 
not depend on the complex structure but on the conformal structure on the man- 
ifold. The complex coordinates description is adopted for convenience of notation, 
though this notation allows us to see things in perspective, for example, our formu- 
las for eigenspinors of the Dirac operator fit for the SU (2) representation theory. 

Given a smooth boundary dG of a region G we shall denote by ygc the 
Clifford multiplication of the outer unit normal on dG, We shall abbreviate it as 
7 if it is obvious which boundary we are considering, changes the chirality: 



7ac : 5+ © 5- — > 5- © 5+; 


18G = 1 - 


(2.1) 


Let 7o denote the Clifford multiplication of the radial vector 
normal to the unit sphere. The chiral decomposition of 70 becomes 


the unit 




s+ 

© . 
5- 


(2.2) 


The Dirac operator is defined by 






V = CO d, 




(2.3) 



where d : S — > S' 0 T*C^ ~ S' 0 TC^ is the exterior differentiation and c : S 0 
TC^ — > S is the bundle homomorphism coming from the Clifford multiplication. 
V is an elliptic operator. 
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By means of the decomposition 5 = 5+05 , the Dirac operator is decom- 
posed into chiral components: 

y.C°^{C\S+®S-)^C^{C^S+®S-). (2.4) 

An even (resp. odd) spinor ip is called harmonic spinor if Dip = 0 (resp. 
D^if = 0). We denote by M{U) (resp. J\f^ (U)) the set of even (resp. odd) harmonic 
spinors on an open set U. 

Remark 2.1. In [9] we called ip G M{M) a zero mode spinor on M. The reason 
why we preferred it was that, on a noncompact manifold M, the condition of 
harmonicity, D^Dp = 0, is not equivalent to Dp = 0. 

The following fundamental properties of harmonic spinors are well known [1]. 

Theorem 2.2. A harmonic spinor on a connected open set vanishes identically if 
it vanishes on an open subset. 

Theorem 2.3. If U and V are domains in such that V is compact in U , then 
the restriction map ry : Af{U) — > A/’(y) is compact. 

The following Stokes’ formula holds for (j) G C^{G, 5+) and if G C^{G, S~): 

[ [ <(!),D'^'il)>dV = [ <70,^>dcr. (2.5) 

Jg Jg JdG 

We shall denote in the sequel 

{pyp^)= [ <pyp2>dV, f0ipyp2eG^{C^S). (2.6) 

JC2 



2.2. Cauchy integral formula 

The Cauchy kernel is the Clifford multiplication of the radial component of the 
gradient of the Newton kernel, [2, 3, 8]. In our description it is defined as follows. 
We put, for any pair ( ^ 

K = rr+^7o(C - 5) 5). (2.7) 

IC-^r 

/C decomposes after 5+ 0 5“ as 

( 2 . 8 ) 

KHzX) = yf^7-iC-z), K{z,0 = yf^l+iC-z)- (2.9) 

Proposition 2.4. 

D,K\z,0 = 0, DlK(z,C) = 0, 



for z. 



( 2 . 10 ) 
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Theorem 2.5 (Cauchy’s integral formula). Let G be a domain in and let ip G 

C°°{G,S+). Then 

= -^2 j^^^i^^ODTiOdViC) + ^j^^K\z,0{wmdcT{0, z G G, 

( 2 . 11 ) 

where 7 = 7aG|5'“^ and da is the surface measure on dG. 

These are proved, for example, in Proposition 2.1 and Theorem 2.2 of [ 8 ]. 

2.3. Local solutions 

Theorem 2.6. Given an odd spinor with compact support 'll; G there 

is a solution (j) G C^(C^, S~^) of the equation 

D(j){z) = 'ip{z), 2 : G C^. (2.12) 

Proof It is proved in [ 8 ] that 

4>{z) = ^ kHz, omdViO (2.13) 

solves the equation D(() = '0. □ 

2.4. Eigen spinors of the tangential Dirac operator 

The Dirac operator D has the polar decomposition 






(2.14) 



The eigenvalues of the tangential Dirac operator ^ on | 2 :| = 1 are 
n n + 3 
2 ’ 



n = 0 ,l,.... 



and the multiplicity of each eigenvalue is equal to (n + l)(n + 2 ). 

In [9] we gave a complete orthonormal system of eigenspinors of 

^in L\{\z\ = l},S+): 



,m,l) _ 

2^ 






r% T 1 



for Z = 0 , 1 , . . . , n + 1 , m = 0 , 1 , . . . , n, n = 0 , 1 , . . .. 

are extended to \ { 0 } by the homogeneity relations 



for z 7 ^ 0. Then, 






£)^(n,ml)(^) = 0, onC2. 

£,^-(n,m,0(^) ^ OnC2\{0}. 



(2.15) 

(2.16) 

(2.17) 

(2.18) 
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2.5. Effects of conformal transformations 

Here we look at the effect of conformal transformations on the system 
Let / : U — > be a conformal transformation. / induces a S'pin (4)-equivariant 

map /b of 5'pin(4)-principal bundles and it yields a bundle isometry /' = A(/b) : 
S — > S' of the associated spinor bundles. The Dirac operator is conformally 
covariant, that is, if D' is the Dirac operator corresponding to the metric g'] 
f*g' = e^“5, then 

= F ■ D, ■ F-\ (2.19) 

where u is a, smooth function on U and F = [6 , 10]. 

Now let [/ be a domain containing the disk {\z\ < 1}. Then we can verify 

F-^ = {fT\ on |z| = 1. (2.20) 

Hence on the sphere f{{\z\ = 1}) C f{U) the eigenvalues of ^ are f , 

n = 0, ±1,..., if / is orientation preserving, while they change to 
n = 0, ±1,..., if / is orientation reversing. The corresponding eigenspinors be- 
come extended to \ /(O) by In particular, 

by a coordinate change T G SO (A) we have the same eigenvalues of ^ and the 
eigenspinors are ^ theory is independent of the choice of the 

complex structure ~ R^. By the transformation f{z) = c + rz, r > 0, we find 
that the eigenspinors on — c| = r are given by 

On the other hand by the inversion f{z) = ~jfy ? we have 

^^±(n,m,/) ^ |z|3^(^) (2.21) 

Note that belongs to the eigenvalue — 

Having verified the covariance of our theory on R^ under conformal transfor- 
mations we can extend it to a manifold which is locally R'^ and patched together 
by conformal transformations, that is, to a conformally fiat 4-manifold. For ex- 
ample, S^ is obtained by patching up two copies of together by the inversion 
w = f{z) = We shall denote these two local coordinates by and C^. 
/ has the conformal weight u — -logjzp; f*{dwdw) — -^{dzdz). Therefore 
an even spinor 0 on a subset U of is a pair of G C^{U fl x A~^) and 
(j) G C^{U n X A“) such that 

^{w) = (/»(/(z)) - |^P(7+ • </>)(^), (2.22) 



for w = f{z). 

The Cauchy kernel on has the form 

KHw,ri) = -\z\^^+{z)K^z,C)^+{C), 



w = f{z),T] = f{C). 



(2.23) 
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2.6. Expansion of the Cauchy kernel 

We proved in [8] that the Cauchy kernel has the following expansion by the spinors 

Theorem 2.7. 1. For jz - c| < |C - c\, 

K^{z,0-'r+iC-c) 

n+1 n 

= S “ cr(2"+3)<^Km,0(^_c) 0 _ c). 

n 1=0 m=0 

The convergence is uniform on any compact subset of {\z — c| < |^ — c|}. 

2. For jz - c| > 1C - c\, 

n+1 n 

= - E E E - c|2”++-K-.0(C-c) ® - c). 

n /=0 m=0 

The convergence is uniform on any compact subset of {\z — c\ >K-c|}. 

2.7. Meromorphic spinors 

The Cauchy integral formula and the expansion of the Cauchy kernel in 2.2 and 
2.6 yield the Laurent expansion of a harmonic spinor [2, 8]. 

Theorem 2.8. Let (p be a smooth even spinor on the annular region 0 < r < 
\z — c\ < R < oo such that Dp = 0. Then we have the expansion 

if{z)= (2.24) 

for r < \z — c\ < R. The coefficients are uniquely determined by {n^m,l) and c 
and are given by 

^+(2n+3) r 

C±in,m,l) = / < ¥^(0 , - c) > a{<K) (2.25) 

for any p such that r < p < R. 

In the expansion of p in (2.26) the second part 

(2.26) 

is called principal part of p at c. 

Definition 2.9. Let G be a domain in C^ and let be a discrete subset of G. A 
harmonic spinor p on G\E is said to be meromorphic on G if its principal part 
has only finitely many terms at every point of A point of E is called a pole 
of p. 
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Let (f he di meromorphic spinor with a pole at p G G. Let / be a conformal 
transformation. f'(p is expanded around f{p) by a series of and the 

coefficients are given by the corresponding coefficients C±(^n,m,i) of the expansion 
of (p around p. Thus the order of a pole of a meromorphic spinor is invariant by 
conformal transformations. 

is obtained by patching up and together by the inversion w = 
f{z) = 1 ^. On the basis vectors of the Laurent expansion at infinity 0 are 

with G 0{\w\'^) and g So, on a neighborhood U 

of 0, p G J^{U) has the Taylor expansion 

v{w) = (2.27) 

3. Range’s approximation theorem 

3.1. Approximation of harmonic spinors on a compact set 

First we note the following; 

1. For a S'” -valued Radon measure // on G C C^, put 

K^fi{z) = I K^{z,0n{dC). (3.1) 

For /i(dC) = ^^(C)^^(C) with (j) G F(S“), we shall abbreviate to K^(j){z). 
Then 

^ G'^(C^ \ G, S+), DK"^n{z) = 0. 

2. For a ^S+- valued Radon measure z/ on G C C^, put 

pK^{C) = Ju{dz)K^{z,C). (3.2) 

uK^C) belongs to C^{C^ \ G, ^S~), and \i^K^){0 = 0. 

3. 

I uK\CMdC) = j i^idz)K^i,iz) (3.3) 

if Supp[p] n Supplu] = (j). 

Theorem 3.1. Let G be a domain in and K be a compact subset of G. Then 
any harmonic spinor defined in a neighborhood of K is approximated uniformly on 
K by harmonic spinors on G if and only if the open set G\K has no component 
which is relatively compact in G. 

Proof Sufficiency: We shall show that every ^S+-valued Radon measure u on K 
which annihilates the harmonic (even) spinors on G annihilates also the harmonic 
(even) spinors in a neighborhood of K, (then use Hahn-Banach) . 

Let z/ be a ^S+ valued Radon measure on K that annihilates the harmonic 
(even) spinors on G. 
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(1) Put 

g{C) = i.K\C) = I u{dz)K\z,0, (3.4) 

and /(C) = *5(C). 

/ is well defined and D^f{() = 0 for C € \ Since D^K^z,() = 0 for 

C ^ /(C) = 0 on C^\G from the assumption. Hence, by the unique continuation 

property of (odd) harmonic spinors, /(C) = 0 in every component of \ K which 
intersects \ G. 

Next, since (j)^{z), A = {n,m,l), is a harmonic spinor on C^, we have 

j v{dz)(j)^{z) = 0. 

So Theorem 2.7 implies that 

9(C)7+(C) = J iy{dz)K\z,Ch+{0 = 0, 

for Id > sup^g^ \z\. Hence /(C) = 0 in the unbounded component of C‘^\K. Since 
G \ has no component which is relatively compact in G we conclude that / = 0 
and 5 = 0 on \ ft'. 

(2) Let V? be a harmonic spinor on a neighborhood u) of K, and choose a smooth 
function u with compact support such that u = 1 on K. 

Since mp has compact support, we have, from integral formula (2.11), 

(f{z) = u{z)if{z) = -^K^D{uif){z) 

-~K\du-(fi){z), zGw. 

By (3.3), 

J iy{dz)(p{z) = - J ,y{dz)^K\du-ip){z) 

= ''KHOidu-pmdViC). 

Since g = z/Lft = 0 on \ and the support of {du ■ ip){C)dV{() is contained in 
\ K, the last integral vanishes. Thus v annihilates the harmonic spinors on K. 

Necessity: We assume that G \ has a component H such that H is compact 
in G. Then the boundary of 77 is a subset of K and the maximum principle for 
subharmonic functions yields 

sup 1^1 < sup \(f>\, for every harmonic spinor 4> on G, (3.5) 

H K 

where |</>| = (< 0, (/> >)5. Let be a harmonic spinor defined in a neighborhood 
of K. By the assumption we can choose a sequence of harmonic spinors on 
G so that ipn — > uniformly on K. (3.5) applied to implies that <pn 

converges uniformly on 77 to a limit $. Then $ = </? on the boundary of 77, and 
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$ is a harmonic spinor in H and is continuous in H. In particular, we can choose 
(f{z) = C) for a C ^ H. Then = K^{z, () on the boundary of H. Hence 
5 C) which is a harmonic spinor in iif \ ^ is extended to a harmonic spinor in 
H. This is a contradiction. □ 

3.2. Global solutions of Dcf) = ^ 

Theorem 3.2. Let G he an open set in C^. Given a '0 G G^{G, S~), there is a 
solution 0 G (7^(G, S~^) of the equation 

D(l){z) = 0 ( 2 :), z e G. (3.6) 

Proof. Choose an increasing sequence of compact sets Kj C G such that every 
compact subset of G is contained in some Kj . We may suppose that no component 
of G\Kj is relatively compact in G. If not take the union of Kj and all components 
of G \ Kj that are relatively compact in G. Let hj be a smooth function with 
compact support in G such that hj = 1 in a neighborhood of Kj. Put fi = hi, 
fj = hj—hj-i. Then fj has compact support and fj = 0 in a neighborhood of Kj^i 
and ^fj = 1. From the local existence theorem there exists a 0j G 
such that 

D<l)j = fjii. 

This means in particular that (j)j is a harmonic spinor in a neighborhood of Kj-\. 
By Theorem 3.1 we can find a harmonic spinor (pj on G so that sup;^^._^ \^j~^j\ < 
2“L Then the sum 

^ 

is uniformly convergent on every compact subset of G. For each k the sum from 
A; + 1 to 00 converges uniformly on Kk to a harmonic spinor in the interior of Kk- 
Hence 0 G C^(G, S~^) and we have 



4. Cohomology Groups of Harmonic Spinors 

4.1. Cohomology on conformally flat manifolds 

Let (M, g) be a riemannian 4-manifold with conformally flat metric. We suppose 
that M has a spin structure and we fix it. 

There exists a system of coordinate neighborhoods {U\,xx) ^ such, that 

each G\ = Xx{U\) is a domain in with local coordinate {z^, Z 2 } and such that 
the transition function = X/xXa ^ ^ conformal transformation: 

f*x {dz^dz'^ + dzifdz^) = (dz^dzi + dz^dz^) ? ( 4 - 1 ) 

where u^\ is a smooth function on G^ n Ga . We have also 
iXx^)*9 = {dz^dz^ + dz^dz^), 
with u\ a smooth function on G\, and u^\ =u\ — on Ga H G^ . 



(4.2) 
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The Dirac operator is conformally covariant. Let D be the Dirac operator 
on (M, g) and let D\ be the Dirac operator on G\ C that we have discussed 
hitherto, then 

= (4.3) 

where F\ = e~^'^^{xxY, see 2.5. 

On each open set U contained in a coordinate neighborhood the Dirac oper- 
ator 

D : C^(C7, 5+) — ^ C^{U, S~) (4.4) 

is surjective from Theorem 3.2. Thus every open covering U by open subsets con- 
tained in coordinate neighborhoods is a Leray covering and we have 

= (4.5) 

for every fc > 0. 

The structure of a Prechet space on C^{G,S^) is defined by the uniform 
convergence of all the derivatives on compact subsets that are contained in coor- 
dinate neighborhoods of G. On the vector subspace of harmonic spinors M{G) the 
induced topology coincides with the topology of uniform convergence on compact 
subsets. We endow i?^(M,A/’) = with the structure of a Frechet space 

in an obvious way. 

From (1.2) we know that = 0 for fc > 2. 

Theorem 4.1. 

H\G,M) = 0, (4.6) 

for any open subset G m . 

The assertion folows from Theorem 3.2. 

Theorem 4.2. 

(4.7) 

Proof Let Uq = S^\oo = and Ui = \ 0. Ui is conformally equivalent to 

by the Kelvin inversion w = It follows from Theorem 4.1 that {C/q, Ui} 

is a Leray covering of *9^. Let /oi G Af{Uo H t/i). The Laurent expansion of foi on 
UqHUi = \ 0 becomes 

M{Z) = Y, C(m,l,k) + Y Z ^ 0 . 

m,l,k m,l,k 

Put 

m,l,k m,l,k 

Then /o G J\f{Uo), while fi viewed on the coordinate neighborhood C^j.w = |^, is 
harmonic, see the discussion at the end of 2.7. Hence fi G Af{Ui), and /oi = /o“/i- 
Therefore AT) =0. □ 
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We would like to pose the following conjecture: 
for every non-compact conformally flat spin manifold M. 

Theorem 4.3. Let G he an open subset of M and G be a relatively compact open 
subset of G' . Then the restriction map 

r^ :H^G',M)—^H\G,M) 

has a finite dimensional image. 

Proof. This follows from Theorem 2.3 and the Schwartz lemma. The latter says 
that the image of a homomorphism of Prechet spaces which is the sum of an 
epimorphism and a compact morphism has a flnite codimension. Let U be an open 
covering of G'. Let V be the image of the map 

r © (5 : Z^{U,M) © C^{U n G,M) Z^{U n G, V), 

where is the coboundary map and r is the restriction map. Then by the Schwartz 
lemma, 

V V 

= = Imr* 

Im(r 0 5 - r 0 0) SG^{U H G,Af) 

is flnite dimensional. □ 

In particular if M is compact the theorem yields the finiteness of dim {M , J\f) . 

But this is obvious from the finiteness of dimcokerD. 

4.2. Existence of a non-trivial meromorphic spinor 

Let M be a conformally flat 4-manifold and {U\,xx) t>e a system of coordinate 
neighborhoods such that G\ = Xx{U\) is a domain in C^. A smooth spinor ip on 
M\E, E being a discrete subset, is called a meromorphic spinor on M with poles 
at E if, for each A, (p\ = (xa)V is a meromorphic spinor on G\ C G with poles 
at G\r\xx{E). This is equivalent to saying that a family of meromorphic spinors 
(px on G\ C such that ip^ = {x^xYtx defines a meromorphic spinor on M. 

Theorem 4.4. Let G be a relatively compact open subset of M. For every point 
p e G there is a meromorphic spinor on G which has a pole at p and is smooth on 
G\p. 

Proof. Let (/7i,Xi) ^ coordinate neighborhood of p such that Xi(p) = 0 and 

U 2 = M\ {p}. Let 

d = dim lm{H\M,Af) — > H\G,Af)). 

We take a set A constituting d + 1 indices from the set of indices (m, Z, fc); m > 1, 
0<Z<m, O<fc<m0l, and we consider spinors ( 7 ^, m, 1) G A}. 
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These are meromorphic spinors on Ui and define a cocycle on Ui nU2 = U\\ 
{p}. Restricted on G, the cocycles are linearly dependent, hence there is a linear 
combination 

(n,m, Z)6A 

that belongs to the coboundary, that is, there exist G M{Ui)] i = 1,2, such that 

(n,m,/)GA 

Therefore a spinor (p which coincides onUiCiG with X^(n,m i)eA + 

^ 1 , and which is equal to ^2 on U 2 H G, gives a meromorphic spinor on G with the 
only pole at p. □ 

Let U = Ui^iUi be an open covering of M. A family {<Pi)iei of meromorphic 
spinors (pi on Ui is called a Mittag-Leffler distribution on M if the differences 
^ij = nre harmonic spinors on U{ fl Uj. 

The family of differences ipij defines a cocycle and this cocycle is a coboundary 
precisely when there exists a meromorphic spinor p on M such that for each i e I 
the difference p — pi is harmonic on Ui. 

Prom Theorems 4.1 and 4.2 we have the following Mittag-Leffler type theo- 
rems. 

Theorem 4.5. Let G be an open subset ofC^. Let {pi)i£i be a Mittag-Leffler dis- 
tribution on G. Then there exists a meromorphic spinor p on G such that for each 
i e I the difference p — Pi is harmonic on Ui. 

Theorem 4.6. Let {pi)iei be a Mittag-Leffler distribution on Then there exists 
a meromorphic spinor p on such that for each i e I the difference p — Pi is 
harmonic on Ui. 

4.3. Serre duality 

For an open subset C/, V'{U^ S^) denotes the set of S'^-valued distributions on [/, 
and V\S^) denotes the sheaf of S'^-valued distributions. For T G S^) and 
p G G^(/7, <S^), respectively, we have, by the definition, 

DT[p] = -T[D^^l D^T[p] = -T[D^], 

respectively. V’{M,S^) is a Prechet space which is dual to Gf^{M^S^)^ and 
is the transposition of D. 

We have the following exact sequence: 

-^P'(5+) -^ 0 . (4.8) 

Here we used Weyl’s lemma to have the kernel 

Let f '(M, S^) = Fc(M, V\S^)) be the space of S'^-valued distributions with 
compact supports and let A/"'*'), A: = 0,1, be the cohomology groups with 

compact supports. £'{M,S^) is the dual of the Prechet space C^{M,S^). Prom 
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the short exact sequences (1.1) and (4.10) we have the following exact sequences 
of cohomology groups: 

0 ^ ^ £'{M,S+) ^ £\M,S~) ^ = 0. 

= 0 from Theorem 2.2. Suppose that H^{M,M) = 0. Then 
jD, being surjective, becomes a homomorphism of Frechet spaces by the Banach 
theorem. 

Theorem 4.7. Suppose = 0. Then the dual of is isomorphic 

to i/i(M,AAt). 



5. Divisors of Meromorphic Spinors 

5.1. Divisors and meromorphic spinors 

We shall consider the cohomology groups of meromorphic spinors on a compact 
conformally flat spin manifold M, and prove an analogy of the Riemann-Roch the- 
orem. First we note that there is a meromorphic spinor with a pole at a prescribed 
point on M, this was proved in Theorem 4.4. 

A divisor on a space A is a mapping E : X — )■ Z such that for any compact 
subset K there are finitely many points c e K with E{c) 7 ^ 0. With respect to 
addition the set of all divisors forms an abelian group Div{X). There is a partial 
ordering on Div{X)] for E,E' G Div{X), set E < E' ii E{c) < E'{c) for every 
cG A. 

Since M is compact, for any E G Div{M)^ there are only finitely many x G M 
such that E{x) 7 ^ 0. Then we define the degree 

deg : Div{M) — > Z, 



hydegE = ^^^j^E{x). 

We shall now define an ordered set of indices to enumerate the basis of spinors 
of the Laurent expansion: We introduce a triplet A = (n,m,i), 0 < m < 

n, 0 < / < n -h 1. The lexicographic order for two triplets A is defined by A > A' 
if either (i)n > n', or (ii)n = n', m > m', or (iii) n = n\ m = m' and I > I'. We 
introduce also the notation -A == and define -A > —A' if A < A'. The 

smallest positive is 0 + = (0,0,0) and the largest negative is o_ = —(0,0,0). 

We denote by Z the set of all triplets A and A>o^ (resp. A<o_) the set of 
all A > 0 + (resp. —A < o_). We denote | ± A| = ±n for ±A = ±(n, m, /), and put 
Z±n = {±A = ±{n,m,l)] 0 < m < n,0 < I < n + 1 } . Note that, by convention, 
+0 7^ -0. 
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For a meromorphic spinor (p on an open set G C M and c e the Laurent 
expansion at c becomes 

p{z) = ^ ^ C-x(j)~^{z - c), r<\z-c\<R. ( 5 . 1 ) 

We define 

0, if C-x = 0 for all -A < 0_ and Ca 7^ 0 for some AgZq 
fc, if C-x = 0 for all -A < 0_ , Ca = 0 for all |A| < A: - 1, 
and Ga 7^ 0 for some \ ^ Zk 
—{k + 1 ), if C-x = 0 for I - A| < -{k + 1), 

and C-x 7^ 0 for some -A G Z-k 
00, if = 0 in a neighborhod of c 

The divisor of a meromorphic spinor p not identically 0 is defined by 

(cp) = ordc(ip) ■ C. ( 5 . 2 ) 

c€G 

For example, from ( 2 . 22 ) we know that each gives a meromorphic spinor 

on S^. Let 0 denote the point at infinity: U 0 = * 9 ^. We have 

^ n-0-(n + l)-0 
^ _(^+l).0 + n-0. 

Let £ be a Divisor. For an open set U C M we define 

Ze{U) = {p ^ M{U); ordx{p) > -E{x) for Vx G U.} 

Example. We have for E = np^ p E M, 

Ce{U) = {p= Y. 

|_A|>-(n-l) A>0+ 

C-e{U) = {y>= C'a</.^(^)} 

|A|>n 

in a local coordinate around p. 




Let p E M. The skyscraper sheaf Cp is defined by 



C,{U) 



C, iipeu, 

0 , if p ^ U, 



Let E E Div{M) and p E M. We look at p also as a divisor, p E Div{M). 
Then E' = E -\-p E Div{M). We define a sheaf homomorphism 



p : Ce’ — ^ Cp 

as follows. For an open set U, \i p ^ U then pu is the zero homomorphism. If 
p eU and p E Ce'{U), then p admits a Laurent expansion around p, 

p{z) = + Y 

|-A|>-fc A>0+ 
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where E{p) = fc, hence E'{p) = fc + 1. Set pu{p) = C'-Ao for ^he smallest — Aq such 
that C-\q ^ 0 and | - Aq| = —k. Then p is a sheaf homomorphism and we have 
the short exact sequence 

0 — > Ce — ^ Ee-\-p — ^ Cp — > 0. (5.3) 

Therefore we have the following exact sequence of cohomologies: 

0 H^{M, Ce) H%M, Ce+p) C (5.4) 

H\M,Cb) H^M,Ce+p) 0. 

Lemma 5.1. Suppose M is compact and let E < E' be divisors. Then we have an 
epimorphism 

W (M, Ce)-^H\M, Ce' ) 0. 

Theorem 5.2. Suppose E is a divisor on a compact conformally flat four dimen- 
sional spin manifold M. Then 

dim H^{M,Ce) - dim H^{M,Ce) = degE, (5.5) 

H^{M, Ce) = 0 for p>2. (5.6) 

Proof For a divisor £ = 0, the assertion follows from the Atiyah-Singer index 
theorem (1.3). In fact, for a conformally flat manifold M, the Weyl tensor vanishes 
from the definition, and the first Pontryagin number pi{M) is zero. 

Let E G Div{M) and E' = E^p. Lei V = Im{H\M,CE') C) and 
W = C/V . Then dimP + dim IT = 1 = degF^' — degF^. Prom the exact sequence 
(5.4) we have, 

dimH^{M,CE>) = dimJT°(M,££;) +dimT, 

dim H^{M,Ce>) = dimH^{M,CE)-ddmW. 



Hence 



dim (M, Ce> ) - dim if ^ (M, Ce> ) - deg E' 

= ddmH^{M,CE) - ddmH^{M,CE) - degE. 

Thus (5.5) holds for E (resp. E') if it holds for E' (resp. E). In particular (5.5) is 
true for every divisor £" > 0. Any divisor may be written as 

E = Pi-\- ...d-pm- Pm+1 - 

Hence the first assertion is proved by induction. As for the second part, we know 
= 0 for p > 2, that is, fi^(M, £q) = 0 for p > 2. Then, by the same 
argument using the exact sequence (5.4) as in the first part, we can prove 

H^{M,CE) = 0ioip>2, 



for every divisor E. 



□ 
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Spin Geometry, Clifford Analysis, 
and Joint Seminormality 

Mircea Martin 



Abstract. The first part of this article studies the integral and maximal op- 
erators associated with fundamental solutions of Dirac operators on Clifford 
bundles. The main goal is to obtain explicit estimates for integral transforms 
of this kind in terms of the corresponding maximal functions. As direct conse- 
quences of such estimates one derives several quantitative Hartogs-Rosenthal 
type theorems concerning monogenic approximation on compact sets. 

The second part illustrates a Clifford analysis approach to the theory 
of seminormal systems of Hilbert space operators. The four existing concepts 
of joint seminormality are reevaluated by assuming that the remainders in 
some Bochner-Kodaira identities are semidefinite, and a new concept is in- 
troduced based on a Bochner-Weitzenbock identity. A rather general singular 
integral model of jointly seminormal pairs of systems of self-adjoint operators 
that involves Riesz transforms is presented, and a Putnam type commutator 
inequality for that model is proved. 
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Keywords. Clifford algebras, Dirac operators, hyponormal operators, Put- 
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1. Introduction 

The primary tools used in developing Clifford analysis and spin geometry are Clif- 
ford algebras and Dirac operators. Though the same objects have played key parts 
in some other important areas of mathematical research such as harmonic analy- 
sis, index theory, K-theory, and noncommutative geometry, we should point out 
that Clifford analysis and spin geometry address a great deal of specific problems, 
interesting in their own right, and employ several powerful techniques devised or 
discovered over the years as means of solving those problems. 




228 



Mircea Martin 



For an excellent historical perspective on the development of Clifford analysis, 
we refer to the monograph of Brackx, Delanghe, and Sommen [BBS], and all the 
references and comments therein. More additional material is presented in the 
books by Delanghe, Sommen, and Soucek [DSS], Giirlebeck and Sprofiig [GS1,2], 
and Mitrea [Mi]. Other recent contributions can be found in the volumes edited 
by Ryan [Ryl], and by Ryan and Sprofiig [RySj. 

Relevant ideas, results, and methods in spin geometry are discussed in the 
monographs of Berline, Getzler, and Vergne [BGV], Cnops [Cn], Friedrich [F], 
Gilbert and Murray [GM], Gilkey, Leahy, and Park [GLP], Lawson and Michelson 
[LM], and Roe [Ro]. 

The goal of this article is to show that Clifford analysis and spin geometry 
provide an appropriate framework for defining and studying seminormal systems 
of Hilbert space operators. Significant applications of Clifford analysis techniques 
to the spectral theory of commuting tuples of operators are due to McIntosh 
[Mcl,2], McIntosh and Pryde [McP], and McIntosh, Pryde, and Ricker [McPR]. 
Our approach elaborates on ways of implementing analogues of spin geometry 
techniques in multidimensional operator theory. Specifically, we associate to each 
n-tuple of bounded linear operators on a Hilbert space a Clifford bundle equipped 
with a Dirac type operator. The corresponding Dirac and Bochner Laplacians are 
involved in two Bochner-Kodaira identities and a Bochner-Weitzenbock identity. 
Motivated by Bochner’s method in spin geometry, it is natural to assume that 
the remainders in such identities are semidefinite operators. It turns out that this 
assumption yields the existing classes of seminormal tuples, as well as a new one. 

For the convenience of the reader, we recall that the theory of seminormal, 
i.e., hyponormal or cohyponormal operators originated in connection with pairs 
(X, Y) of self-adjoint operators satisfying the commutator condition Y] > 

0, which in terms of the operator T = X + y/^Y and its adjoint T* = X — y/^Y 
reduces to [T*,T] > 0. The early contributions to the field are presented in the 
monograph by Putnam [Pmlj. Subsequent monographs by Clancey [Cl], Xia [X2], 
Martin and Putinar [MnPr], and Conway [Co] give accounts of the development 
of the one-variable theory at later stages. Steps towards a multivariable theory 
are indicated in Athavale [At], Cho, Curto, Huruya, and Zelazko [CCHZ], Curto 
[Cu], Curto and Jian [CJ], Curto, Muhly, and Xia [CMX], Douglas, Paulsen, and 
Yan [DPY], Martin [Mnl], [Mn4], Martin and Salinas [MnSa], McCullough and 
Paulsen [McCP], and Xia [X3], to mention just a few of the contributors in this 
area. 

One of the basic results in the single variable theory of seminormal operators 
is a theorem proved by Putnam [Pm2] that relates the norm of the self-commutator 
of a seminormal operator to the area of its spectrum. For subnormal operators, 
Axler and Shapiro [AS] derived Putnam’s result from an inequality in rational 
approximation due to Alexander [All, 2]. As highlights of our article, we generalize 
both Putnam’s theorem and Alexander’s inequality to higher dimensions, and the 
generalizations rely essentially on Clifford analysis. 
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The article has two sections. Section 2 introduces Dirac operators on Eu- 
clidean spaces or Clifford bundles, Bochner-Weitzenbock and Bochner-Kodaira 
identities, fundamental solutions, and the integral and maximal operators associ- 
ated with fundamental solutions. 

Theorems A and C proved in this section point out in specific forms that the 
integral operators are dominated by the maximal operators. The two other results. 
Theorems B and D, are quantitative Hartogs-Rosenthal type theorems concerning 
monogenic approximation on compact sets. 

In Section 3, we develop a Clifford analysis and spin geometry approach to 
joint seminormality. We present a multidimensional generalization of the Hilbert 
transform model of seminormal operators, that is referred to as a Riesz transform 
model. The main result in this section. Theorem E, is a Putnam type inequality 
for Riesz transform models derived from Theorem C. 

The article is in part expository and mainly self-contained. Additional refer- 
ences and comments are included within each section. 

2. Integral and Maximal Operators in Spin Geometry 

We start with a brief review centered on the geometric construction and basic 
properties of Dirac operators on Clifford bundles. Thorough accounts of the general 
theory can be found, for instance, in [BGV], [CM], [LM], or [Ro]. 

Next we introduce the integral and maximal operators associated with the 
fundamental solution of a Dirac operator. Our goal is to show that the integral 
operators are pointwise dominated and, therefore, controlled by the corresponding 
maximal operators. The inequality that quantifies the link involves a universal 
constant that can be computed and, presumably, has a geometric meaning. 

We conclude this section with consequences of that inequality concerning 
monogenic approximation on compact sets. 

2.1. CliflEbrd Algebras and Dirac Operators on Euclidean Spaces 

The real Clifford algebra 21^ = 2t(E’^) associated with the Euclidean space 
m > 1, can be described as the universal unital real (7*-algebra with generators 
e/c, 1 < < m, subject to the relations 

ekCi -h eiOk = -24/eo, 1 < fc, / < m, (2.1) 

= — c/e, 1 < fc < m, (2.2) 

where eg is the identity of 21^ and 5ki equals \ or Q k = I or k ^ 1. The 
involution defined by (2.2) is also called Clifford conjugation. The generators can 
be identified with the standard orthonormal basis for and thus one gets an 
embedding of into 21^. 

We next let 6 denote a unitary 2lm-niodule, that is, a real or complex Hilbert 
space upon which the algebra 21^ acts such that every generator ek of 21^, 1 < 
k < m, determines a skew-adjoint unitary operator, and Cq corresponds to the 
identity operator. The space E{W^, ©) of smooth ©-valued functions on is an 
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2lm-niodule under pointwise Clifford algebra action. Therefore, it makes sense to 
define a first-order linear differential operator De^c • by 

setting 

Deuc = -h • • • + Crndm^ (2-3) 

where dk = d/dxk, I < k <m. The so defined operator Deuc is called the Euclidean 
Dirac operator on 

We will refer to functions u in 6) that satisfy the equation JDeuc^ = 0 

as monogenic^ or Clifford analytic^ functions. By squaring Z>euc and using (2.1) we 
get the operator Ague = ^euc^ which turns out to be the standard Laplace op- 
erator on extended to vector-valued functions. Consequently, each monogenic 
functions is harmonic. 

The most important example of a monogenic St^-valued function is provided 
by the Cauchy kernel $ on defined as 

= — X e = R- \ {0}, (2.4) 

1^1 

where Um is the area of the unit sphere in R^, and x and |x| stand for 

the Clifford conjugate and the Euclidean norm of a vector x in R’^, respectively. 
Actually, $ is the fundamental solution of the Dirac operator Dguc, that is, 

-^euc(^ * ~ (^*3) 

for any compactly supported function u in S{W^,&), where 6 is an 21^-module 
and $ * u denotes the convolution product given by 

$ * u(x) = / ^{x — y)u{y)dy^ x G R"^. (2.6) 

In some parts of our article we are going to use the complex Clifford algebras 
21^ = 2l(C’^) defined as complexifications of their real counterparts, that is, 21^ = 
2lm C)C, m > 1. As a matter of fact, we will be interested only in the case when m 
is even. Some specific constructions pertaining to this case are summarized below. 

If m = 2n, with n > 1, a more convenient set of generators, 1 < i < n, for 
212 ^ as a complex C*-algebra can be introduced by setting 

£i = ^ (ei - , l<i<n. (2.7) 

We easily get 

ei=Ei-e*, 6n+i = \/^{ei + s*), l<i<n, (2.8) 

and the following two important properties, 

SiSj -h £jSi = 0 Si£j -h £j£i = Sijeo, 1 < L j < n, (2.9) 

which are equivalent to relations (2.1). 
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Moreover, algebra 212^ has a unique irreducible representation on the so called 
space of complex spinors 6^- As a complex Hilbert space, 

n 

6„ = A*(C”) = 0AP(C"), (2.10) 

p=0 

where A*(C’^) is the complex exterior algebra over C^. To each vector a G 
one associates the operator ^((j) of left exterior multiplication by a on 6^. If 
{cTi, . . . ,(7n} is the standard orthonormal basis for C^, it can be checked easily 
that the operators Si = e{ai) and their adjoints e* = e(o-i)*, 1 < i < n, satisfy 
conditions (2.9). Thus one gets a realization of within the C*-algebra £(6n) 
of all linear operators on 6^- Actually, = £(6n)- 

Next, we identify with and assuming that 6 is an Sl^^-module , 
consider the Dirac operator Deuc defined by (2.3) as acting on £(C^,6). Using 
(2.8) we have 

Deuc=Veuc + V:,, ( 2 . 11 ) 

with 

n n 

I^euc = ^Si (d, + , V:,, = ^ < (- 5 , + x/^dn+i) ■ ( 2 . 12 ) 

i=l i=l 

Since = 0 and = 0, for the Laplace operator Ague = £^euc we obtain the 
identity 

^euc = ^eucT^euc ^euc^euc- (2.13) 

In the special case when 6 = 6n, the space 5(C^, 6^) can be thought of as the 
space of all smooth complex differential forms of type (0,p), 0 < p < n, over C^, 
and (2.11) becomes Dguc = + d*). 

2.2. Dirac Operators on Clifford Bundles 

The previous constructions can be generalized to Riemannian manifolds. If M is 
such a manifold, every cotangent space TfM, x G M, has an inner product induced 
by the Riemannian metric, so it makes sense to take the Clifford algebras 2l(T*M) 
for each x G M, and form an algebra bundle over M. The resulting bundle will 
be denoted by 2t(M) and referred to as the Clifford algebra bundle of M. The 
cotangent bundle T*M is naturally identified with a subbundle of 2l(M). 

Suppose next that £" is a smooth Riemannian vector bundle over M equipped 
with a smooth action T : 2t(M) ^ E E of the Clifford algebra bundle 2t(M) 
that makes each fiber E^ a unitary 2l(T*M)-module, for any x G M. 

We denote the space of all smooth sections, or compactly supported smooth 
sections, from M to E" by £{M,E) and V{M,E)^ respectively. 

Assume now that E has a linear connection V : £{M, E) £{M, T*M<S>E)^ 
and, in addition, suppose that V preserves the metric on E and is compatible 
with the Levi-Civita connection on M and the Clifford action T. Such bundles will 
be called Clifford bundles over M, and each Clifford bundle E has a canonically 
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associated first-order linear differential operator D : £{M^E) £{M^E) called 

the Dirac operator on E and defined as 

S{M,E)^S{M,T*M®E)^S{M,%{M)^E)-^S{M,E). (2.14) 

The Dirac operator D is elliptic and formally self-adjoint. Its square, A = is 
referred to as the Dirac Laplacian on E. 

There is another naturally defined Laplacian on E, called the Bochner^ 
or connection Laplacian, and given by A^ = V* V, where V* : £{M, T*M <S> E) ^ 
£{M, E) stands for the formal adjoint of V. The two Laplacians are related by an 
equation of the form 

A = A" + 7^, (2.15) 

where the remainder TZ is an operator of order zero that can be explicitly expressed 
in terms of the curvature operator of E. A complete proof and more details may be 
found in [LM, Section II.8], where (2.15) is called the general Bochner identity, in 
[BGV, Section 3.5], where an extension of (2.15) is referred to as the Lichnerowicz 
formula, or in [GM, Chapter 5], where (2.15) is called the Bochner- Weitzenbock 
identity. 

We next turn our attention to complex manifolds. Specifically, we assume 
that M is a Kahler manifold and let £ be a holomorphic bundle of left modules 
over 21^ (M) = 2l(M) C furnished with a Hermitian metric. In addition, we 
assume that the Hermitian metric and the associated canonical connection make 
E a Clifford bundle over M. 

The complexified cotangent bundle T*M ® C splits into two subbundles, 
T*M ( 8 ) C = T^’^M 0 Consequently, the canonical connection V on E 

splits into two pieces, namely, 

v = (2.16) 

In its turn, the Dirac operator D on E can be expressed as 

D = V + V\ (2.17) 

where P is a first-order differential operator on E and P* is its formal adjoint. 
Moreover, P^ = 0 and (P*)^ = 0. 

As a result of the preceding splittings, we get 



vv* + v*v = 


(2.18) 


X>T>* + V*V = 2(V^’°)*V^’° + 


(2.19) 



We will refer to (2.18) and (2.19) as the general Bochner-Kodaira identities. Ac- 
tually, (2.15) is just the average of (2.18) and (2.19). Specifically, 

A - PP* + P*P, 

= 



(2.20) 
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The two remainders and are operators of order zero on and likewise 
7Z they can be computed using the Clifford action and the curvature operator on 
E. We refer the reader to [LM, Sections IV.8 and IV. 11] for complete details. 

As a concluding remark we recall that the special features of the remainders 
7Z in (2.15), and TZ^^^ and TZ^^^ in (2.18) and (2.19) provide the basis of a powerful 
technique discovered by Bochner (see [Bo], [BoY], [G]) that yields various vanishing 
theorems under appropriate positivity assumptions on the curvature operator of 
the vector bundle E. The last sections in [LM, Chapters II and IV] and [BGV, 
Chapter 3] offer a great deal of relevant examples. 

2.3. Fundamental Solutions and Related Operators 

Suppose £■ is a Clifford bundle over a Riemannian manifold M of dimension m > 2, 
and let D : f(M, E) E) be the associated Dirac operator. On M we take 

the distance function and the volume measure derived from the Riemannian metric. 

We also introduce the vector bundle C{E) = C{E,E) over M x M whose 
fiber at a point (x,y) ^ M x M equals the space C{Ey^Ex) consisting of linear 
maps from Ey into Ex^ The norm in Ex and the operator norm in C{Ey,Ex) are 
denoted by || • ||a; and || • 

A notable property of the Dirac operator D is that both D and its transpose, 
D', have the unique continuation property. This can be proved, for instance, by 
applying a result of Aronszajn [Ar] to the Dirac Laplacian A = 

For more details on the unique continuation property we refer to the mono- 
graph by Tarkhanov [T], where this property is called the uniqueness condition for 
the Cauchy problem in the small, in short, (U)s’ As pointed out there, property 
(U)s implies the existence of a right fundamental solution for D, i.e., a smooth 
section $ : M x M \ A(M) — > £(E) where A(M) = {(x, x) : x E M}, such that 

(i) $(x, y) : Ey ^ Ex is a linear map for every (x,y) E M x M \ A(M); 

(ii) the singular integral operator J : V{M, E) S{M, E) given by 

3u{x) = \im / ^{x,y)u{y)dy, x E M, (2.21) 

Jm\B{x,p) 

where B{x,p) stands for the closed ball in M centered at x G M with radius 
p > 0 is well defined; 

(iii) 3 has the property 

D3u = u, ueV{M,E). (2.22) 

In other words, J is a right inverse to D. 

Next, for every x E M and t E (0, oo) we introduce the set Q[x,t] defined as 

9,[x,t] = {y e M : y X, ||$(a;, j/)||^,y > t} U {x}, (2.23) 

and let px : (0, oo) (0, oc) be the function given by 

Px{t) = volQ[x,t], t E (0, oc). 



(2.24) 
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We will assume that has finite values on (0, oo) and the quantity A = A($) 
defined by 

A = sup sup (2.25) 

xeM te{o,oo) 

where m = dimM, is finite. 

Actually, based on some norm estimates for the fundamental solution $ 
proved in Calderbank [Ca], the last assumption is always met if M is a com- 
pact manifold, because ||$(x, (x,y) G M x M \ A(M), is 
uniformly bounded. The property is still true if M is noncompact with an Eu- 
clidean metric on the complement of a compact subset, and the restriction of the 
Clifford bundle E to that complement is isomorphic to a product bundle with a 
constant metric in each fiber. For instance, if M R^, m > 2, and E = M x 
with 6 an 2lm-module, then, as pointed out in Section 2.1, for the Euclidean Dirac 
operator we have 

= — 1^, x,y eW^, X (2.26) 

CUm \x - J/l™ 

whence, 

ll^(a^.y)IU,y = — • I x,yeW^,xi^y. (2.27) 

LOm \X - y\^ ^ 

Consequently, the corresponding sets D[x,t] defined by (2.23) are Euclidean balls 
centered at x G R^ of radius p — • Therefore, the functions Px given 

by (2.24) are of the form 

p^{t) = X G R^, t G (0,oo), (2.28) 



where 



A = 



1 

(w„)'"/("»-i) 



voKl™), 



(2.29) 



with the unit ball in R’^. 

Let us now return to the general case of a Dirac operator D on a Clifford 
bundle E with fundamental solution $, and introduce the maximal operator dJl on 
D(M, E) that associates to each compactly supported section u G V{M, E) the 
scalar- valued function dJlu defined as 



9Jlu(x) 



sup 

te(o,oo) 




X G M. 



(2.30) 



If D is the Euclidean Dirac operator, then (2.30) is just the definition of the 
classical Hardy-Littlewood maximal operators (see [Si, 2]). 

We are now in a position to formulate the main result of this section that 
relates the integral operator (2.21) and the maximal operator (2.30). Before doing 
that we need to introduce the uniform norm || • ||oo ^^nd the L^-norms || • ||p, 
1 < p < 00 , on V{M, E) given by 



sup 11^(3:) ||:r, 

x£M 



oo 



ueV{M,E), 



(2.31) 
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and 



/ 

JM 



\\u{x)\\PJx 



1/p 



ueV{M, E). 



(2.32) 



The Banach spaces that result by completing V{M,E) in the norms (2.31) and 
(2.32) are denoted by L^{M,E) and Lp{M,E). 



Theorem A. If D : £{M, E) £{M^ E) is the Dirac operator on a Clifford bundle 
E with fundamental solution then there exists a constant A = A($) such that 

|pu(x)|U < • \\u\\/^ (2.33) 

for all u G P(M, E) and x G M. 

Moreover, a possible value of A in (2.33) is given by 

A = (2.34) 

with X as in (2.25). 

In particular, operator 3 can be extended to L^{M,E) fl L^{M,E) and 

llaulloo < (2.35) 

for each u e L^{M,E)n (M,E). 



2.4. Proof of Theorem A 

We continue with a proof of Theorem A. Suppose that u G V{M,E), u ^ Q, and 
X G M are fixed, and let fiu,x • (0, oo) ^ [0, oo) be the decreasing function defined 
by 

l^u,x(t)= [ h{y)\\ydy’ (2.36) 

J 

Using (2.36) and (2.24) we next rewrite the definition (2.30) of the maximal oper- 
ator as 

DJlu{x) = sup . (2.37) 

te(0,oo) 

In addition, from (2.25) we get 

Mx(i) < Ar ie(0,oo). (2.38) 

Suppose that r G (0, oo) is given and define two functions k^,k^ : M [0, oo) by 
setting 



k^(y) = 



I || 4 >(a;,r/)|U,j/ - r, ifyeO.[x,T] 

10 , 



k+{y) 



if y G M \ £t[x,r] 

r, ifyGfi[x,r] 

J|$(x,y)||^,^, if y G M\n[x,r]. 

Since obviously \\^{x,y)\\x^y = k-{y) -h fc+(y) and 

2/) IU,2/ ll'^(y) 

JM 



(2.39) 

(2.40) 



(2.41) 
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we get 



pu{x)\\^< f k-.{y)\\u{y)\\ydy+ f k+{y)\\u{y)\\ydy. (2.42) 

Jq,[x,t] J M 



We claim that 



f k-{y)\\u{y)\\ydy <{m- 1)A • 

Jq,[x,t] 



(2.43) 



To prove (2.43) we use (2.39) and express the integral over Q[a;, r] as a Stieltjes 
integral associated with the decreasing function fiu,x defined in (2.36), that is, 



[ kPy)\\u{y)\\ydy=-- [ {t - T)dfiu,x{t). 

Jq[x,t] J t 



(2.44) 

(2.45) 



From (2.36) and (2.37) we get 

M«,x(0 < kix{t)^u{x) < \r^/^'^-^^mu{x), 

whence 

lim tiXu,x{i) = 0. 

t — >•00 

An integration by parts in (2.44) now yields 

/ kPy)\\u{y)\\ydy = / 
which in conjunction with (2.45) gives 

f k-{y)\\u{y)\\ydy < XTtu{x) f 

Jq[x,t] Jt 

an inequality equivalent to (2.43). 

On the other hand, from (2.23) and (2.40) we clearly have k+{y) < r for all 
y G M. Therefore, the second integral in (2.42) has the estimate 

/ k+{y)\\u{y)\\ydy < t\\u\\i. 

Jm 

By (2.42), (2.43), and (2.46) we get 

|pu(a;)|U < (m - l)XT~^/^^-^'^mu{x) + r||u||i. 

Finally, to minimize the right-hand side of (2.47) we choose 

\1 (m-l)/m 



(2.46) 

(2.47) 



r = 



A- 



9Jlu(x) 

~hh 



A direct calculation shows that for this value of r inequality (2.47) takes the form 
(2.33) with a constant A as in (2.34). 

The last statement and inequality (2.35) in Theorem A follow from (2.33) by 
observing that 

d)lu{x) < Halloo, for any x e M. 

The proof of Theorem A is complete. D 



for any x G M. 
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As a matter of fact, the previous proof shows that Theorem A is a result 
about integral and maximal operators associated to arbitrary measurable kernels 
$ : M X M \ A(M) — ^ ^{E) with the property that (2.25) yields a finite quantity 
A = A($). This observation makes it possible to apply Theorem A to kernels that 
are not necessarily fundamental solutions. A situation of this kind will be presented 
in Section 3. We would like to mention that Theorem A generalizes some estimates 
proved in Martin [Mn2,3] for the Euclidean Cauchy kernel, and an inequality in 
one- variable complex analysis due to Ahlfors and Beurling [AB]. At the same time, 
when applied to other kinds of kernels. Theorem A generalizes an inequality proved 
by Hedberg [He] for Riesz potentials, an inequality for convolution operators with 
homogeneous kernels due to Martin and Szeptycki [MnSz], as well as an estimate 
for solid Bochner-Martinelli-Koppelman transforms in several variable complex 
analysis established in Martin [Mn5j. For some other related results we refer to 
Lieb [L]. 

Inequality (2.33) in Theorem A is not the only pointwise estimate that relates 
the integral and maximal operators associated with the fundamental solution of 
the Dirac operator. A slight addition to the proof leads to a generalization of 
Theorem A. To make the point, suppose that 1 < p < m. We are going to show 
that under the assumptions in Theorem A there exists a constant Ap = Ap{^) 
such that 



u e V{M,E), x e M. 

A possible value of Ap is given by 



Ap = 



m 



p{m - 1) 1)/- 



m — p 



(2.48) 



(2.49) 



The case p = 1 reduces to Theorem A. If 1 < p < m, we proceed as follows. 
Let q = p/{p — 1) be the conjugate exponent to p and then, by applying Holder’s 
inequality to the second integral in (2.42), one gets 

[ Kiy)\\u{y)\\ydy < ll/e+llgllullp. (2.50) 

JM 

Next, using (2.40) we have 

l|fc+llg=/ r'^dy+ [ \mx,y)\\lydy. 

Jq[x,t] J M\Q[x,r] 

The first integral in the equation above equals r^pa;(r), with px given by (2.24). 
The second integral can be expressed as a Stieltjes integral associated with the 
decreasing function namely, 

/ \\Hx^y)\\l,ydy = - [ t‘>dy^{t). 

JM\ft[x,r] Jo 
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Combining the last two equations and using an integration by parts we conclude 
that 

\\k+\\l<q f Ha,{t)dt. 

Jo 

Finally, by (2.38) we have, after some simple calculations, 

( \ (p— i)/p 

• d r^rn+p-l)/mp_ (2.51) 

From (2.50) and (2.51) we obtain the following substitute for (2.46), 

/ k+{y)\\u{y)\\ydy < I -A (2.52) 

Jm -\-p — i j 

Therefore, we can replace (2.47) with 
|pr^(x)||a; <{m — 

( \ (p— i)/p 

— ^ A) (2.53) 

m + p ~ 1 J 

To minimize the right-hand side of (2.53) we choose 
/ m + p-1 

\ mp ) [_ ||u||p 

It remains to observe that for this value of r inequality (2.53) reduces to (2.48) 
with a constant Ap as in (2.49). 

2.5. Monogenic Approximation on Compact Sets 

The second main result in this section is a quantitative Hartogs- Rosenthal theorem 
for Dirac operators on Clifford bundles that is derived from Theorem A. We use 
the same notations as in Section 2.3. 

In addition, let fl C M be a compact set and denote by C(f2, E) the Banach 
space of all continuous sections from to the restriction of the bundle E to Q, 
with the uniform norm given by 

||^||r2,oo — sup ||'u(x)|| 2 ,, 11 G C(0,F/). 

xEO. 



We also introduce the norm l<p<oc, defined as 

||wlln,p = / \\u{x)\\PJx 

Jn 

We associate to the Dirac operator D on E and each compact set C M the 
solution subspace Sd{^, E) of C(fl, E) defined as the uniform closure in C(J1, E) of 
the set consisting of restrictions to of sections u from £(M, E) such that Du = 0 
on certain open neighborhoods of in M that may vary from a section to another. 

Suppose that ^ is a right fundamental solution of D. Operator 3 defined 
by (2.21) makes sense for more general sections u, not necessarily smooth. In 



u G C(^l , F/) . 
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particular, we can define an operator : £{M,E) C{£l^E) by setting Jci(-) = 

with Xft f^he characteristic function of f], that is, 

3nu{x)= / ^{x,y)u{y)dy, u e £{M, E), x e 
Jn 

where the integral has the same meaning as in (2.21). 

The next result is a preliminary step in estimating the distance to the solution 
subspace Sd{^,E). 

Lemma 1. IfuE £{M,E), then 

distc(n,£;)[^^,<SD(f^,£’)] < Pn{Du)\\Q^oo‘ (2.54) 

Proof, Let n > 1, be a sequence of smooth compactly supported functions on 
M taking values in [0, 1], with each Xn equal to 1 on an open relatively compact 
neighborhood Un of £l in M, such that suppy^+i Q suppy^ and 

P|suppxn = ^^- (2.55) 

n>l 

Suppose u G ^ (M, E) is given and let Un G ^ (M, E) be defined as 
Un = u-3{xnDu), n>l. 

By (2.22) we get 

DUn = Du- XnDu = (1 - Xn)Du, 
whence Dun\ur^ ~ 0? that is, Un\o, G Sd{£^->E). Consequently, 

dist(^(^Q [u, <S/) (f2, £-)] ^ \\u ^77,11^2,00 ~ II J(Xn-L^'^) 11^2,00 • 

Inequality (2.54) follows from (2.55) and the last estimate by taking the limit. The 
proof is complete. □ 

Combining Lemma 1 and Theorem A we get the following estimate of the dis- 
tance in C(fl, E) from a smooth global section u to the solution subspace Sd{^^ E). 

Theorem B. Suppose D : £{M^E) £{M,E) is the Dirac operator on a Clifford 

bundle E. If CtC M is a compact set and u G £{M,E), then 

distc(a,E)hSD{n,E)] < A\\Du\\<^^-^^/"^\\Du\\li;;^, (2.56) 

where A is as in (2.34) in Theorem A. 

In particular, 

distc(n,B)K<SD(fi,£^)] < m[A(#)](’"-i)/’"(vorn)i/’"||Z)w||n,oo. (2.57) 

Since the space consisting of restrictions to £l of sections from £{M,E) is 
dense in C(fl, E), from Theorem B we get the next Hartog- Rosenthal type theorem. 

Corollary. If£tCMisa compact set of volume zero, then Sd(£I^E) = C{Q,E). 
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A different proof of this corollary for the Euclidean Dirac operator can be 
found in Brackx, Delanghe, and Sommen [BDS]. 

As a concluding remark, we would like to point out that Theorem B gener- 
alizes Alexander’s inequality [All, 2 ] and an inequality due to Putinar [P], both 
in rational approximation, to the setting of monogenic approximation in arbitrary 
dimension. 

2.6. Additional Results 

The tools we developed so far make it possible to find norm estimates for the 
extension of the integral operator to the Lebesgue spaces L^(fl,E) defined as 
completions of C(0, E) in the norms || • 1 < p < oo. 

We start by observing that the proof of Theorem A in Section 2.4 actually 
gives a stronger uniform estimate than (2.35), namely, 

/ mx,y)\\,Ju{y)\\ydy < m[A($)](— (2.58) 
Jm 

If we choose u G L^{M^E) fl L^(M, E), with ||i^(y)||y = 1 for each y G fi, and 
||u(y)||^ — O 5 for ^^ch y G M \ fi, then from (2.58) we get 

/ \mx,y)\\,^ydy < (2.59) 

Jn 

Suppose next that the adjoint kernel $* : M x M \ A(M) ^ ^{E) is such 
that the corresponding quantity A($*) defined as in (2.25) is bounded. Since 
\\^'^{x,y)\\y^x = \\^{^:y)\\x,y if ^ 7 ^ y, we get the next companion to (2.59), 

[ ll$(a;,y)|U,yda: <m[A($*)]('"-i)/'"(vorn)i/”. (2.60) 

Jn 

For the fundamental solution of the Euclidean Dirac operator defined by 
(2.26) we clearly have 

A($*) - A(^). 

Though this might be the case in general, nevertheless we can replace A($) and 
A($*) in (2.59) and (2.60) with 

A($, $*) = max[A($), A($*)]. (2.61) 

We are now in a position to refine the last statement in Theorem A. 

Theorem C. Suppose that Q C M is a compact set and u G L^(fl, E), 1 < p < oo. 
Then 

|Puti||Q,p < m[A($,r)](™-i)/™(vom)i/'"||K|b,p. (2.62) 

Proof. Let q = p/{p — 1) be the conjugate exponent to p. Using the canonical 
pairing (•, •) that relates L^{Q^E) and L^{Q.,E) we get 

{Jnu,v):= / / {^{x,y)u{y),v{x))a;dydx, 

Jq Jn 
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for any v G L^{Q.,E), whence, by applying Cauchy’s inequality, 

\{3au,v)\< f [ \mx,y)\\^J\u{y)\\y\\v{x)\\^dydx. (2.63) 

Jn JQ 

Assume that v G E) is fixed and let / and g be the scalar- valued functions 
on Q X \ A(f^) given by 

f{x,y) = \mx,y)\\l{P\\u{y)\\y, 

g{x,y) = ||$(a;, 2 /)||i{«||n(a;)||^. 

Inequality (2.63) amounts to 




ll/llp = My)Fy ||#(a:, 2 /)|U,j;da; dy, 
<m[A($,r)](™-i)/"^(volfI)i/’"||n||Pp, 
and similarly, from (2.59) we obtain 

Il5llq= / / \\^x,y)F,ydy dx, 

Jq Un 

< m[A($, $*)](’"-i)/’"(vom)i/’"||n||^_q. 

The last two estimates in conjunction with (2.64) lead to 

|(Jo«,n)| < m[A($,$*)](’"-i)/"‘(volfi)'/"^||ulln,p||n||fi,„ 
an inequality that completes the proof of Theorem C. □ 

The comments made in connection with Theorem A remain true for Theorem 
C, namely, the estimate (2.62) takes place for arbitrary measurable kernels with 
the property that quantity (2.61) is finite. 

Theorem C can be used to estimate the distance in L^(fi,£^), 1 < p < oo, 
from a smooth section u G S{M,E) to the subspace S^{Q>^E) obtained as the 
closure in L^{Q,E) of the solution subspace Sd{^,E). The next result comple- 
ments inequality (2.57) in Theorem B and follows from Theorem C in the same 
way Theorem B was derived from Theorem A. 
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Theorem D. Suppose D : S{M^E) £{M,E) is the Dirac operator on a Clifford 
bundle E. If C M is a compact set and u G £{M^E), then 

where 1 < p < oc. 



3. Clifford Analysis Techniques in 
Multidimensional Operator Theory 

This section outlines a Clifford analysis approach to multidimensional operator 
theory, with a particular emphasis on the study of seminormal systems of Hilbert 
space operators. The concept of joint seminormality is introduced in a geomet- 
ric setting in connection with Bochner-Weizenbdck and Bochner-Kodaira type 
identities, and Bochner’s method. 

We will next present a Riesz transform model of pairs of jointly seminormal 
self-adjoint systems of operators, that in dimension one reduces to the Hilbert 
transform model of a single seminormal operator. The main result in this section 
is a Putnam type inequality for the Riesz transform model derived from Theorem 
C. That result and, more importantly, the way we prove it, illustrate an interesting 
connection between spin geometry and multidimensional operator theory. 



3.1. Bochner-Weitzenbock and Bochner-Kodaira Identities in 
Multidimensional Operator Theory 

To begin with, we assume that H is a complex infinite dimensional Hilbert space 
and denote by C{H) the (7*-algebra of all bounded linear operators on H. If 
T = (Ti,T 2 , • • • ,Tn), n > 1, is an n-tuple of operators in C{H), we set T* = 
(T^*, T 2 *, . . . , T*), where T* stands for the adjoint of T^, 1 < i < n, and define the 
real and imaginary parts of T as 



T 4- T * 

X - Re(T) = (Xi, X 2 , . . . , XO, X, = Re(T,) - 

and 

y = Im(T) = (Yi, F 2 , . . • , Yi = lm{Ti) = 



1 < i < n. 



1 < i < n. 



Next, we take the Sl^^-module of H-valued spinors 6 = 6n ^ where &n is the 
space of complex spinors introduced in Section 2.1, and form the product bundle 
X 6. The corresponding vector bundle C{E) is isomorphic to the product 
bundle x C{&)^ and the spaces of smooth sections £{C'^,E) and V{C^,E) 
can be identified with the spaces of smooth functions £{C^,&) and 1^(C^,6), 
respectively. 

To the n-tuple T we associate a Dirac operator on the Clifford bundle E 
defined as 



D = Deuc+i^(X,F), 



(3.1) 
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where Deuc is the standard Euclidean Dirac operator on E and, using notations 
already introduced in Section 2.1, 

n 

D{X, Y) = ®Xi + e„+, ® Yi) G ® £(W). (3.2) 

i=l 

Based on a result due to Gilkey [Gi] , there exist a unique linear connection V and 
a unique endomorphism TZ on E such that 

A = A" + 7^, (3.3) 

where A = and A^ = V*V are the Dirac and the Bochner Laplacians. 

We will refer to (3.3) as the Bochner-Weitzenbock identity associated to T. 
Both the linear connection V and the remainder TZ in (3.3) depend on T. 

Let us assume for a while that T is a commuting tuple, that is, its entries 
have the property 

(c) [r„T,]-0, 

where [T^,Tj] = TiTj -TjTi is the commutator of Ti and Tj, 1 < i, j <n. A direct 
calculation shows that in terms of the real and imaginary parts of T condition (c) 
amounts to 



(c') 




= [Yi,Yj], 


1 < i,j < n, 


(c") 


[XuY,\ 




1 < i,j < n. 



With this additional assumption, we are now in a position to set up the Bochner- 
Kodaira identities (2.18) and (2.19) introduced in Section 2.2. We start by splitting 
the Dirac operator (3.1) as in (2.17). That is done according to (2.11) for Deuc 
and writing operator (3.2) as 

D{X, Y) = V{T) + P*(T), (3.4) 

where 

n n 

= V*{T) = -V^Y.e:®T:, (3.5) 

2=1 2 = 1 

with ^ 2 , 1 < i < n, defined by (2.7). 

Condition (c) above guarantees — in fact it is equivalent to — the next impor- 
tant property, 

V{Tf = 0, D*(T)2 = 0. (3.6) 

The linear connection V used in (3.3) naturally decomposes as in (2.16) and, 
consequently, we get the two identities (2.18) and (2.19), as well as the three 
equations in (2.20). Actually, after some cancellations, the resulting relations only 
involve operators in 0 C{H)^ and we end up with the following equations, 

BKl(T): A(T) = eo 0 A£(T) + 7^L(T), 

BKr(T): A(T) = eo ^ A^(T) + TZr{T), 
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called the left and right Bochner-Kodaira identities associated to T, where 

A(T) = V{T)B*{T) + V*{T)V{T), (3.7) 

n n 

= Ai,{T) = j2TiT:, m 

7=1 7=1 

and the two remainders are given by 

n n 

TZi^iT) = ® [T^,T;], 7^R(T) = e*ej ® [T*,T,]. (3.9) 

7,j=l ij=l 

We proceed with two observations. First, we notice that the two just mentioned 
Bochner-Kodaira identities are true for not necessarily commuting tuples. Second, 
we point out that the left identity BKl(T) for T coincides, up to a unitary equiv- 
alence, with the right identity BKr(T*) for the adjoint tuple T*. To be specific, 
we let 6 denote the unitary element in given by 

n n 

7=1 7=1 

and observe that 

e*Sie = l<i<n. (3.10) 

It remains to check, by direct calculations and a repeated use of (3.10), the 
following equations in 2 l 2 „ ® 

(i) (61 ® I)*V{T){9 (g>I) = (-l)"-ip*(T*), 

{e®IYV*{T){e®I) = (-l)"-ip(T*), 

whence 

[e ^ ly A{T){e ® I) = a(t*), 

as well as 

(ii) {6 ® I)*eo ® A£(T)(0 ® /) = eo ® A^(T*), 

(iii) [6 ^ /)*7^L(T)(0 ®I)= 7eR(T*). 

The last observations also indicate that the right identity BKr(T) is equiva- 
lent to BKl(T*). Therefore, instead of dealing with BKl(T) and BKr(T), we can 
choose just one equation as a basic form of the Bochner-Kodaira identity. In the 
case of a single operator T, that is, when n = 1, the standard definition of the 
self-commutator C(T) of T is C(T) = [T*,T], and for that reason it seems that 
the natural choice should be the right identity, whose remainder displays the same 
kind of commutators. Consequently, we rewrite BKr(T) simply as 

BK(T): A(T) = eo ^ A"(r) + 7^(T), 

where A^(T) = Ap^(T) and Ti(T) = 7^r(T), and replace BKl(T) with 

BK(T*): A(T*) = cq ^ A"(T*) + 
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The splitting (3.4) is primarily motivated by the use of complex variables. If 
one decides on using real variables, as in Clifford analysis, then one needs to set 
up identities in terms of the self-adjoint tuples X and Y. To this end, we return 
to equation (3.2) and decompose D{X^ Y) by setting 

D{X, Y) = D'{X) + D"{Y), (3.11) 

where 

n n 

= D"{Y)^V^Y.en+i^Yi. (3.12) 

i=l i=\ 

Assuming that X and Y satisfy the commuting conditions (c') and (c"), or the 
equivalent condition (3.6), we get 

A(T) = D{X,Yf = D'{Xf + D'{X)D"{Y) + D"{Y)D\X) + D”{Yf, 

and 

A(T*) = D{X, -Yf = D'{Xf - D'{X)D"{Y) - D"{Y)D'{X) + D"{Yf. 

We next introduce the following combinations of the operators involved in 
equations BK(T) and BK(T*) above. 



A(A,y) = i[A(r)-A(T*)], 


(3.13) 


A=(A,y) = ^[A^(T)-A=(T*)], 


(3.14) 


n{x,Y) = ^[n{T)-n{T*)]. 


(3.15) 



As a result, from BK(T) and BK(T*) we derive the equation 

BW(X, Y): A(X, Y) = eo^ A^(A, Y) + 7^(A, T), 

that will be referred to as the Bochner-Weitzenbock identity for the pair of self- 
adjoint tuples X and Y. 

We have the following explicit equation for the operator (3.13), 

A(A,y) = D\X)D"{Y) + D'\Y)D'{X). 

In addition, for the operators (3.14) and (3.15) we get 

n 

A^(A,y) = -^^[x„r,], 

and 

n 

n{x, y) = V^J2 ® ( 3 - 16 ) 

The last equation can be simplified by using condition (c"). We would also like to 
notice that identity BW(A, T) only requires condition (c"). 
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We now introduce two definitions of seminormal systems of operators that 
catch the geometric significance of the concept of joint seminormality. The ter- 
minology proposed below is the same as in Martin [Mnl, Mn4] and Martin and 
Salinas [MnSa]. 

Definition 1. An n-tuple T of operators on H is called seminormal provided the 
remainder TZ{T) in BK(T), or the remainder TZ{T*) in BK(T*), is semidefinite as 
an operator in ( 8 ) C{H). 

If TZ{T) > 0, or TZ(T) < 0, then T is said to be right hyponormal, or right 
cohyponormal^ respectively. 

If 7^(T*) > 0, or TZ{T*) < 0, then T is called left cohyponormal, or left 
hyponormal^ respectively. 

In the case when n = 1, there is no difference between left or right semi- 
normality and Definition 1 records the standard definitions of seminormal, hy- 
ponormal, and cohyponormal operators. It can be proved that the concepts of 
joint hyponormality and t-hyponormality introduced by Athavale [At] and Xia 
[X3] correspond in our terminology to left hyponormality and right hyponormality 
(see, for instance, [Mnl]). 

Definition 2. A pair {X,Y) of self-adjoint n-tuples of operators on H satisfying 
the commuting condition (c") is called jointly seminormal provided the remainder 
TZ{X, Y) in BW(X, Y) is semidefinite as an operator in 212^ (8 C{H). 

If TZ{X,Y) > 0, or TZ{X,Y) < 0, then the pair (A, T) is said to be jointly 
hyponormal, or jointly cohyponormal^ respectively. 

Prom Definition 1 we easily get that the adjoint T* of a right hyponormal, or 
cohyponormal, tuple T is left cohyponormal, or hyponormal. For more details on 
seminormal tuples of operators, including some spectral properties of commuting 
right hyponormal or left cohyponormal tuples derived from the Bochner-Kodaira 
identities BK(T) or BK(T*) we refer to [Mnl], [Mn4], and [MnSa], and the refer- 
ences therein. 

We also note that the self-adjoint pair (A, Y) corresponding to a commuting 
tuple T that is simultaneously right and left hyponormal, or cohyponormal, turns 
out to be jointly hyponormal, or cohyponormal, as it follows from Definitions 1 
and 2 and equation (3.15) for 7?.(A, Y). At the same time, it is quite apparent that 
a pair (A, A) is jointly cohyponormal if and only if the pair (A, —A) is jointly 
hyponormal. 

We end this section with a test for remainder-like positive semidefinite opera- 
tors in 2l2^(8>C(W) = C{&n^T~C). To state it, we assume that TZ : Gn^'H Gn^Td 
is an operator of the form 

n 

and associate to it the n x n operator matrix C = regarded as an 

operator on (8 H. Actually, if we use the orthogonal decomposition (2.10) of 




Spin Geometry, Clifford Analysis, and Joint Seminormality 



247 



6n and identify with C^, then matrix C represents the restriction of 

operator TZ to its invariant subspace As the next result points out, 

that restriction completely characterizes operator TZ. 



Lemma 2. With the notation introduced above, the following two statements are 
equivalent: 

(i) TZ>0 as an operator on &n (8) H; 

(ii) C >0 as an operator on ^Ti. 

For a complete proof, we refer to Proposition 2.6 and Lemma 2.7 in Martin 
[Mn4]. 

In particular, from Lemma 2 and equation (3.16), we conclude that a self- 
adjoint pair (A, y) satisfying condition (c") is jointly hyponormal if and only if 
the n X n operator matrix 

C{X,Y) = (3.17) 

is positive semidefinite. We will refer to matrix (3.17) as the commutator matrix 
of the pair (A, Y). 



3.2. Riesz Transform Models of Jointly Hyponormal Self-Adjoint Pairs 



In this section, we introduce a singular integral model of jointly hyponormal pairs 
of self-adjoint tuples of operators that generalizes to higher dimension the Hilbert 
transform model discovered by Xia [XI] and Pincus [Pi] for operators with one- 
dimensional self-commutators, and afterwards set up in full generality by Kato 
[Ka] and Muhly [My]. 

We first recall that the Riesz transforms of a complex-valued function (p in 
the Schwartz space <S(IR’^,C) are defined by the principal value integrals 

1 < i < n, a; G R”. ( 3 . 18 ) 

We let ki denote the kernels 

■ jjrr • «e; = r”\{o>, (3.19) 

and write (3.18) as Ri(p{x) = ki^ ^(^)^ I < i < n. 

In addition, we introduce the operators Mi on 5(M^,C) defined as 



Mi(f{x) = Xi(p{x), 1 < i < n, X = (xi,X2, . . . ,Xn) G (3.20) 

A simple calculation shows that the commutators [Mi,Rj], 1 < i,j < n, are 
singular integral convolution operators, namely, 

[Mi, Rj](p{x) = kij G S{W^,C), X G (3.21) 



where the kernels kij are given by 

r((n + l)/2) 



kij{x) — 



XiXn 



7T 



(n+l)/2 



■|n+l ■ 



X G . 



^ 0 - 



(3.22) 



In particular, we have [Mi,Rj] = [Mj,Ri], 1 < i, j < n. 
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We next form the commutator nxn matrix C = ([Mj, and consider 
the corresponding operator on the Schwartz space S{W^^C'^) of valued func- 
tions on W^. On S{W^,C) we take the inner product inherited from the standard 
Lebesgue space of square integrable complex- valued functions on 

and then convert (g)<S(M^,C) into an inner product space in the usual way. We 
are now in a position to formulate the following result. 

Lemma 3. The operator C = is positive semidefinite, that is, 

{Cu, u) >0 

for any u G <S(K^, C^) = ^ 5(M^, C). 

A complete proof of Lemma 3 based on a Fourier transform argument can 
be found in Martin [Mn4]. To make a point, we just want to notice that by taking 
the Fourier transforms of the kernels (3.19) we get 

^ e 5(K”,C), e e 

for each 1 < i < n, a set of equations that immediately leads to several basic 
properties of the Riesz transforms. For instance, one gets that each Ri,l <i <n, 
extends to a skew-adjoint operator on C), such that XlILi RiRi equals the 

identity on L‘^{W^,C), and = II^IP for any (f e L‘^{W^,C). More 

properties of Riesz transforms are discussed in Stein’s monographs [SI, 2]. 

The Fourier transforms of the kernels kij defined by (3.22) are equal to 

kjio = 

Lemma 3 proves essential in developing the Riesz transform model of a jointly 
seminormal pair (X,Y). 

The two self-adjoint n-tuples involved in that model consist of operators on a 
direct integral Hilbert space. To introduce it, suppose S) is an infinite dimensional 
separable complex Hilbert space and 

{0} - i3o C C i32 C iD3 C • • • C 
is a chain of subspaces such that 

(i) dim9)k = k, k >0, 

(ii) \Jk>o^k spawns Sj. 

For every x G let S^{x) be one of the subspaces k >0, such that 

(iii) fife = {x G : S){x) = ij/J, k>0, are Borel sets, and 

(iv) Q. = U/e>i is compact. 

Next we form the direct integral Hilbert space 

7{= 9){x)dx = / 9^{x)dx 

Jr^ Jq 

consisting of classes of weakly measurable functions (f G L^(E^,^) such that 

(p{x) G S){x) a.e. 
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Let P : C{SS) be the projection-valued map that assigns to every 

X G the orthogonal projection onto 9){x). 

Finally, we take n + 1 operator- valued functions ai, U 2 , . . . , a^, 6 G 
C{9))) such that 

ai{x) = P{x)ai{x)P{x) = Gi(x)* a.e., 1 < i < n, 

b(x) = P(x)b(x)P(x) a.e. 

We will refer to the function b as the primary parameter^ and to the functions 
ai,a 2 , . . . as the secondary parameters. Based on the previous equations, we 
define n + 1 operators Ai, A 2 , . . . , B G C{H) as 

Ai(f{x) = ai{x)(f{x), ^ ^ W, 1 < i < n, x G fi, 

B(f{x) = 6(x)(/?(x), ^ G X eft. 

We now introduce the self-adjoint n-tuples X = (Xi,X 2 , . . . ,X^) and Y = 
(yi,> 2 , • • • ,Yn) of operators on H by setting Xi = Mi \ H, I < i < n, with Mi 
given by (3.20), and Yi = Ai~ y/^B*PRiPB, 1 < z < n, where Ri are the Riesz 
operators defined by (3.18). The operators Mi and Ri are regarded as acting on 
i3-valued functions. 

We claim that the so-defined pair {X,Y) is jointly hyponormal, that is, the 
corresponding nxn commutator matrix C(X, F) given by (3.17) is positive semi- 
definite. To prove our claim we first observe that 

[Xi, Yj] = [Xj, y,] = Rj]PB, l<i,j<n. (3.23) 

Substituting these equations into (3.17) we get 

C(A, Y) = 2 (B*P[M„ Rj]PB)l.^^ . (3.24) 

It remains to observe that whenever u e H C ® L^(E^,^) we get 

{C{X,Y)u,u) = 2{C^{I (g) B)u,{I (g) B)u), where C^i is the compression of the 
operator C in Lemma 3 to (g)L^(fl,i 3 ). Since u can be approximated by restric- 
tions to ft of functions from (g) <S(M^,i3), Lemma 3 shows that > 0, hence 
C(X,F) >0. 

The reader should be aware that in the case when n = 1 the previous model 
coincides with the singular integral model of pure hyponormal operators. If n = 
1, there is just one Riesz operator, the Hilbert transform. For details and other 
properties of the Hilbert transform model, we refer to [Cl], [Ka], [My], [Ps], [PX], 
[PXX], and [Xl,2]. 

3.3. Putnam-Type Inequalities for Riesz Transform Models 

In this section, we prove a norm estimate of the remainder in the Bochner- 
Weitzenbock identity associated to the Riesz transform model. This estimate is 
a multidimensional form of Putnam’s theorem. To illustrate the point, we first 
recall that Putnam’s theorem states that if T is a seminormal operator, then 

||[T*,T]|| < larea(specT), 

7T 



(3.25) 




250 



Mircea Martin 



where spec T denotes the spectrum of T. 

We will refer to (3.25) as the one- dimensional form of Putnam’s inequality 
for a seminormal operator T. Set X = Re(T) and Y = Im(T). A well known 
result due also to Putnam and proved, for instance, in [Pml], states that the 
projections of specT onto the real and imaginary axes are equal to specX and 
specF, respectively. Therefore, (3.25) leads to the Cartesian form of Putnam’s 
inequality, 

||C(X,y)|| < -||y|| -length(specX), (3.26) 

7T 

where we used the projection property recalled above in conjunction with spec Y C 

The original proof of (3.25) in Putnam [Pm2] uses the Cartesian form (3.26) 
as a starting point and Putnam’s cut-down technique, so (3.25) and (3.26) can be 
derived one from the other. 

There is also a Cartesian form of Putnam’s inequality for the Hilbert trans- 
form model. Using the notation in 3.2, that amounts to 

||C(X, F)|| < - esssup ||5(x)|p •length(fi), (3.27) 

where b is the primary parameter of the model. The proof of (3.27) is straightfor- 
ward, and (3.27) turns out to be a refined version of (3.26), because fl = spec A 
and esssup^^^ ||6(x)|p = II^IP < For more details we refer to [Cl, Chapter 
2]. However, it is important to notice that every pure seminormal operator is uni- 
tarily equivalent to a Hilbert transform model, therefore (3.27) implies (3.26) and 
also (3.25) for arbitrary seminormal operators. 

The main result in this section generalizes (3.27) for the Riesz transform 
model introduced in 3.2. The notation used subsequently is the same as in 3.2. 

Theorem E. Let X and Y be the self-adjoint tuples of the Riesz transform model. 
Then the remainder TZ{X,Y) in identity BW{X,Y) satisfies the inequality 

||7e(X,F)|| < A1|S||2 (vo1Q)1/”, (3.28) 

with 

An = 2n- ni^±^[vol(B")](”-i)/« (3.29) 

and 

\\B\\ = ess sup ||5(x)||, (3.30) 

where b is the primary parameter. 

The comments made right before Lemma 2 in Section 3.1 show that for the 
commutator matrix C{X,Y) given by (3.24) we clearly have 

||C(x,y)|| < ||7e(x,y)ll- (3.3i) 

In effect, by (3.28) and (3.31) we get a norm estimate for C(X, Y) similar to (3.27), 
that in fact reduces to (3.27) when n = 1. 
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Proof of Theorem E. We begin the proof by taking the Sl^^-module & = &n 
and the Clifford bundle E = x G. On E we consider the kernel $ that assigns 
to each (x, y) eW^ xW^^ x ^ the operator $(x, y) : & ^ 6 given by 



$(x,y) = Y, 



{xj - yj){xj - Vj) 



(3.32) 



Operator (3.32) is in fact an element of the Clifford algebra Specifically, by 
setting 

-y^= - y\(n+l)/2 ^ ^2n (3-33) 

we have 

^{x,y) = e{x-y)*s{x-y). (3.34) 

Using (3.33) and (3.34) one can compute the operator norm of $(x,y). A direct 
calculation that is left to our reader leads to 

ll^(a^.y)ll = (x,y) xW^, x ^y. (3.35) 

The Hilbert space L^(fi, E), where fl C is the compact set involved in the 
Riesz transform model, coincides with G^ (8) L^(fl,i3), and the integral operator 
on L^(f2,E) associated with $ becomes under this identification an integral 
operator on Gn <8) I/^(fi,io). 

Eventually, we are going to apply Theorem C to operator in the case when 
m = n, M = and p = 2. Using (3.35) we obviously get that the sets 
defined as in (2.23) are Euclidean balls of radius p = and, consequently, 

the constants A($) and A($*) needed in Theorem C are both given by 



A(^) = A(^*) = vol(B^). 



(3.36) 



With all the prerequisites at hand, we finally observe that by using (3.16) 
and (3.23) in conjunction with (3.21), (3.22), and (3.32) above, we can express the 
remainder TZ{X^ Y) G 212^ (8) E{H) associated with the Riesz transform model as 

Y) = . (eo ® BYieo ® P)M^o ® P){eo ® B), (3.37) 

where, as in Section 3.2, P is the projection operator from L^(f^, .Q) onto the direct 
integral Hilbert space and B is the operator on H corresponding to the primary 
parameter. 

To conclude the proof, suppose next that u G Gn is given and notice 
that by (3.37) and because 1Z{X, Y) is positive semidefinite we have 



{n{X, Y)u, u) = (af,(eo O B)u, (eo ® B)u) 



< 



^(n+l)/2 

2r((n+l)/2) 



||2fn(eo ® 5)u||||(eo ® B)u\\. 



^(n+l)/2 
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By (2.62) in Theorem C and based on (3.36) we obtain 

\\3n{eo (g) B)u\\ < n[vol(B’^)](^“^^/"'(volf^)^/’^||(eo 0 ^)^^||. 



On the other hand, 



||(eo ®-B)u|| < ||5||||ii| 



Combining the last three estimates we get 



{n{X,Y)u,u) < An\\Bf{voiny^^\\uf 



(3.38) 



with An and ||B|| as in (3.29) and (3.30). 

Since G 6n is an arbitrary element and TZ{X^ Y) > 0, inequality (3.28) 
is equivalent to (3.38). The proof of Theorem E is complete. □ 
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A Mean Value Laplacian for Strongly 
Kahler-Finsler Manifolds 

Zhong Chunping and Zhong Tongde 



Abstract. It is well known that the Laplace operator plays an important role 
in the theory of harmonic integrals and the Bochner technique both in Rie- 
mannian and Kahler manifolds. In recent years, under the initiation of S.S. 
Chern, the global differential geometry of real and complex Finsler manifolds 
has gained a great development ([1], [2], [3], [4]). A lot of results about the 
Laplacian and its applications have been obtained in a real Finsler mani- 
fold ([5], [6]). But up to now there are no results for the Laplacian and its 
applications in a complex Finsler manifold. The key point in the theory of 
the Bochner technique and harmonic integrals is to define a suitable Laplace 
operator. In the case of Finsler manifolds the difficulty is that the Finsler 
metric depends on the fibre coordinates. Using the idea that the Laplacian 
on Euclidean space or on a Riemannian manifold measures the average value 
of a function around a point, P. Centore ([7]) generalizes the Laplacian on a 
Riemannian manifold to a real Finsler manifold. Considering a complex man- 
ifold as a real manifold, there is a one-to-one correspondence between the real 
coordinates and the complex coordinates ([8]). In this paper, we use the mean 
value idea to define the Laplacian on a strongly Kahler-Finsler manifold, first 
for functions and then for forms, and we derive some remarkable properties 
for the Laplacian for functions and extend the Laplacian to arbitrary forms. 
Indeed our Laplacian on strongly Kahler-Finsler manifolds generalizes the 
Kahlerian Laplacian. And it is worth to remark that using the osculating 
Kahler metric - which we obtain in the following to define the pointwise and 
global inner product when we define the Hodge-Laplace operator of {p,q)~ 
forms - is more natural than using the fundamental tensor of the Finsler 
metric and can avoid many complicated calculations. 
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Keywords. Strongly Kahler-Finsler manifold, mean value Laplacian, Hodge- 
Laplace operator. 



This project is supported by the Natural Science Foundation of China (No. 10271097). 




258 



Zhong Chunping and Zhong Tongde 



1. Background and fundamental results 

Consider a real 2n-dimensional manifold V 2 n of class covered by a system of 
coordinate neighborhoods. 

If we denote the coordinates of a point p in two different coordinate neigh- 
borhoods by (x^) and (x*), respectively, then there exists relations of the form 

x^ = x\x’^), ( 1 . 1 ) 

where the function x^{x^) are of class C”’ with non-vanishing Jacobian, and the 
Latin indices run over the range 1, 2, • • • , n, 1, 2, • • • , n. 

Now, if we put 

z^=x^+ix^, r=x^-ix^, (1.2) 

where the Greek indices run over the range 1, 2, • • • , n, then we have a one-to-one 
correspondence 

(2;",z") (x*), 

and z^) may be considered to be coordinates of a point in our 2n-dimensional 
manifold V 2 n, and equation (1.1) may be always written as relations 

r = z^(z,z), r = P(z,z) (1.3) 

formally. 

Now if we can cover the whole manifold V 2 n entirely by a system of complex 
coordinates ( 2 :^, 2 ") in such a way that, in the intersection of two complex coor- 
dinates neighborhoods, (z^,z^) and (z^,z^), z^ are complex analytic functions 
with non- vanishing Jacobian of the complex coordinates z^, then we say that the 
manifold V 2 n admits a complex analytic structure, and we call the manifold a com- 
plex analytic (or simply analytic) manifold of real dimension 2n and of complex 
dimension n. 

In this case, equation (1.3) takes the form 

z- = r{z), r = ^{z), (1.4) 

where denotes the complex conjugate of the function (j)^{z). Also, if we put 

and assume that the barred Greek indices take the values 1,2, ••• ,n, then for 
(z^, z^) we can write z\ i = 1, 2, • • • , n, 1, 2, • • • , n, and write the transformation 
(1.4) as 

z* = (1.5) 

The Jacobian of (1.4) is then, as is easily seen. 




and thus the manifold is always orientable. 

In a complex analytic manifold M of complex dimension n vectors, tensors, 
affine connections, etc., are defined with respect to the coordinate transformations 
(1.5) having the special form (1.4), in just the same way as in real case ([8]). 
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For example, for a contravariant vector the law of transformation of its 
components, 

dz} 

Cl ^ 



separates to 



~ - 



by virtue of the special form (1.4) of the transformation (1.5). Thus, the 2n com- 
ponents of ^ separate completely to the blocks and 

Equation (1.6) shows that if are components of a contravariant vector, 
then (^"^,0) and (0,^*^) are also components of contravariant vectors. Moreover, 
taking the complex conjugate of equation (1.6), we get 

f* = “'I 



which shows that, if are components of a contravariant vector, then (^^,^"^) are 
also components of a contravariant vector. 

For tensors,the same arguments apply. 

The volume form of is given by dV = dx^ A dy^ A • • • A dx^ A dy^, 

where, as usual, + iy^,a = 1, 2, • • • ,n. dV can also be expressed as 

dV = ^ dz^ A • • • A dr A A • • • A dz^, 

(2i)^ 

or 

dV = Cndz A dz, (1.7) 

where Cn — , dz = dz^ A • • • A dz’^. 

Let M be a compact complex manifold of dimension n with local coordinates 
z^ around a point z. If G then v = where the are coordinates 

for the tangent bundle canonically induced from the z*^ on the base manifold. F is 
a complex Finsler metric, i.e., a continuous function F : T^’^M — > R+ satisfying 

([ 4 ]) 

(i) G = F^ is smooth on M, M - T^’0 M/o(M); 

(ii) F{v) > 0 for all v e M; 

(hi) F{Xv) = |A|F(u) for all u G and A G C. 

Condition (iii) is essential in the following, because it guarantees that the unit ball 

I = {ve Tl^^M I F{v) < 1} 



is centered at 0, i.e., 

(hi)' F is symmetric: F(z; —v) = F{z\v). 



In addition to the unit ball, one can consider a ball, in the tangent space 
of any radius 6: > 0. The indicatrix of radius e will be defined to be this (solid) 



ball: 



F = {ve Tl'^M I F{v) < e]. 
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Apart from balls Is in the tangent space, we will see that we can talk about 
balls Yj£ c>n the manifold, and we must be careful to distinguish the two. 

Now we denote 

= •*?. 5 = (1-8) 

By the property (iii) of F, we have 

G{z-, v) = G^^{z; v)v°‘v^. (1.9) 

In the following, we assume that M is a strongly Kahler-Finsler manifold ([4]), 
that is, 

r“. = r“^, (1-10) 

where 

r a /o P7\ po: 

I3]^ ~ ^ ^ ji ~ ^ trr;/i- 

Let / : M — ^ R be a smooth function with derivatives fa = fap = 

7 etc. We are looking for a Laplacian A/ : M — > E. 

Now let us remember the mean value property of a harmonic function / in the 
complex plane C^. It is well known that the Laplace operator A in is defined 
by 

q2 q2 q2 

A = ^ = 4 

dx‘^ dy‘^ dzdz ’ 

where z = x^iy. A smooth function / in a domain F C CMs said to be harmonic, 
if it satisfies 

A/ = 0, 

and then / has the important mean value property, that is, 

f{a) = ^ + re^^)de, 

holds for {z : \z - a\ < r} C D. 

In general, in the Euclidean space E’^ we say that a function / is harmonic, 
or has zero Laplacian, if 

fdV 

/(x) = average value of / on a solid sphere (of any radius) around x= ^ ^ ---, 

where 

Yjs { 2 / ^ I d{x, y) < ^}, dV := dx^ A • • • A dx'^. 

Thus 



It dV 



- f{x) = 0 



for harmonic functions in Euclidean space. To make sense of the expression 

It fdV 
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for a general function, we must “infinitesimalize,” i.e., consider the above quantity 
as 5 0. Furthermore, we know from the more usual expression A/ = 

that we are only interested in the 2nd-order term of this expression, so we should 
divide by as ^ 0. In addition, we need a normalizing factor of 2(n + 2), and 
we obtain 

1 /fv fdV \ 

A/(i) = 2(n + 2) lim - /(x) j ^ 

This expression can be easily extended to a Riemannian manifold. Since for 
a Riemannian manifold with positive definite metric 

ds^ = Qijdx^dx^ = 1, 2, • • • , n, 

one can choose the volume form to be 

dV = Vgdx,g = det(ffij), 

we can define 

1 //v fVddV \ 

A/(x) = 2(n + 2) lim - /(x)j • 

The main purpose of this paper is to generalize this formula to strongly 
Kahler-Finsler manifolds. Let M be a strongly Kahler-Finsler manifold. Then we 
have a distance function between pairs of points, and this function satisfies certain 
properties. For z G M, let [/ C M be a coordinate chart with z E U. Then define 
a function : U — M, where Pzi^) is the Finsler distance from w to z,pz 
satisfying 

(i) p,{z) = 0; 

(ii) > 0 on U\{z}-, 

(iii) pz is continuous on U ; 

(iv) Pz is differentiable on [/\{z}. 

Define ^ ^ \ Pz{'^) ^ the ball of radius e around 2 ;. These balls are 

defined intrinsically on the complex Finsler manifold and will be essential for our 
Laplacian. 

Now we can use F to define a nowhere-zero volume form. Note that as a 
metric space, (M, F) is equipped with a natural Hausdorff measure. Choose the 
volume form which generates the 2n-dimensional measure, i.e., take 



dV = 



^2n 

fj dv A dv 



dz A dz. 



( 1 . 11 ) 



where 

^ 2 n = volume of the unit sphere in 

I = {v E Tp’^M I F{v) < 1} = the solid unit ball in the tangent space. 

Cndv Adv = Cndv^ A • • • A A A • • • A du^, Cn = (-l)^^^-^^/V(2i)^ 

== Euclidean volume form in tangent space with coordinates 
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This generalizes the Riemannian volume form and is written in coordinates as 



dV{p) :=K2n( I 



dv^ A • • • A du” A dv^ A 

I F(v)<l} 

X dz^ A • • • A A dz^ A • • • A dz”. 



-1 






We have 



dV{vi,--- ,Vn,Vi,--- ,Vn) 



=K2ndet(uf )det(uf ) ( j dv^ A--- A du" Adv^ A--- dw”) , 

^J{v€T^’°M\F{v)<1] > 



where 



/3 ^ - -a ^ 



Proposition 1.1. dV is a well-defined {n^n)-form. 

Proof. dV is an (n,n)-form if, when we change coordinates to = z^(z), gener- 
ating a new expression 



=f^2n( / 



dV =K 2 n ( / dv^ A • • • A dv^ A dv^ A • • • dv^ 

F(v)<l} 

X dz^ A • • • A dz"^ A dz^ A • • • A 
and a new coordinate expression for 5 

dV{vi,-- ,i;n) =dF(ui,--- ^v^). 






i) Write 



A— = -y — 
'^dz^ 



Then 



dzd d 0 d 



so 



.-y dzd 



det(n2)det^ 



U)=<iet«). 



(1.12) 
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ii) Calculate 

dV{vi,--- ,Vn,Vi,--- ,Vn) 
= K2n<iet{v^)det{v^) 



{veT^'°M I F(v)<l} 

= K2„det(u2;)det(||^)det(t;2;)det(^||^) 



dv^ A • • • A dv^ A dv^ A • • • dv^ 



r 



X 






.p “M I F{v)<l} 

(using (1.12)) 



/Bz^\ /8z^\ - - \ 

A • • • A dv^ A dv^ A • • -dv^j 



-1 



dv^ A • • • A dv^ A dv 



1 F(i))<l} 






= K2ndet{vl)det{il)( [ 

^J{v€T^'° 

= dV{vi,--- ,Vn,Vl,--- ,Vn)- □ 

Now we denote the volume form by 

dV = Cnio{z)dz A dz, uj{z) = K2n (Cn J dv A dv^ . (1-13) 

With this volume form, we can define A/ on a strongly Kahler-Finsler manifold: 

I f Jj2 f^{^)dz A dz 



A/(z) = 2(2n + 2) lim 



-/W • (1-14) 



Y /j] (jo{z)dz A dz 

Before working out the coordinate expression for Af{z) we give some estimations. 



2. Some estimates 



A complex Finsler manifold has an intrinsically defined exponential map, which 
sends one-dimensional subspaces of a tangent space isometrically onto geodesics. 
We shall express the exponential map exp in local coordinates, and compute some 
expressions to be used in later calculations. A geodesic in a complex Finsler man- 
ifold is a parametrized path z{t) = (z^(^), z^(^), • • • ,z’^(t)), which satisfies the 
differential equation 

where a dot above the z indicates differentiation with respect to t. This equation 
allows us to write exp in local coordinates around a point p ^ M as 

exp : Tpi’°M — > M, 



z°^{exp{v)) 



_r“ 

g /^;m7 



_ 1 _ 



r%^V^,.yv^v^ + o{\vf), 



(2.1) 

where we are writing v G T^’^M as v = and F^.^^ = 

In a Riemannian space, exp is everywhere on T^M\ in a complex Finsler 
space, exp is everywhere except at the origin (p, 0), at which it is only (7^ ([4]). 
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This deficiency, however, will not cause us any trouble. We will use the exponential 
map to move integrals from the manifold to the tangent space, where the structure 
of F is exhibited more clearly. In particular, exp~^ takes the sphere ^ on M to the 
indicatrix of “radius” £ on and on indicatrices of different radius 

have a natural scaling property. 

Indeed, T^’^M can be thought of as a manifold on its own, and exp as a map 
between the manifolds T^’^M and M. Since exp is invertible, we can pull back 
forms on M to forms on and we will calculate pullbacks (in local coordi- 

nates) for some special cases. To begin with, let be the coordinate functions on 
Tp’^M canonically induced by the coordinate functions 2 :^^ on M. Then forms on 
the manifold will be written as wedge products of 1-forms dv^. Take the exterior 
derivative of both sides of (2.1). (This is allowed because exp is at p, although 
higher derivatives do not generally exist.) 



1 1 1 9T^ 1 

=dv‘^ - 

- + lr%^r^^.yv^dv^ + o{\vf) 

=dv^ - K-.v^^dv^ + C%yv>^dv^ + o(|u|3), 



3 -^ r;pt /3 



1 1 2 

-po: I ■*- po! p^ I pa p^ 

R-ii.i- ' ' r» R:P. t: 






where we write 

^ _ ^pcK _ _|_ ^pa -pP I ^pa pP f 2 2) 

^T/3fi — 2 QyT g-*- + 3 ^ /3;/i + 3 -*- /3;£ r;^* ^ 

To work with (n, n) forms, we also need to calculate dz = dz^ A • — A dz^ in 
terms of dv = dv^ A • • • A dv^. 

dz ={dv^ - Tl.ydv'^ + Cl^yv^dv'^) A {dv^ - yydv'^ + C^^yv^dv'^) 

A ■ • ■ A {dv^ - Tiydv^ + C^^yv^^dv-^) 

= 1 - rL”' + + c»„^yv^]dv 

= )- rL”" + 

, ^pa p7 f ^''^ \v(^V^'\dv 

+ 3 2 dv- ) ^ 



where we are neglecting terms of higher order than 2. Because exp is only (7\ the 
above expression is only continuous and not necessarily differentiable at p. 

The exponential map allows us to change coordinates so that the spheres 
on M become indicatrices of radius e on Thus any integral lu (of any 

(n, n) form to) becomes an integral fj exp*uj on the tangent space, and, if exp*u{v) 
(where exp*ou = exp*uj{v)dv A dv) is homogenous we can use the scaling property 
of the Is to write exp*o; as exp*ou for some appropriate exponent k. In 
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particular, when we come to integrate fu for a function /, we will replace / 
by its power series around p to get 




wherej^l = After moving all these new integrals to the tangent space, 

we will see that we do in fact have homogenous functions, so we can write them all 
as integrals over /, which is the same set as Ii. We now determine the exponent k 
given above for integrals of the form where a is a multi-exponent for 

the 2 ^’s. 

Case A. dV. This amounts to finding the volume of the sphere of radius 
s in the complex Finsler manifold. We develop a power series in terms of ^ for this 
volume. 

Vol(^)=/ dV = Cnj Uj{z)dzAdz, 

where to{z) = K 2 n(^Cn Jj dv A dv^ are the coefficients of the volume form as 
given above. Replace cu{z) by its Taylor series around p: 



dz A dz 



=Cn j Uj{p) + UJa{p)z°‘ + UJa{p)z‘^ + ^0J^p{p)z°‘ z'^ + o(|2|^) 

=Cn uj{p) + Wa{p) + w^{p) 

+ (l - + C 0 .yv>^) (i - rj_ + C^^vdv^^)dv A dv 

=Cn f uj(p) + (ui^,{p) - + (ufi{p) - o;(p)r|_ 

X ( - \'^%^i^a{p) - UJi3{p)r^.^ + Lv{p)Ci3f,yf^V^^ 

Here we are ignoring terms of order higher than 2 and abbreviating 



dv A dv. 



1 



1 ^^0:, 



Cr, FP r<^ FP _ ZF^ -u Af^ f^ 

^ p]ii^ a\(3 I3]pia ^ (3-pi 2 Qr^J 



Notice that is symmetric on This is an advantage of working in 

the tangent space because symmetry ensures that Cn fj v^dv Adv = 0, or, more 
generally, Cn h{v)dv A di; = 0 if is any odd function. In the line above we 
see the integral Cn T^.^v^dv A dv. Consider equation (1.10). Since F‘^{v) is an 
even function, and since is obtained by taking two derivatives of 
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an even function, G^p{v) must be also even. Then G^^{v) is even, and derivatives 

dG 

of the form (v), with respect to coordinates in the manifold, are also even 
(as functions of the tangent space coordinates t;). Furthermore Gpf^ is odd, Gf-^ 
is odd, so GfSf'y^Ji is even. We see from equation (1.10) that must then be 

even. The function (on the tangent space) is odd, so the product of 

an even function and an odd function must be odd. Thus Cn T^.^v^dvAdv = 0, 
therefore 

Voi(EJ 

= Cnj^ w{p)dv Adv + Cnj^ [( - 

+ ( - A dv. 

(2.4) 

Note that the first term in (2.4) is the integral of a constant. Because of the 
scaling property Ire = we can change our region of integration to /i, via 

Gn / Uo{p)dv Adv = CnS^'^ / Lu{p)dv Adv = / uj{p)dv A dv, 

Jh Jh 

where n is the dimension of M, and, of course, I = h. Similarly, the second term 
of (2.4) is the integral of a function homogeneous of degree 2, so we can again 
change our region of integration to /, but this time with a factor of 

=-Cns'^'^ Jw{p)dv A (- - u>p{p)rl^^ + uj{p)Cpf,'jv^v^ 

+ ( “ + u{p)C^yAP + ^I^ap{p)v°‘v^ dv A dv. 

(2.5) 

Recall that ou{p) is given by uj{p) — ^ f%Adv ^ where neither the numerator nor 
the denominator depends on v. Thus we can take outside the integral: 



— Gn^ 



2 n ^ 2 n 



Cn Jj dv A dv 



J dv Adv + 0’ + C^ 2 n +4 • + o(e^"''^®). 



where (72n+4 will be written explicitly later. In summary. 



Vol^ ^ j — + G 2 n -\-4 ' 



Case B. z^dV. The function is “odd” around the origin, which is the 
center of so we would expect the integral to be near zero. In fact, this integral 
has order ^^n +2 instead of ^^n+i seems natural. Again, we work this out by 
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transferring z^dV to and using the symmetry of the indicatrix there: 

j z^dV = Cn J z^uj{z)dz A dz 



Z^uj{p) + Ui3{v)z^z^ + U^{p)z^z^ + -^(■^f3fl{p)z'^Z^Z^ + o{\z\^) 



dz A dz 



~°"L. 

^ £ 

'!3{p){v°‘ - (v^ - 

\uj^p{p)(v<^ - P - p - \n,,{vXv^)' 

X (l - r^^.Jv)v^ + (l - A dv 



--C, 

+ 
+ 



=Cn [ Uj{p)v'^ + da^v^^v^ + d^gv'^v^ + o{\zf) dvAdv, 

Jle 

for some coefficient dafs^d^g. Again, oddness of 2 :^ ensures that 






dv A dv 



vanishes, and homogeneity allows us to evaluate solely on I by adding an ap- 
propriate factor: 

=CndaP ^ j v°"v^dv A dl^ 6^”+^ + Cnda,p ^ J V°‘v'^dv A dl^ e^"+^ + 4„+3£^”+^ 



+ o(e'"+"), 



for some constant d 2 n+s- The important result here is that we don’t need any 
terms involving so 




<d2n+2^'"+'+0p2"+4). 



By estimations of Case A and Case B, there are two conclusions, the first 
conclusion assures that integrals of the form z^dV are actually of the same 

order of magnitude as the integrals z^^z^dV, and the second conclusion allows 
us to ignore higher-order terms when they appear in integrals. 



Remark 2.1. Expression (2.6) of Case A is interesting because of its parallels with 
the Riemannian case. The first term in both the complex Finsler and Riemannian 
case is which is simply the Euclidean volume of a sphere of radius e in 

so even in a complex Finsler space, volume measurement doesn’t differ dramatically 
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from the Euclidean case. Also, in both cases the coefficient of ^^^+2 vanishes. The 
most interesting coefficient is C 2 n+ 4 , which measures how our space differs from 
Euclidean space. In the Riemannian case, this coefficient (up to a constant) is 
actually the scalar curvature([7]). 

Since expression (2.6) is invariant by its very construction, this clearly sug- 
gests thinking of the second coefficient as a scalar curvature for strongly Kahler- 
Finsler manifolds ([8]). 

Definition 2.2. Define the Puiseux curvature F at 2 ; of the strongly Kahler-Finsler 
manifold (M, F) to be 

P = 0:2nC'2n+4, 

where a 2 n is a constant. 



By (2.5) and replacing ou{p) with uj{p) = ^ f^dvAdv expression 

for the Puiseux curvature: 

P = <^2nC"2n+4 



— OC2n^2n 
_ 

1 






1 d d 



dz^ dz^ \jj 
1 



dv A dv 



-1 



(^J dvAdv^ Tx.^-\-(^j^dvAdv^ 



R'lirv' R'U r\ 



01- 









dvhdv^ rl^+(^J^dvAdvJ 



l_d ^ 

2 dz^ dz^ 



^ frp _r^ _r^ -i- 

y P'lV^ cr;/3 2 p\(3 0 OL\pj3 g /3;/io: 



1 - - 1 - \ 
_po: p7 j 



3 a ;7 2 dv° 






1 d d 

^ 2 dz°‘ dzl^ 



dv A dv 



)"V 



\dv A dv. 



Lemma 2.3. P : M — > E given by z \ — > Puiseux curvature at z is . 

Proof. The expression for (72n+4 involves integration over 7, but an integral over 
I is equal to an integral over 7\{0}. If C 2 n +4 is seen as an integration over 7\{0}, 
then all limits of integration and integrands are smooth functions of 2 :, so P is 
smooth. □ 



3. Mean value Laplacian and its coordinate expression 

In this section, we use the constructions of Section 2 to show that the Laplacian 
A for a function exists, and to derive a coordinate expression for A, which will 
make clear that A is a differential operator. 

Firstly, we will state formally the definition of the Laplacian. 
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Definition 3.1. Let M be a complex manifold with a strongly Kahler-Finsler metric 
F, and let / : M — > R be a smooth function. Let dV = CnUj{z)dz A dz, where 
~ Cn f^dvAdv coefficient of the canonical volume form. 

Define the Laplacian A at a point p by 

1 //v fdV \ 

Af(z) = 2(2n + 2) lim - /(*) j . (3-1) 

or if we write dV = CnOj{z)dz A dz, 



Af{z) = 2(2n + 2) lim \ 



fuj{z)dz A dz 
uj(z)dz A dz 



m 



(3.2) 



Theorem 3.2. Let M be a complex manifold with a strongly Kahler-Finsler metric 
F, and let f : M — > R 6e a smooth function. Let p he a point in M. Then 
Af{p) exists and is a linear, 2nd-order differential operator with the coordinate 
expression: 



Af={2n + 2) 

+ fa 
+ fa 



Jj v^v^dv A dv 



fad 



fj dv A dv 

2u0 fj v^v^dv Adv ^ fj T^.jV^v^dv A dv^ 



y UJ Jjdv Adv fj dv A dv 

! 2uji3 Jj v^v^dv Adv 2 Jj T^.^v^v^dv A dv^ 
\ Lu Jjdv Adv 



fj dv A dv 



Proof Write / as a Taylor series around p, 



f{z) = f{p) + fa{p)z'^ + fa{p)z'^ + + o{\z\^). 

Substitute this expression into the definition: 



2(2n + 2) lini — 



£— ^0 



m 



-2(2n + 2) lim — 

^ e^O 

f(p)dV 



4 fdV 

/e> 

k, fa{p)z°' + fa{p)z°‘ + yap{p)z°‘z'^ +o{\zf)^dV 



It dV 
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=2(2n + 2) lim 






—2{2n + 2) lim 



•fe. + 0{\z\^)yV 

1 (^fa{p)z°‘ + /a(p)2" + + o{\z\^)^Lj{z)dz A dz 



£— ^0 



Jy uj{z)dz A dz 



=2(2n + 2) lim ^ ^ [/a(p)(v“ - + /a(p)(i;" - 



+ ^/a/3(p)K - 

,,Q: 1 t^Q \ 



(c.(p)+o;,(p)K-ir“j,;%^)+cUa(p){ti“-ir5jt)"«-’))(l-r^^,t,«)(l-r^V)dCAd,; 



/. 



(p) (t;« - f r J.5 ) +Cc;a (p) ( 



-u*^ — 



{\—T^QV^){\ — T^_^v^)dv^dv 



=2{2n + 2) lim 

e— >0 



-I -1 



^u;(p)+a;Q 

J (^uj{p) + uJaV^ + A dv 

+ fa{p)^{p)^'' + fa{phf3{p)v'"v^ ~ fa{p)uj{p)T^p.f3V^V^ 



dv A dv. 



Again, eliminating integrands homogeneous of degree 1, and ignoring terms of 
higher order than 2n + 2, and moving to /, we have 

=2(2n + 2) lim,_„ £^”+^ J, -.Ad. 



+ 



c 



fa{p)^0{p)-fa{p)‘^{p)^X;(3 jv'^v^dvAdv 



h 



g-2n + 2^^p^ dy/\(ly 

Separating into coefficient of f^p and fa, fa, 



A/ = (2n + 2) 



JjV^v^dvAdv r _ , £ / 2a;^ Jj dvAdv 2 J j dvAdv\ 

fj dvAdv Lu Jj dvAdv fj dvAdv J 



\ £ ( ‘^^f3 J J dvAdv 2 J J r^.pV°‘ v^ dvAdv \ 

7 ^ \ ^ Jj dvAdv fj dvAdv j 

This expression clearly shows that A is a differential operator. 



□ 



4. Mean value Laplacian generalizes the Kahlerian Laplacian 

Firstly, we remark that for the leading coefficient in the coordinate expression of 
A, we have 
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Lemma 4.1. Let M be a strongly Kahler-Finsler manifold of dimension n with 
Finsler metric F. Define 

a . s fr V^V^dv Adv , , 

= 2n + 2 . 4.1 

^ ' fjdv Adv ^ ' 

Then K<^°‘ are the components of a Hermitian symmetric, twice- contravariant, 
positive- definite tensor. 

Proof. Clearly, SO these components are Hermitian symmetric. To 

see that 

5 , , fr v^v^dv A dv 

= (2n + 2)^^ 



fj dv A dv 



are the components of a Hermitian tensor, make a coordinate change 



on the manifold. Then we have the following relations on the tangent space: 



( dz^ \ 



In the 5^ coordinate system, 

= (2n + 2) 



(2n + 2) 



v°‘v^dv A dv 
fj dv A dv 

dvAdv 

fj dvAdv 



Since none of the terms and det^||^^ depends on v and v, we can take 

them all outside the integral signs, and cancel the determinant, to get 

Kda _ (-o^ I ON h ^ 

^ dz^ Jj dvAdv dz'r dz^ 

i.e., are the components of a twice-contravariant Hermitian tensor. 

To see that this tensor is positive-definite, simply use the Hermitian symmetry 
to choose a coordinate system z in which is diagonal, that is, one for which 
= 0 if a 7 ^ /?. Then 

r. v^v^dv A dv 

= 2n + 2) '’^ „ - - > 0, 

^ dvAdv 



SO is positive-definite. 
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Since a symmetric, positive-definite, twice-covariant Hermitian tensor is a met- 
ric tensor, we can see the as the (inverse) components of a Kahler metric. 
Thus we have canonically associated to our strongly Kahler-Finsler manifold a 
Kahler metric. 



Definition 4.2. The metric 



= (2n + 2) 



J). v^v^dv A dv 
Jj dv A dv 



on a strongly Kahler-Finsler manifold (M, F) is called the (inverse of the) oscu- 
lating Kahler metric. 

Lemma 4.3. Let M he a Kahler manifold of complex dimension n with metric . 
Then 



o 1 , , fr v^v^dv A dv 

= - 2n + 2 . 

2 ' Jjdv A dv 



(4.2) 



Proof To simplify the calculations, choose coordinates such that 

(p) = (p) = (5„/3 (p) , (4.3) 

i.e., such that J at p is the unit sphere D in M^”. Then, by symmetry of D, 

K^°^ = 0, if a 7^/3, (4.4) 

and 

ii:ii = K22 = ... = K"«. (4.5) 

Let v^ = a = 1, . . . , n. Then we calculate 

iC"" = (2n + 2) + ^ 2 n)d^ld ^2 ■ ■ ■ d^ 2 n ^ + 2 ) ^ 2 nd^^d ^2 ■ ■ ■ d^ 2 n 



where 



2(2n + 2) 
=2(2n + 2) 



Jd d^id^2 * ■ ' d^2n 

fp^Ld^id^2---d^2. 
Id d^id^2 * ' * d^2n 



Id d^id^2 • • • d^2n 



1-1 ^ 2 n ( f '" fd ^ l '" d ^ 2 n - 2 di 2 n - Cjd ^ 2 n 



/-I • d^2n-2d^2n-l^d^2r, 

/-I ^ 2 n ( (2« - l)-sphere of radius \/l ~ 

=2(2n + 2) -- ^ 

/_! ( (2n — l)-sphere of radius ^/l -e2n)d^2n 

-0(0 , „-./-1^2n'^2n-l(Vl “ d^2n 

—2{2n -h 2) , 



/_1 «2n-l(VT^=lL)2"-ld6. 
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Let ^2n = sin 6 and integrate: 

2 sin^0cos^"“^ 9 cos 9d9 



=2(2n + 2)- 

=2(2n + 2) 

= 2 , 

by (4.1) to (4.5), 



2 cos2« 9d9 



2 ^^ cos^"'*'^ 9 sin 9 






cos^’^ 6d6 



We know that is a twice-contravariant Hermitian tensor, and since lemma 2 
proved that is a twice-contravariant Hermitian tensor, it follows that = 
in any coordinate system, i.e.. 



1 , fjV^v^dvAdv 

2 ' Jjdv A dv 



□ 



As remarked before, the terms 



(2n + 2) 



Jj v^v^dv A dv 
Jj dv A dv 



appear as the leading coefficients in A. If our space is Kahlerian, they will also 
appear in the first-order coefficients, and this fact suggests us to prove the following 
theorem, which states that our mean-value Laplacian generalizes the Kahlerian 
Laplacian. 

Theorem 4.4. Let {M,F) be Kdhler manifold with its canonical Laplacian ([8]) 



L{f) - 2G^' 



8a d^f 



dz^dzf^ ' 



(4.6) 



Define 



Then 



1 / fdV > 



N = L{f). 

Proof. Consider the coordinate expression (3.3) for 



(4.7) 



A/ = (2n + 2) 



+ fa 






Jj v°"v^dvAdv 
Jj dvAdv ^ 



fa0 + /a ( 



2a»g J, v'^v'^dvAdv _ 2 j dvhdv\ 
uj Jj dvAdv fj dvAdv J 



2(jjf3 Jjv'^v^ dvAdv 2 J jT^.^v'^v^ dvAdv\ 



uj J J dvAdv 



Jj dvAdv J j 
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Since the Christoffel symbols don’t depend on tangent vectors in a 
Kahler manifold, we can take them outside the integral signs, which leaves a com- 
mon factor (2n + 2) Jj v^v^dv A dv/ fjdv A dv: 



Af = (2n+2) 



v^v^dv A dv 
fj dv A dv 



fa0 + fa{-^-2Tl^)+fa{^ 






(4.8) 



In a Kahler manifold, the volume form dV = uj{z)dz A dz is 

dV = y/Qdz A dz^ 



so 

_ 1 dy/Q 
u yjQ dz^ ' 

There is, however, the Kahler identity 

pA ^MedG.-x 1 dVQ 

dzl^ V? dzl^ ’ 

SO the coefficients of fa and fa in expression (4.8) are zero, leaving 

, F v^v^dv A dv 

Now use Lemma 4.3,which asserts the identity 

3 1 , , fr v^v^dv A dv 

= 2n + 2 ^ , 

2 '' Jjdv A dv 



to convert (4.9) to 



A/ = 2G^“/„3 = L{f). 



(4.9) 



□ 



Remark 4.5. Although the Laplacian we have defined does not result from any 
Kahlerian metric, it shares some important properties with Kahlerian Laplacians. 
In particular, A is “self-adjoint” in the sense that it satisfies a version of Green’s 
Theorem for complex Finsler manifolds, and as a result of this, it can be written in 
a divergence form very similar to the divergence form of the Kahlerian Laplacian. 
Furthermore, our definition can be extended to the Hodge-Laplace operator of 
arbitrary {p^q) forms. It is worth to remark that using the osculating Kahler 
metric to define the pointwise and global inner product when we define the 
Hodge-Laplace operator of (p, ^) forms is more natural than using the Finsler 
metric and can avoid many complicate calculation. 



5. Properties of the Laplacian for functions on strongly 
Kahler-Finsler manifolds 

In this section, we will prove some remarkable properties of the mean value Lapla- 
cian A defined in Section 3. 
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Definition 5.1. A linear operator V is self-adjoint on a complex Finsler manifold 
/ {uV{v))uj{w)dw Adw = / {vV[u))u{w)dw A dw (5.1) 

JM JM 

for any compactly supported functions u and v. 

Lemma 5.2. Let M be a strongly Kahler-Finsler manifold with Finsler metric F 
and A be defined as above. Then A is self-adjoint, i.e., 



Proof 



/ {u Av — V A u)(jj{w)dw Adw = 0. 

JM 

/ {u Av — V A u)u{w)dw A dw 

JM 

, ^ /■ r . ^ ly 

=2{2n + 2) / > 

JM 



(5.2) 



u{w) lim 



e-^O 



'■ Iy^{^)^{z)dzAdz 



v{w) lim — 2 — 2 ~T / , 

u>{z)dz A dz 



u{w)dw A dw 



(where '^Jw) (resp.^^( 2 :)) is the ball of radius s around u;(resp. 2 :)) 

1 \ 



=2(2n + 2)lim^ [ [ (- 



X [u{w)v{z) - v{w)u{z) — u{w)v{w) + u{w)v{w)] 
X (j{z)uj{w)dz Adz Adw Adw 



=2{2n + 2) lim ^ 



J'yzAw) 



X u{w)v{z)iu{z)uj{w)dz Adz Adw Adw 
1 



) 









'^v{w)u{z)w{z)u){w)dz A dz A dw A dw 



=2{2n + 2) lim \ 
^ ' £-»0 £2 



M iy^ ^(w) ^ . 



1 



X u(w)v(z)w(z)w(w)dz Adz Adw Adw 
1 



) 



- / / f-7 —^v(w)u(z)uj(z)uj(w)dw A dw A dz A dz 

JMJyM^Iy^^^)^{^)dzAdz) ^ ^ ^ ; V y V ; 

^because, along the “diagonal” of M x M, 

/ / f{z,w)dF) A dw A dz A dz= / f{z,w)dz A dz A dw A dw ] 

JMJT.Az) JMJyZAw) ^ 
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2(2n + 2) lun ^2 ^ 

X u{w)v{z)uj{z)(jo{w)dz Adz /\dw Adw 



Jm Je,{w) '^IeJz) ‘^Hdw A dwJ 

(renaming the parameters in the second term) 

=2(2n + 2) lim / [ u{w)v{z)w{z)uj{w) 

^^0 £ Jm [ JeA ^) 

1 1 

y — — 

It (w) A dz Jy (j{w)dw A dw 



^u{w)v{z)uj{z)Lj{w)dz A dz A dw A dw , 



dz Adz Adw A dw 



=2{2n + 2) lim / / u{w)v{z)w{z)w{w) 

Jm JeA-^) 



[ «2„£2" + C2„+4 («;)e2"+4 + . . . K2nS^n + C2n+4 {z)s^^+^ + ••• 

X dz Adz Adw A dw, 



(using (2.6)) 



=2(2n + 2) lim f 

"-0 A 



' / u(w)v(z)u>(z)w(w) 

M e JeA^) 



+ *-AdzAiffiAd«, 

c-2n 

^2n+4 I r \ I r 

=2(2n + 2) liin / u(ro)n(^;)w( 2 :)w(u;) 

£2n+4 «;2„ Jj^ |^£2n 2 

X [C'2n+4(^) - C2n-\-4{w)]dz A dz A dw A dw 
= 0 . 

The last line we obtained by letting s ^ 0. When this happens, z ^ C' 2 n +4 

is just the Puiseux curvature defined in Section 2 (Definition 2.2.), where we also 
proved that it is smooth. Since C 2 n +4 is smooth,we have C 2 n+ 4 (^) C'2n+4('^^)- 

□ 



Self adjointness induces an equivalent condition on the coefficients of the 
differential operator V. For a second-order, linear differential operator V with 
Hermitian symmetric leading coefficients, i.e.. 



(5.3) 
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this is indeed the case. For the Laplace-Beltrami operator of the Kahler manifold 
L(/), we can write 

and give a name to this convenient form. Notice that in the case of a Kahler 
manifold if we write L{f) in the form (5.3) we have = 0. 

Definition 5.3. We will say that an operator V is in divergence form if 

where uj{z)dz A dz is the canonical Finsler volume form dV of a strongly Kahler- 
Finsler manifold, and is some Hermitian symmetric, contravariant 2-tensor on 
M. 



Lemma 5.4. If V is a second- order linear differential operator of the form 

'Df = A^^f,p + B^U 

with Hermitian symmetric leading coefficients, then 

V is self-adjoint T> is in divergence form. 

Proof <^: Assume that V is in divergence form, i.e., that 

1 d 



for some h^^. Let u and v be any compactly supported smooth functions on the 
manifold M. Then 

J uT>{v)(jj{z)dz Adz = J u— i^^h^^u?juj{z)dz A dz 

= — / UaV^h^^(jj{z)dz A dz 

Jm 

~ J ^ d'Z A dz 

= J V— h^^u^ udz A dz 

= / vV{u)uj{z)dz A dz. 

Jm 



This is just the definition of self-adjointness. 
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Let V be written as in expression (5.3). Assume self-adjointness and 
choose two arbitrary compactly supported functions u and v. Then 

0= {uVv — vVu)uj{z)dz A dz 

Jm 

= f -h uB'^Va - - vB'^Ua)uj{z)dz A dz 

Jm 

= j -Va(^^^y^ + A^°^UpW + A^°‘uujp^ (**) 



(*) 



+ U( 



a 



\ dz0 

-j- uB^VaUJ — vB^UaOO 



vu -h A^^VpUJ + A^^vup^ 
dz A dz. 



(* * *) 



To achieve the three lines above, we used integration by parts on the first term (*) 
(integrating v^^dz Adz) and on the third term in (*) (integrating u^^dz Adz). We 
can now use the Hermitian symmetric of the coefficient A^^ to cancel the second 
in (**) with the second term in (***). 

= + -5“Ja;(z)dzA(i2 



“ = L 0 + ^"“1? (>““) - '' 

Because any function can be written as ^ ) ,therefore we have 



(5.6) 



dzf^ ' dzl^ 

Furthermore, by the following Sub-Lemma (Lemma 5.5) the conclusion follows. □ 
Lemma 5.5 (Sub-Lemma). Recall that Vf = A^°" In this notation, 

1 5 \ d 



Proof. ==^: 

Vf = A^V,0 + B^ 



dh^°‘ 






dz^ 

by assumption A^^ = it follows that 



+'‘'’“4(1”“) 



B^ = 



d]f^ 

dzf^ 






=: Assume 



B°‘ = 



dA^^ 

~W 



-b 



dA^° 

dzf^ 

d 



+ A^' 
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Let then 



1 d 
(j dz^ 








3A^°^ 

dz^ 





^Vf. 



□ 



(5.6) now implies (by Lemma 5.5) that 

for some In fact, we can see from the calculations that we must have = 
Recall the the coordinate expression for A/, 



A/=(2n + 2) 

+ fa 
+ fa 



fj v^v^dv A dv 



fal 



JjdvAdv 

2u^ fj v^v^dv Adv ^ fj rl^^v^v^dv A dv' 
CO fjdv A dv Jj dv A dv 

2u)^ fj v^^v^dv Adv 2 fj F^.^v^v^dv A dv^ 



u fjdv A dv 



Jj dv A dv 



Lemma 5.2 shows that A is self-adjoint, Lemma 4.3 gives conditions on the coef- 
ficients of A. In particular, the A^^ in Lemma 5.4 must just be 



A^o^ = = {2n -h 2) 



Jj. v^^v^dv A dv 



fj dv Adv ’ 

i.e., the coefficients of the osculating Hermitian metric. The of course are just 

'2ujp fj v°‘v!^dv Adv 2 A dv' 



B°‘ = (2n + 2) 



(jj fjdv A dv 
Lemma 5.5 gives the condition 



Jj dv A dv 



(5.7) 



dA^^ 






dz^ 



{2ti - f - 2 ) 



Jj v^v^dv A dv 



Jj dv A dv 



-f- {2n “h 2) 



Jj v^v^dv Adv d 
Jj dv A dv dz(^ 



^Ina;^ 
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Using u = 



fj dvAdv ’ 
1 QOi 



(2n+2) 



dvAdv 

Jj v°"v^dvAdv--^ Jj dvAdv dvAdv q 

( \ ^ fr dvAdv dz^ 

I dvAdv j ^ 

JjV°"v^dvAdv J j v°^v^ dvAdv- Jj dvAdv 

fj dvAdv ( 

^ IfjdvAdvj 

_ Jj v^v^dvhdv 1 ^ r dvAdv 

fj dvAdv fj dvAdv dz^ J I 



In 



( l^ 2 n ^ 
y j j dvAdv J 



-2 — 
^dzf^ 



)] 



j In ^ fjdv A dv 
Of course from (5.7) we already know 
1 



Jj v°^v^ dvAdv ^ Si dvAdv 



-B^ = 



fj dvAdv fj dvAdv 

2ujp Jj v^^vf^dv Adv 2 A dv 



(5.8) 



(2ti 4" 2) 
and if we again use w - 

{2n + 2)^‘" ^ 



(jU Jjdv a dv 
, then 



Jj dv A dv 



(^jdvA dv^ 



Jj v^v^dv Adv ^Jj rljv^v^dv A dv 



Jj dv A dv 



Jj dv A dv 



(5.9) 



Equating (5.7) and (5.8), cancelling the common term, and multiplying by Jj dv A 
dv gives 

J v^v^dv A dv = —2 J r^.^v^v^dv A dv. (5.10) 

This, then, must be an identity in strongly Kahler-Finsler manifolds. 

If we go back to Lemma 5.4, we can see a way to write A/ in divergence form 
directly. The proof of Lemma 5.4 necessitates the coefficient 

of the osculating Hermitian metric, and this is all needed to prove. 

Theorem 5.6. Let M be a complex manifold with a strongly Kahler-Finsler metric 
F, and let f : M ^ R be a smooth function. Let dV = u{z)dz A dz, where 
cj(z) = J is the coefficient of the canonical volume form, and = {2n + 

2) Jj v^v^ dvAdv/ Jj dvAdv is the osculating Hermitian metric. Then the Laplacian 



1 //v fdV 

Af{p) = 2{2n + 2) lini | 






f(p) 



can also be written as 



A/(p) 



1 






(5.11) 



Lu{p) dz 

Thus A is a self-adjoint operator (that is, Jj^{uAv — vA u)ou{w)dw Adw = 0) in 
divergence form. □ 
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This provides an interesting interpretation of our Laplacian: we can see A as 
the Laplacian of the osculating Hermitian manifold with respect to a volume form 
which comes from the strongly Kahler-Finsler metric. 



6. The Laplacian for differential forms 



So far, we have defined the mean-value Laplacian for functions on a strongly 
Kahler-Finsler manifold. Now we will extend our definition to arbitrary {p,q)- 
forms. The key point is defining a pointwise inner product and a global inner 
product. 

Assume M is a compact complex Finsler manifold with a strongly Kahler- 
Finsler metric F. (or denotes the ^)-forms on M. The ele- 

ments of in local coordinates are 

v{z) = A • • • A dz"*’ A A • • • A 

i’iz) = A-'-Adz^'' Adz^i A---Arfz^A 

P’Q’ 

Define the pointwise inner product of (p{z) and 'ip(z) by 






/ 'F /■■■ / 

Ji Ji Ji Ji Ji Ji ^ 



(2n + 2)dvi A dv 



'{2n + 2)dv2 A dv 2 



{2n + 2)dvp A dVj^ 



. Jjdv A dv ) V dv A dv 
' (2n + 2)d^i A dvi \ / {2n + 2)dv2 A dv 2 \ 
< Jjdv A dv Jj dv A dv ) 



) 



where 



dv A dv 






( 6 . 1 ) 



X • • • X 



^(2n + 2)dVq A dvq 



p{vi,V2r" ,Vq)'lp{Vl,V2r- 

“ ^OCi---apPl---Pq 



Jj dv A dv 

•• 



). 



• Vp^V^^V^"^ • • • V^"^Vi^V2^ 






If we substitute this into (6.1), then we can perform the integrations over vi,V 2 , 
. . . ,Vp and vi,V 2 , • • • <)Vq separately, and since the coefficients (^) 

do not depend on tangent vectors, we can take them outside the 
integral to get (by Lemma 4.1) 



1 






3,.../3,^A....A,^,...A,(2n + 2)2(^>+<?)x 



JjVi^Vi^dvi A dvi 



fj dv A dv 

Jj Vp^Vp^dVp A dvp Jj Vi^Vi^dvi A dvi Jj Vq^^Vq^dvq A dv^ 
Jj dv A dv Jj dv A dv 



Jj dv A dv 

. J[^ApQ:p ^ 
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where 






(6.2) 



^ai-ap/3i-/3, ^ _ 

When (M, F) is a Kahler manifold, then 

(Lemma 4.3), and the pointwise inner product (6.1), (6. 2) reduces to the case of a 
Kahler manifold. 

We define this pointwise inner product in a particular coordinate system, so 
we should check that this definition is independent of coordinates. This follows 
from writing 







dz°‘^ dz°‘^ 


d^otp q~(3i q^(52 


dzf^q 


(6.3) 


^kik2- 


■kpiii2---eq 


dzki Q2,^2 


dz^p dz^^ dz^^ 




'^SiS2“ 




d^Xi Q^\2 


dz^p dz^'^ dz^^ 


dzP-9 


(6.4) 


•Sptit2"‘tq 


dzsi QzS2 


dz^p dz^^ dz^^ 






^Siki 


d^si Q^ki 


lO'l ^ , f{^qtq — 

? J J V 




(6.5) 




dz^^ dz^^ 




dz^‘1 dzt^o 




a tilde 


coordinate system z^ = 


z°‘{z). Substituting (6.3), (6.4) and (6.5) 


into 



(6.2) gives 






SO that the pointwise inner product (6.1) or (6.2) is invariant on the manifold, this 
invariance depending solely on the tensor (density) character of 



• • • T^^p^p 



There are many other possible densities, too ([5], [9]). 

Associated to the osculating Kahler metric we have the Kahler form 

UJ = iK^^dz^^dzf^ 

and 

Lo^ = 2^n\KCndzdz, K = det(K^^). 

By the pointwise inner products (6.1) or (6.2) we can obviously define the global 
inner product (•,•) on fi^’^(M): 

{ip,^)= f {ip,^)(z)‘^ 

Jm 

=2"C„ / ft. 

J M 

X K^^f^^---K^‘>^^'^KdzAdz. 



( 6 . 6 ) 
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Now we define the Laplace operator for Q,P’‘>{M). First we define a co- 
differential 6 : ^ where fff’(M) is the space of (p, 0)-forms 

on M by requiring (for any (p,0)-form tp and (p - l,0)-form ^j) 

{p,dtp) = {S(p,i>). (6.7) 

As usual, define Sf = 0 for any function /. Now simply define, for any (p, 0)-form 

A(p = d5(f -f 5d(p. 

This is our Laplaeian on (p, 0)-forms. 

We should check that this new definition is compatible with the old one for 
the case of 0-forms, or functions. We have 



Theorem 6.1. Let f : M be a smooth function. Our two definitions of Lapla- 
cians agree, i.e., 



A/ = ddf = 



^ - 

Lo{z) dzd . 



faK^M^) . 



Proof We will calculate explicitly S : Cl^{M) -> 0°(M). Let (p be a (l,0)-form. 
Condition (6.7) requires 



{(f,dip) = 

where ipis& (0, 0)-form, i.e., ip is a. function ip: M ^R. Using (6.6), the definition 
of the global inner product, we write 

{(p, d^lj) = Cn [ (fa{d'ip)pK^'^uj{z)dz A dz. 

Jm 

Since d^p is just the exterior derivative of 'll;, (dip)^ = it follows 



{(f, d'lp) = Cn [ (pa'^pK^^U){z)dz A dz 
JM 






c, 



Im oj{z)^dzd 

1 d r 



p^K^^uj{z) 

d r 



dz A dz 



PaK'^“aj{z) 



dz A dz 



Since (6.7) determines S uniquely, it must be that 



5(f = 



1 d 



(j{z) dz^ 

Now let (p = df. Then Pa = fa, and so 



tpaK^°‘uj{z) 



or equivalently. 
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which was to be shown. □ 

Theorem 6.2. The Laplace operator A for {p^O) -forms is self-adjoint. 

Proof. Let (/?, be two (p, 0)-forms. Then 

{ip, Axjj) = {p, {d5 + Sd)ij) 

= {p,dS'tp) + ip,5dip) 

= {6p,Sip) + (dp,drp) 

= {d6p,ip) + {5dp,il)) 

= {{dS + 6d)p,rp) 

= {Ap,7p). □ 

In terms of integrals, we would write 

JM 

JM 

which is a direct generalization of the condition given for functions. 

In the following we define the Hodge-Laplace operator for (p, g)-forms on 
Fist we define the operator * ; by the relation 

cp = {(p,'i{;)dV{M). 

Similar to the proof of Theorem 2.1 in [10] we can prove 

Theorem 6.3. There is a linear map * : such that 

( 1 ) (f A^ij; = {(f,'ip)dV{M)] 

(2) *-0 = 

(3) = (-i)p+v- n 

Then the inner product (•, •) of ( 6 . 6 ) can also be expressed as 

{p,'tp)= [ pA*ip. ( 6 . 8 ) 

JM 

Next we define the adjoint of d,d and d with respect to (•, •) on a compact 
strongly Kahler-Finsler manifold: 

d* : 

d* : 

6: fiP(M) 

{dp, Ip) = {p,d*ip), {dp,tp) = {p,d*ip), {dp,ip) = {p,5ip). 

Theorem 6.4. Let (M, F) he a compact strongly Kahler-Finsler manifold. Then 
9* = — * 9*, d* = — ^ 9*, S = — ^ d ^ . 
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Proof. We only prove the first equation, the reinaining proofs are similar. Take 
if e Ip e then x = <f/\*'>pe so that 

dx = (d + d)x = Bx, 

therefore 

0=1 Bx^ I B{ip/\*-ip)= [ B(f A *tp + {-i)p+'i [ (fAB{*i>), 

JM jm Jm Jm 

and we have 

{Bip,'>p)= B(pA*i> = {~l) I = (- 1 ) / (pA**d*-ip 

Jm Jm Jm 

that is, 3* = — * 9*. □ 

Definition 6.5. Let 

A = d5 + Sd, a = dd*+B*d, n = dd*+d*d, 

where d = d + B, 6 = d* + B* , operators A,D : > nP’<>{M) are called 

Hodge-Laplace operator. 

Evidently, we have 

A = dd + Sd = {d + B){B* + d*) + {B* + d*){d + B) 

= D + n + dB* +B*d + dd*T¥d. 

Definition 6.6. Let (M, F) be compact strongly Kahler-Finsler manifolds and (p G 
If Dyj = 0, then p is called a harmonic {p, q)-form. 

Theorem 6.7. Let {M,F) be_ a compact strongly Kahler-Finsler manifold. Then 
— 0 if and only if dp = d*p = 0 . 

Proof. 

(np,p)=:{dB*p,p) + {d*Bp,p) 

= {B*p,B*p) + {Bp,Bp). □ 

Theorem 6.8. □ is self-adjoint, that is, {Op,'tp) = (p,Oip). 

Proof. 

{Op, Ip) = {BB*p,ip) + {B*Bp,ip) 

= {B*p,B*-ip) + {Bp,Bip) 

= {p, {BB* + B*B)i;) 

= [p, Oip). 1-1 
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Non-commutative Determinants and 
Quaternionic Monge- Ampere Equations 

Semyon Alesker 



Abstract. First we give a survey of the notions and the properties of non- 
commutative determinants of Moore and Dieudonne, especially in the quater- 
nionic case, with a particular emphasis to applications in quaternionic anal- 
ysis. Then we review the theory of plurisubharmonic functions and Monge- 
Ampere equations in quaternionic variables, following [4] and [5]. 

Mathematics Subject Classification (2000). 15A33, 32U05, 35J60. 

Keywords. Moore determinant, Monge- Ampere equation, plurisubharmonic 
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0. Introduction 

This paper has two goals. First, we give a survey of the notions and properties of 
non-commutative determinants of Dieudonne and Moore especially in the quater- 
nionic case and with special emphasis to applications in quaternionic analysis. In 
fact the Moore determinant is usually defined only for quaternionic hyperhermi- 
tian matrices (though the quaternions can be replaced by more general fields with 
some rather special properties; we do not discuss here such generalizations). Our 
exposition follows mostly [4]. Some references are given in Section 1 of this paper. 
For more references see [4]. Another goal is to discuss the theory of plurisub- 
harmonic functions of quaternionic variables and of quaternionic Monge- Ampere 
equations. The notion of plurisubharmonic function of quaternionic variables was 
introduced by the author in [4] and independently by G. Henkin [24]. The quater- 
nionic Monge- Ampere equation was introduced and studied by the author in [5] 
where in particular the existence and uniqueness of the solution of the Dirichlet 
problem was proved (under appropriate assumptions). This material is discussed 
in Section 2. Some references to the works in quaternionic analysis are given in 
Section 2. In Section 3 we state some open questions. 
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We believe that the theory of non-commutative determinants should be very 
relevant for Clifford and quaternionic analysis. The quaternionic Monge-Ampere 
equations and plurisubharmonic functions of quaternionic variables are examples 
of such applications which seems to be interesting by itself. The standard reference 
for Clifford analysis is the book by Brackx, Delanghe, and Sommen [11]. 



1. Linear algebra 

In this section we will discuss the determinants of Moore and Dieudonne espe- 
cially in the context of quaternionic matrices. The most general theory of non- 
commutative determinants (or quasideterminants) is due to I. Gelfand and V. 
Retakh. It was introduced in [20], see the recent survey [22] for further devel- 
opments and applications. Though both the Dieudonne and Moore determinants 
can be expressed through the Gelfand- Retakh quasideterminants [21], [22] we will 
discuss a more elementary traditional approach to them. 



1.1. The Dieudonne determinant 

The Dieudonne determinant of quaternionic matrices takes values in non-negative 
real numbers and behaves exactly like the absolute value of the usual determinant 
of real or complex matrices from all points of view (algebraic and analytic). How- 
ever we would like to present first purely algebraic theory of this determinant over 
an arbitrary non-commutative field following the original approach of Dieudonne 
[17] (see also [6]). 

Let F be an infinite field, not necessarily commutative. Let Mn{F) denote the 
ring of n X n-matrices with entries in F. Let GLn{F) denote the group of invertible 
n X n-matrices. An elementary matrix is a matrix which has units on the diagonal 
and at most one non-zero element out of the diagonal. Let En denote the subgroup 
of GLn{F) generated by all elementary matrices. Set also F*/[F*,F*] the 

abelinization of the multiplicative group of F (here F* denotes the multiplicative 
group of F, and [F*,F*] denotes its commutator subgroup). 



1.1.1. Theorem (Dieudonne). Let n > 2. The group En is a normal subgroup of 
GLn{F). For the quotient- group GLn{F)/En there exists a natural isomorphism 
D : GLn{F)/En 

This isomorphism D is uniquely defined by the property that for any invertible 
\ Xi 0 ] 



diagonal matrix X = 



0 



, F>(X) = riia:imod [F*,F*]. 






1.1.2. Definition (Dieudonne determinant). The Dieudonne determinant is a map 

D:Mn{F)^F:,U{0} 

defined as follows: if X is an invertible matrix then D{X) is as in Theorem 1.1.1; 
if X is not invertible then D{X) := 0. 
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Note also that it is convenient to define the Dieudonne determinant of el- 
ements of F, i.e. 1 X 1-matrices, as D{0) = 0 and for x 7 ^ 0 as D{x) := x mod 
[F*, F*]. Let us state some basic general properties of the Dieudonne determinant. 
For the proofs we again refer to [6] . 

1.1.3. Theorem, (i) D{Id) = 1. 

(ii) For X,Y e Mn{F), 

D{XY) = D{X)D{Y). 

\ X 0 1 

(iii) For any block-matrix A= q y ’ ^ being square matrices, 

D{A) = D{X)D{Y). 

(iv) If one interchanges two rows or two columns of the matrix then the Dieudonne 
determinant is multiplied by —1 mod [F*,F*]. 

Now let us consider in more details the case of the quaternionic field F = H. 
The commutator subgroup coincides with the subgroup of quaternions of 

absolute value 1. Thus we can identify with the multiplicative group R>o by 

q mod [H*,]H[*] \q\ := 

So in the quaternionic case the Dieudonne determinant maps 

D : Mn(lHI) — > R>o- 

Let us discuss its properties in greater detail. 

1.1.4. Theorem, (i) For any complex (n x n) -matrix X considered as quater- 
nionic matrix, the Dieudonne determinant D{X) is equal to the absolute value 
of the usual determinant of X. 

(ii) For any quaternionic matrix X , 

D{X) == D{X^) = D{X*), 

where X^ and X* denote the transposed and quaternionic conjugate matrices 
of X, respectively. 

(iii) D{X-Y) = D{X)D{Y). 

The following result is a weak version of the decomposition of the determinant 
in rows (columns). 

an ... ain 

1.1.5. Theorem. Let A = be a quaternionic matrix. Then 

Onl • • • CiriYi 

n 

D{A) <y\au\D{Mu). 

i=l 

Similar inequalities hold for any other row or column. 
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(In this theorem \a\ denotes the absolute value of a quaternion a, and Mpq 
denotes the minor of the matrix A obtained from it by deleting the p-th row and 
^-th column). 

In a sense, the Dieudonne determinant provides the theory of absolute value 
of the determinant. However it is not always sufficient and we loose many of the 
algebraic properties of the usual determinant. The notion of the Moore determi- 
nant provides such a theory, but only on the class of quaternionic hyperhermitian 
matrices. These notions will be discussed in the next subsection. 

1.2. The Moore determinant 

Let y be a right vector space over quaternions. 

1.2.1. Definition. A hyperhermitian semilinear form on y is a map a : V xV — > IH 
satisfying the following properties: 

(a) a is additive with respect to each argument; 

(b) a(x, y ' q) = a(x, y) • q for any x,y eV and any ^ G H; 

(c) a{x,y) = a{y,x) for any x,y eV. 

1.2.2. Example. Let y = be the standard coordinate space considered as right 

vector space over H. Fix a hyperhermitian n x n-matrix i-e- an = aJ^, 

where x denotes the usual quaternionic conjugation of x. For x = {xi, . . . , x„), y = 
{yi,...,y„) define 

A{x,y) = '^Xittijyj 

id 

(note the order of the terms!). Then A defines a hyperhermitian semilinear form 

on y. 

In general one has the following standard claims. 

1.2.3. Claim. Fix a basis in a finite dimensional right quaternionic vector space 
V. Then there is a natural bisection between hyperhermitian semilinear forms on 
V and n x n-hyperhermitian matrices. 

This bijection is in fact described in the previous Example 1.2.2. 

1.2.4. Claim. Let A be the matrix of the given hyperhermitian form in the given 
basis. Let C be transition matrix from this basis to another one. Then the matrix 
A' of the given form in the new basis is equal to 

A' = CMC. 

1.2.5. Remark. Note that for any hyperhermitian matrix A and for any matrix C 
the matrix C*AC is also hyperhermitian. In particular the matrix C*C is always 
hyperhermitian. 

1.2.6. Definition. A hyperhermitian semilinear form a is called positive definite if 
a(x, x) > 0 for any non- zero vector x. 
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Let us fix a positive definite hyperhermitian form (•, •) on our quaternionic 
right vector space V. The space with such a fixed form will be called hyperhermitian 
space. 

For any quaternionic linear operator (j ) : V — > 1/ in a hyperhermitian space 
V one can define the adjoint operator 0* : V — ^ V in the usual way, i.e. {(j)x^ y) = 
(x, (j)*y) for any x^y G V. Then if one fixes an orthonormal basis in the space V then 
the operator (f) is selfadjoint if and only if its matrix in this basis is hyperhermitian. 

1.2.7. Claim. For any selfadjoint operator in a hyperhermitian space there exists 
an orthonormal basis such that its matrix in this basis is diagonal and real. 

The proof is standard. Now we are going to define the Moore determinant 
of hyperhermitian matrices. The definition below is different from the original one 
due to Moore [29] but equivalent to it. 

First note that every hyperhermitian n x n-matrix A defines a hyperhermi- 
tian semilinear form on the coordinate space It also can be considered as a 
symmetric bilinear form on (which is the realization of H^). Let us denote its 
An X 4n-matrix by ^A. Let us consider the entries of A as formal variables (each 
quaternionic entry corresponds to four commuting real variables). Then det(*^A) is 
a homogeneous polynomial of degree 4n in n{2n - 1) real variables. Let us denote 
by Id the identity matrix. One has the following result. 

1.2.8. Theorem. There exists a polynomial P defined on the space of all hyperher- 
mitian n X n-matrices such that for any hyperhermitian n x n-matrix A one has 
det(*^A) = P\A) and P{Id) = 1. P is defined uniquely by these two properties. 
Furthermore P is homogeneous of degree n and has integer coefficients. 

Thus for any hyperhermitian matrix A the value P{A) is a real number, 
and it is called the Moore determinant of the matrix A. The explicit formula for 
the Moore determinant was given by Moore [29] (see also [7]). From now on the 
Moore determinant of a matrix A will be denoted by det A. This notation should 
not cause any confusion with the usual determinant of real or complex matrices 
due to part (i) of the next theorem. 

1.2.9. Theorem, (i) The Moore determinant of any complex hermitian matrix 
considered as quaternionic hyperhermitian matrix is equal to its usual deter- 
minant. 

(ii) For any hyperhermitian matrix A and any matrix C 
det(CMC) = det A • det(C*C). 

1.2.10. Example, (a) Let A = diag{Xi, . . . , An) be a diagonal matrix with real A^’s. 
Then A is hyperhermitian and has Moore determinant det A = Hz 

(b) A general hyperhermitian 2x2 matrix A has the form 



where a, 6 G M, g G M. Then det A = ab — qq = {ab — qq). 
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Let us introduce more notation. Let A be any hyperhermitian n x n-matrix. 
For any non-empty subset I C n} the minor Mj{A) of A which is ob- 

tained by deleting the rows and columns with indexes from the set /, is clearly 
hyperhermitian. For / = {1, . . . ,n} let det = 1. 

1 . 2 . 11 . Claim. Let A be a non-negative (resp. positive) definite hyperhermitian 
matrix. Then detA > 0 {resp. del A > 0). 

The following theorem is a quaternionic generalization of the standard Syl- 
vester criterion. 

1 . 2 . 12 . Theorem (Sylvester criterion). A hyperhermitian n x n-matrix A is positive 
definite if and only if the Moore determinants of all the left upper minors of A are 
positive. 

Let us define now the mixed discriminant of hyperhermitian matrices in anal- 
ogy with the case of real symmetric matrices [ 2 ] . 

1.2.13. Definition. Let Ai,...,An be hyperhermitian n x n-matrices. Consider 
the homogeneous polynomial in real variables Ai,...,A^ of degree n equal to 
det(AiAi -h . . . + XnAji). The coefficient of the monomial Ai • . . . • An divided by n! 
is called the mixed discriminant of the matrices Ai, . . . , An, and it is denoted by 
det{A \ , • . . , An) • 

Note that the mixed discriminant is symmetric with respect to all variables, 
and linear with respect to each of them, i.e. 

det(AA^ + mA^/, A 2 , . . . , An) = A • det(A^, A 2 , - • . , An) + jx • det{Af, A 2 , • . • , An) 

for any real A, fx. Note also that det{A, • . . , A) = det A. One has the following 
generalization of Aleksandrov’s inequalities for mixed discriminants [ 2 ]. 

1.2.14. Theorem, (i) The mixed discriminant of positive (resp. non-negative) 
definite matrices is positive (resp. non-negative). 

(ii) Fix positive definite hyperhermitian n x n-matrices Ai, . . . , An- 2 - On the real 
linear space of hyperhermitian n x n-matrices consider the bilinear form 

B{X,Y) -de^(X,y,Ai,...,An_ 2 ). 

Then B is a non- degenerate quadratic form, and its signature has one plus 
and the rest are minus signs. 

1.2.15. Corollary. Let Ai, . . . , An-i be positive definite hyperhermitian n x n-ma- 
trices. Then for any hyperhermitian matrix X, 

det{Ai , . . . , An-i, X)^ > det{A \, . . . , An-i, An-i) • det{A \, . . . , An -25 ^5 X)-) 
and the equality is satisfied if and only if the matrix X is proportional to An-i- 

Finally let us give an explicit formula for the Moore determinant (which 
was the original definition by Moore [29]). Let A = {0'i,j)7,j=i ^ hyperhermitian 

n X n-matrix. Let a be a permutation of {1, . . . , n}. Write a as a product of disjoint 
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cycles such that each cycle starts with with the smallest number. Since disjoint 
cycles commute we may write 

G {k\i . . . kij^)(^k 2 l • • . ^ 2 ^ 2 ) • • • {kmi • • • kmjm) 

where for each i we have kn < kij for all j > 1, and fcn > fc 2 i > • • • > kmi- This 
expression is unique. Let sgn{a) be the parity of a. 

1 . 2 . 16 . Theorem. The Moore determinant of A is equal to 

det A — sgn{a)aki-i^^ki2 • • • ^kij^ ,A;ii^/C21,/C22 • • • ^kmjm^^rnl 

a 

where the sum runs over all permutations a. 



2. Quaternionic Monge- Ampere equations 

First we introduce the class of plurisubharmonic functions on following [4]. 
Note that this notion was also introduced independently by G. Henkin [24]. Let tl 
be a domain in 



2.1.1. Definition. A real valued function u : R is called quaternionic 

plurisubharmonic if it is upper semi-continuous and its restriction to any right 
quaternionic line is subharmonic. 



Recall that upper semi-continuity means that u{xq) > limsup?/(x) for any 

X >'Xo 

Xo G fi. We will denote by P{^) the class of plurisubharmonic functions in the 
domain fi. 

Also we will call a C^-smooth function u : Q — ^ R to be strictly plurisubhar- 
monic if its restriction to any right quaternionic line is strictly subharmonic (i.e. 
the Laplacian is strictly positive). 

2.1.2. Definition. An open bounded domain Q C with a smooth boundary dQ is 
called strictly pseudoconvex if for every point zq e dQ there exists a neighborhood 
O and a smooth strictly psh function honO such that Q.nO = {h < 0}, h{zo) = 0, 
and V/i(zo) 7^ 0. 



We will write a quaternion q in the usual form 
q = t + X’i-i-y-j-}-z-k, 

where x, y, 2 : are real numbers, and i, j, k satisfy the usual relations 
i^ = P = k^ = — 1 , ij = —ji = fc, jk = —kj = i^ ki = —ik = j. 

The Dirac- Weyl operator ^ is defined as follows. For any H- valued function / 

dq dt dx dy dz 
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Let us also define the operator 



dq dq dt dx^ dy^ dz 



Remark. The operator ^ is called sometimes the Cauchy-Riemann-Moisil-Fueter 
operator since it was introduced by Moisil in [28] and used by Fueter [18], [19] to 
define the notion of quaternionic analyticity. For further results on quaternionic 
analyticity we refer e.g. to [1], [11], [30], [31], [37], and for applications to mathe- 
matical physics to [23]. In Clifford analysis one often calls the above operator the 
Dirac operator. But in fact it was used earlier by J.C. Maxwell in [27], vol. II, pp. 
570-576, where he has applied the quaternions to electromagnetism. 

Now we can write the quaternionic Monge- Ampere equation with respect to 
a C^-smooth psh function u on f2: 



det( ^ = /, 

dqidqj 



where / is a given function. Note that the matrix ( gg . ^ ) is quaternionic hyperher- 
mitian (since u is real valued), det means the Moore determinant of this matrix. 
Note also that since the function u is psh, the matrix ) is non-negative 

definite, and hence its Moore determinant is non-negative by Claim 1.2.11. 

Let B denote the Euclidean ball in 



2.1.3. Theorem. Let f G (7^(5), / > 0. Let (f) G C^{dB). There exists a unique 
psh function u G C^{B) which is a solution of the Dirichlet problem 



det( 



d‘^u 

dqidqj 



) = A 



= </>• 



The real version of this result was proved for arbitrary strictly convex bounded 
domains in by Caffarelli, Nirenberg, and Spruck [12]. The complex version 
of it was proved for arbitrary strictly pseudoconvex bounded domains in by 
Caffarelli, Kohn, Nirenberg, and Spruck [13] and Krylov [26]. Our method is a 
modification of the method of the paper [13]. Note also that in the case n = 1 
the problem is reduced to the classical Dirichlet problem for the Laplacian in 
(which is a linear problem); it was solved in the XIXth century. Note also that 
interior regularity of the solution of the Dirichlet problem for real Monge- Ampere 
equations was proved earlier by A. Pogorelov, and the proof was briefly described 
in [32]-[34]. The complete proof was published in [35] and [14], [15]. In [15] Cheng 
and Yau gave a different proof of interior regularity; they also studied some related 
geometric problems on fiat manifolds. 

Now we will state results on existence and uniqueness of generalized solutions 
of the Dirichlet problem in general strictly pseudoconvex bounded domains in 
First we will formulate a result that clarifies in which sense the solutions are 
generalized. 
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2.1.4. Theorem ([4]). For any function u G fl P(P) one can define a non- 
negative measure det( ^^ ^- ~) which is defined uniquely by the following two prop- 
erties: 

(a) if u ^ then it has the obvious meaning; 

(b) if un — ^ Vi uniformly on compact subsets in and un, vl G C(f2) fl 
then 






det( 






I 



'dqidqj dqidqj 

where the convergence of measures is understood in the weak sense. 



Remarks, (a) It is easy to see that if un — ^ vl uniformly on compact subsets, and 
un G C(fi) n then u G C{Q) fl F(f2). 

(b) Note that the real analogue of this result was proved by A.D. Aleksandrov 
[3], and the complex analogue by Chern, Levine, and Nirenberg [16]. 

2.1.5. Theorem ([5]). Let C be a bounded quaternionic strictly pseudoconvex 
domain. Let f G C{Cl)^ / > 0. Let (f) G C(9f2). Then there exists a unique function 
u G C{Q) which is psh in Q such that 

d^u 

det (— — = f inn, 
dqidqj 

u\dn = 0 - 

Remark. The real analogue of this result was proved by A.D. Aleksandrov [3], and 
the complex one by E. Bedford and B.A. Taylor [10]. 

Finally we would like to state the minimum principle analogous to the com- 
plex case proved by Bedford and Taylor [10]. This minimum principle is heavily 
used in the proof of the above results. 



2.1.6. Theorem. Let n be a bounded open set in H^. Let u, v be continuous func- 
tions on n which are plurisubharmonic in n. Assume that 

d^u 



Then 



^ Kju d^v 

det( J 1 ) < det( - --) in 
min{u( 2 :) - v{z)\z G 0} = min{u{z) - v{z)\z G 5S1}. 



3. Questions and comments 

We would like to state few questions closely related to the material of this paper. 

Question 1. Find a geometric (or any other) interpretation of the quaternionic 
Monge- Ampere equation (or of an appropriate modification of it). 

Remind that the (modified) real Monge-Ampere equations appear in con- 
struction of convex hypersurfaces in with the prescribed conditions on cur- 
vature. For this material we refer to [9], [35]. One of the main applications of 
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(modified) complex Monge- Ampere equations is the construction of Kahler met- 
rics on complex manifolds. After the proof of the Calabi-Yau theorem [38], [39] 
and the Aubin-Yau theorem [8] , [39] they became one of the key tools in complex 
differential geometry, see e.g. [9], [25] for further discussion. 

Question 2. (due to L. Polterovich.) Find a geometric characterization of 
quaternionic strictly pseudoconvex domains. (Note that we have not defined the 
notion of quaternionic pseudoconvex domain in the non-strict sense.) 

Question 3. (due to G. Henkin.) This question is closely related to the pre- 
vious one. Let C be a domain which admits an exhaustion by level sets of 
plurisubharmonic function; in other words, there exists a plurisubharmonic func- 
tion h : Q, — > R such that for any number c the set {h < c} is compact. (Note that 
in the classical complex situation this property is one of the equivalent definitions 
of the pseudoconvex domain.) It was observed by G. Henkin [24] that if is a 
strictly plurisubharmonic Morse function then admits a homotopy retraction 
onto a compact subset of dimension at most | dim^ 0. = 3n (indeed the Morse 
index of every critical point of such a function is bounded from above by 3n) . This 
implies that the boundary dQ is connected provided n > 1. These properties are 
analogous to the corresponding properties of pseudoconvex domains in the com- 
plex spaces (where the constant | is replaced by |). It would be of interest to 
understand the relation between the class of domains with this property and the 
class of strictly pseudoconvex domains in the sense of this paper. 

Question 4. Generalize Theorem 2.1.3 on the existence of the regular solu- 
tion (under suitable assumptions on regularity of the initial data) to arbitrary 
strictly pseudoconvex bounded domains with smooth boundary (and not only for 
the Euclidean ball). 

Question 5. Generalize the theory of plurisubharmonic functions and Monge- 
Ampere equations to the octonionic case, say to the case of the octonionic plane O^. 



The hyperhermitian matrices of size 2 have the form 



a q 
q b 



with a, 6 G M, ^ G O. 



The octonionic analogue of the Moore determinant is det ^ ^ = ab — qq 

{= ab-qq). 
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Galpern-Sobolev Type Equations 
with Non-constant Coefficients 

K. Giirlebeck and W. Sprofiig 

Abstract. We study Galpern-Sobolev equations by the help of a quaternionic 
operator calculus. Some previous work will be extended to the case of variable 
coefficients. Rothe’s time discretization method is used to reduce the problem 
to a series of stationary problems. Solving the resulting stationary problems 
by means of quaternionic analysis we obtain integral representation formulas 
for the solution of the Galpern-Sobolev equation. The truncation error and 
the stability of the method is studied, too. 

Mathematics Subject Classification (2000). Primary 30G35; Secondary 35G15. 
Keywords. Galpern-Sobolev equations, representation formulais, operator cal- 
culus, finite difference schemes. 

1. Introduction 

Let fi c be a bounded domain with a piecewise smooth boundary F. A fluid 
flow with a low Reynolds number, i.e. the inertia term of forces is smaller than the 
viscous term, can be modelled by the well-known Navier-Stokes equations: 



dtu + - grad p — uAu 


= — in fi 


(1.1) 


P 


P 


div u 


II 

o 

B* 


(1.2) 


u 


= (/ on r 


(1.3) 


u(fd,x) 


II 

o 

3* 


(1.4) 



The coefficient v describes the diffusion of momentum and is called kinematic 
viscosity, p is the density of the fluid, rj = pu is the so-called dynamic viscosity. 
Under a given body force / the pressure p = p{t, x) and the velocity u = u{t^ x) of 
the fluid flow is searched. On the boundary the velocity data g are given. Because 
of GauC theorem we have 

j^9{y)-n{y)dTy = 0 (1.5) 

where n is the unit vector of outer normal to T at point y. Condition (1.2) expresses 
the incompressibility. 
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The case of a steady incompressible fluid, i.e. dtu = 0 was treated by hypercomplex 
methods in [3] and [4]. For ^ = 0 representation formulas for the solution of (1.1)- 
(1.4) were obtained as 

u+-TnQp = ToQTn 1, (1.6) 

77 77 

where Tq is the Teodorescu transform and / — Q a generalized Bergman projection. 
In the books [3], [4], [10] this alternative strategy for solving linear and nonlin- 
ear boundary value problems of stationary equations in mathematical physics was 
presented. With this special hypercomplex operator calculus the problems of ex- 
istence, uniqueness, regularity, representation of solutions and the construction of 
well-adapted numerical methods can be studied in the framework of one and the 
same theory. 

Recently, first attempts were made to include time-dependent problems into this 
concept. As in [10] time-harmonic cases are considered it was described in [5] how 
Rothe’s semi-discretisation method can be applied also in the Clifford analysis 
context. This can be done by working in the Pauli algebra as well as the Dirac 
algebra. Using complex distances G. Kaiser [8] obtained another interesting gen- 
eralization of the quaternionic operator calculus and applied this to Maxwell’s 
equations. Without discussing details it can be stated that all these approaches 
to time-dependend problems require to work in complex quaternions or complex 
Clifford algebras. The Dirac or generalized Cauchy-Riemann operator has to be 
replaced by a disturbed Dirac operator. 

As a model case in [5] a version of the so-called Galpern-Sobolev equation (cf. [9], 
[13]) was studied. It is an equation of the following type: 

Ut — rjAut — vAu — /(x, u, Vu) (1.7) 

where u — u{x,t)^x G C > 0, and rj.u are non- negative constants. Several 
physical phenomena lead to boundary value problems or Cauchy problems of this 
partial differential equations, e.g for n = 1; non-steady flow of second-order fluids 
and the theory of seepage of homogenous fluids through a fissured rock. Here 
u represents the absolute value of the velocity of the fluid and rj characterizes 
the fissured rock (increasing r] corresponds to a decreasing degree of Assuring). 
Existence- and uniquess theory the reader can find for instance in [9]. 

Dealing with this problem in [5] it was shown that by discretizing the time we 
can reduce the original problem approximately to a sequence of steady state prob- 
lems. These problems could be factorized by applying the hypercomplex operator 
calculus, working in the complex quaternions. The factorization leads to two first 
order differential equation with a disturbed Dirac operator. Finally, for these dis- 
turbed Dirac equations and the discretized problem integral representations for 
the solutions could be obtained. 

In this paper we generalize the approach to differential equations with variable 
coefficients. For comparison we study again an equation of Galpern-Sobolev-type 
as follows: 
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Let Q be a bounded domain with a sufficiently smooth boundary T and [0, T] 



a finite time-segment. Further, let f : (1 x 
We consider the differential equation 


[0,T] and u-.nx [0,T] 




dt{u-^r]f3 ^D(3Du)-^iya ^DaDu = f{x,t) in flx( 0 ,T] 


( 1 . 8 ) 


with the boundary condition 






u{x,t) =g{x,t) 


on dfl X (0, T] 


(1.9) 


and the initial condition 






u(x, 0 ) = h(x) 


on Q . 


( 1 . 10 ) 


The coefficients rj and v are positive constants and the positive functions 


a,/3 e 



The operator D is defined by 

Du = - div u + rot u. 

Remark 1 . 1 . Galpern-Sobolev problems can be also considered in domains in W^. 
For n = 1 we get the well-known Benjamin-Bona-Mahony equation, which (cf. [15]) 
that is seen as an alternative model of the KdV equations. The case a^/3 = const 
reproduces equation (1.7). 



2. Preliminaries 



To study our problem more detailed it is necessary to introduce some basic nota- 
tion. We use here the notations from [1] because the properties of the used integral 
operators are proved therein. 

Let H be the set of real quaternions. This means that elements of H are the form 

3 

a = ^ akik, where {ak\k G N 3 := N 3 U {0}; INs := {1, 2, 3}} C R; 

k^O 

io = I the unit; ii, i 2 , h are called imaginary units, and they define the arithmetic 
rules in H; by definition = — io, k G N 3 ; iii 2 = — i 2 ii = h] hh — —hh = 
hh = -iih = h • 

Natural operations of addition and multiplication in H turn it into a skew-field. 
The main involution in H is called quaternionic conjugation. This involution is 
defined in the following way: 

^0 — ^ 0 ; ik '= -ik\ for k G IN 3 , 



and it extends onto H by IR-linearity, i.e., for a G H 
33 3 

a ^ ^ ^k'l'k ~ ^ ^ Q^fci/c “ ^0 ^ ^ (^k'l'k’ 



k=0 



k=0 



k=l 



3 

— — 2 I i2 I i2 

aa = aa = y^k ~ I^Ir^ — • I^Ih 

k^O 



Note that 
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Therefore for a G H \ {0} the quaternion 

-1 1 _ 1 - 
a := — a = -r—p^a 
aa |ap 

is an inverse to a. We notice also a very important property of the quaternionic 
conjugation: for any a, 6 G H 

ab = b - a. 

For our purposes we need a notion of a complex quaternion. The set of complex 
quaternions H(€) consists of the elements 

3 

a = 'Y^akik 

k=0 

where {i/J is as above, 

{afe|fce]N«}c€, 

the set of usual complex numbers with the imaginary unit i. By definition 

i ’ i]^ — i/c • i , /c G INq • 

Arithmetic rules are defined in H(C) just as in H. It is obvious that H is a real 
subalgebra in H(C) . Each element a G H(€) can be represented in the form 

a = ‘ i = i ' , 

where G H. Quaternionic conjugation on H((D) acts on quaternionic units 

only, not on i. 

Let be a domain in R^, we shall consider H(C) - valued functions defined in 0: 

/ : 

Notation lH(€)),p G IN U {0}, has the usual component-wise meaning. On 

H((D)) the Dirac operator D is defined by: 

k=l ^ fc=l 

D is a right-linear operator with respect to scalars from H(€) . Let A be the 

3 

3-dimensional Laplace operator A := ^ 9^. Then on (7^(f];H(C)) we have anal- 

k=l 

ogously to the complex case the factorization: 

A = -D^. 

Let A G C \ {0}, and let a be its complex square root: a G C, = A, Rea > 0. 
The 3-dimensional Helmholtz operator 

Aa := A + A 

acts on C^(fi;lH(C)). For the stated above a the operators 
Da ‘= a-{-D ; Da’^=a-D 
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are called left mutually conjugate generalized Cauchy-Riemann operators. The 
following equalities hold; 

^\ = Da ■ Da - Da ■ Da- 

They give factorizations of the Helmholtz operator with a complex (in particular, 
real) parameter A. Elements of the set 9Jla(H;H(C)) := ker Da are referred to as 
left-a-hyperholomorphic functions. 

Let ©A be a fundamental solution of the Helmholtz operator in 

©a(x) := , 

47T \ x \ 

Then the fundamental solution of the operator Da is given by 

ea{x) := :0„[eA](x) = ~ + (ia|o:| + 1) ‘ ©a(x) . (2.1) 



3. Time discretisation 



Let us now start to deduce an implicit discretisation method. We abbreviate the 
meshwidth r := T/N and = u(-, kr). The time derivative 9(U at kr is approx- 
imated by the forward difference 

u(x, {k + l)r - u(x, kr) 

^ {k = 0, 1, ...N - 1). 

Then we obtain from equation (1.8) 

Ufc+i + r]P~^D(3Duk+i + Tua~^DaDuk+i = hr + Ufc + r)^~^DI3D\Xk, 

(fc = 0,l,2...) (3.1) 

where 

(/c+l)r 

ffc(x) := i f f{x,t)dt , /3 = a=^a{-5-x) 

J 0 V 



kr 



and S := f] + tu. For simplifying equation (3.1) we search for a real function 
7 : H — > E^7 (x) 7^ 0 such that 7 fulfils the relation 



It follows 



T]f3 + Tvoi ^Dav = Sj . 

[r] + Tiy- 6]Dv + (rj^ + v = <5^v 

VP a 



As for ry + Ti/ = (5 we have only to set 7 = a/3. Indeed, it holds 

D{af3) _ (Da)^ P + {DP)^ a ^{Da) tv {DP)r] 

7 + 

It remains to consider the following problem 
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Let C 6e a bounded domain with piecewise smooth boundary T. There are 
given M-valued functions 

f e C'1((0,T],L2(Q)), g e C\{0,T], h e 

and real-valued functions a,/3,7 G a,/3,7 0. We look for a solution of 

the problem 

Uk+i+S'y~^D'yDuk+i = Tfk + Uk + T](3~^Dl3Duk (fc = 0, 1, 2, ...) (3.2) 

^k{x) = g(x, rk) on F = , fc = 0, 1, ...N — 1 

uq{x) = h(x) on . 

It follows with 5~^ =: 

{'y~^DjD + /<^)ufc+i = i?{Tfk + Ufc + l3~^Dl3Duk) {k = 0, 1, N -1). 

This equation belongs to the class of Yukawa type equations. Such equations are 
considered in the hypercomplex setting in [14]. Main idea is to factorize the dif- 
ferential operator on the left hand side. We obtain 

-in)^{D + ifi)uk+i = fj,‘^{Tfk+nk+ (3~'^Dl3Duk) + in — ^Ufc+i 

7 

(fc = 0,l,...,AT-l). (3.3) 

This follows from the generalized Leibniz rule 

'■y~^D{'yipu) = pi Du + {'y~^ipD^)u . 

The factorization of the left hand side allows it to reduce our considerations to first 
order problems. In practical calculations, problems can be caused by the zero-order 
term at time level (A: + l)r because we have to invert the operator 

7~^(H - ip)y{D + ip) - {^~^ipD^). 

Nevertheless for existence results we will study this equation but for simplier cal- 
culations it is also of some interest to substitute {j~^ipDj)u\^^i by {y~^ipDj)ui^. 



4. Quaternionic integral operators 

Let be a bounded domain in with the Liapunov boundary T := d ft and 
let n = ^ 3 ) be the unit vector of the outward pointing normal at the 

point y The kernel (2.1) generates two important integrals. The Cauchy-type 
operator is introduced by 

Faf{x) := j ea{y - x)n{y)f{y) dTy x^T. 
r 

A Teodorescu-type operator is given by 

Taf{x) ^ f ^oi{x - y)f{y) d^ly, x e R^. 
r 
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We have to find operators which correspond to the factorization of the differential 
operator {'y~^D^D + and satisfy the following Borel-Pompeiu formula 

u = {D± iii)T±i^u = T±i^{D ± i/i)u + F±i^u in (4.1) 

Similar problems were studied in several papers, see e.g. [10], [4], [6] for the three- 
dimensional case and [1] for the n-dimensional case, n > 3. 

In [6] the following Borel-Pompeiu formula is proved: 

fix) = F„fix) + TMix) xen, f ec\n-miQ)r\Cin-,M{c)). 

This is the desired result in the three-dimensional case if we set a = z/i. 

In the case of dimensions n > 3 these operators are given by (see [1]) 

(T±i^u)(x) := k - y\^~"'^^[Kn/2iilJ-\x - y\) 

- v\)]^{y)dy 

and 

(F±i^u)(x): = 

r 

-Kn/2-i{ilAx - y\)]niy)uiy)dTy 

where Kg{z) denotes McDonald’s function. This type of operators was studied also 
in [2]. The operators F±i^ are called Cauchy-Bizadse operators and the operators 
T±i^ are called modified Teodorescu transforms. 

Formula (4.1) can be generalized to u G On the boundary P we have then 

trpu G W 2 ^'^^(r). In the following we will not distinguish the operators for different 
dimension because of the same algebraical and mapping properties. 

5. A representation formula 

Applying the modified Teodorescu transforms on (3.2) we get 

Uk+i = 7Ufc + Duk 

+ </>-- iyT-iy,'y~^Tiy,{D'y)\ik+i, (5.1) 

where (j)± G ker(D ib i/i). 

The functions (/)± have to be determined now. Setting gk{x) = g{x^kr) {k = 
0, 1, and use that {D±ifi){F±ii^u){x) = 0 (cf. [14]) we get F±i^T±i^u = 0. 

Furthermore, it follows |p = = cj)-. The determination of the 

second unknown function 0+ is more complicated. 

Prom (5.1) we obtain by using = 0+ and tru/e+i = 

<3r ,-^gfc+i = M^trrT_i^ 7 “^Ti^[r/fc + (/ + 

-t//T_i^7~^Ti^(£>7)ufc+i + trrT-iy,'Y~'^Fiy,(j>+ 
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Similarly to considerations in [3] one can prove that the operator 

: imPr.^M n ^ imQr,-i, n {k > 1) 

is an isomorphism, where Pr,i/i 9-nd (5r,-i/n is a pair of generalized Plemelj projec- 
tions which act in corresponding Hardy spaces. It follows 

= -P^(trrT_i^7"'-Fv)“MM^trrT_i^7-iTi^7(Tffc + (/ + /3“^P/3P)ufc)] 
+Fi„{trrT-if,^-^F^)-^[Qr,-i^9k+i + ^^iT-i^7~^Ti^{Dl)uk+l] 
Replacing (/)+ in (5.1) we get 

Ufe+I = Mfc + (^ + f3-"D/3D)M + i(iT-i^r"Ti^{D7)uk+i 

-M^T_i^7'^P,;.(trrT_i^7-iFi^)“^[trrT_i^7-iTi^7('rffc 

+(/ + 13-^Dm^k)] + T_*^7-iPi^(trrT_i^7-ip^)-i[Qr,-iMgfc+i 

-|-i/iT_i^7“^Ti^(D7)ufc+i] -h P-i^gfc+i 
We introduce the projections 

JPifj. = Fi^{trrT-i^'y ^Fi^) ^ and Qi/^ := I — Pi^. 

Pifj, is a modified Bergman projection onto the subspace kerD + and is the 

o 

projection onto the subspace ^{D - i/i)W 2 ^ 

Using these projections the last expression transforms into 

Ufc+i = /i^r_^^7“^Ti^7[rf/c + (/ + /? ^D^D)uk] 

+ (^ + 

+T_i^7"^Fi^(trrT_i^7"^Fi^)"HrT_i^L)_i^gfc+i + F-i/xg^+i 
-z//T_i^7"^Ti^(D7)u/e+i 

= Q^^T,^l[rh + (/ + r^om^k] 

^ QiyTi^ {D^) u/e+i 

+-^-2/ugA:+l -\-T-i^Piij,^D-i^%k^i^ 

where g^+i a smooth extension of g^+i into the domain fl. We remark that this 
last expression decomposes our boundary value problem into two problems. The 
part that contains Qk^i solves the homogeneous differential equation with the 
original (inhomogeneous) boundary values and the other terms are solution of an 
inhomogeneous differential equation with vanishing boundary data. This is because 
of the fact that im Qi^ consists of all H-valued functions v with 

trT_i^7"^v = 0. 

This can be proved by applying the generalized Plemelj-Sokkotzkij formulae (cf.[4]). 
Now we have to consider the operator := — i/iT_i^ 7 “^Ti^(D 7 ). We obtain by 
using the estimation (cf. [1]) 

M .. const 

||T±i^||[L2,L2] ^ ~ • 
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The constant depends on the domain and on the dimension of the space. 

C 

\\R^,u\\L^ < - max \D'y\ ||u||t, 

= \j~^\ max \D^\ \\u\\l 2 • 

For simplicity we estimated the norms of the coefficients by their maximum norms. 
Under the condition that 

y/rj -{-t5 max \D'j\ < 1 

(/ — R^)~^ exists and we get for the following representation formula: 
ua;+i = {I- + (/ + p~^Df3D)uk] 

(5.2) 

= ~ R/j.) ^ QifjiTiij,^{I -f (3 ^DPD)uk + G/e+i 

with 

G/c+i = (/ — R^) ^ Qi^Tiy^^rik + T-i^lPiij^^D-ingk^-i + 

Equation (5.2) can be used to estimate stability and truncation error. For the 
truncation error we have to study ll/^-Uk — Luk\ with 

d 

Lu = — (u(x, t) + rj/3~^D^Du{x, t)) + ua~^DaDu{x, t) 

and 

Y ^/c+1 0—1 r^OT^r ^k \ —1 7-^ 

L^Uk = h rjl3 ^D(3D{ ) + va 

T T 

Obviously we obtain from 

Ufe+i-Ufe duk , o-ir,ar,r^k+i -Uk 5 ufc 
l^rUk-LUfel = 1 'D(3D{ —) 

+i>a~^ DaD{uk+i — Ufc)| < const. • r. 

The stability can be proved analogously to the method that is demonstrated in 
[5]. Main problem is to prove that the operator 

+ r^D(3D) 

is a continuous operator in L 2 {^). Then, from the approximation property and the 
stability we conclude the convergence of the finite difference scheme. The remaining 
stationary problems at each time level can be treated by using ideas of discrete 
function theory (see [4]) or discrete potential theory [11] for the general idea and 
[7] for details. 
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A Theory of Modular Forms in Clifford Analysis, 
their Applications and Perspectives 

Rolf Soren KrauBhar 



Abstract. This chapter is devoted to monogenic, harmonic and polymono- 
genic Clifford-valued automorphic forms that are related to discrete sub- 
groups of Vahlen groups acting on half-spaces of real and complex Minkowski 
type spaces. In particular, Eisenstein and Poincare type series are constructed 
within this framework. 

We discuss their basic properties and provide a short overview about 
their range of applications to several areas from pure and applied mathemat- 
ics, as for example, to number theory, to functional analysis and to order 
theory and pde’s on manifolds. 

Mathematics Subject Classification (2000). 11F03, 11F55, 30G35, 11G15, 
32A25. 

Keywords. Clifford analysis, automorphic forms, Vahlen groups, Minkowski 
type-spaces, function spaces, partial differential equations, order theory, ar- 
gument principles on conformal manifolds. 



1. Introduction 

Examples of holomorphic automorphic forms and functions of one complex variable 
appeared first systematically in the paper [14] by G. Eisenstein (1847) and in lec- 
tures from K. Weierstrafi in 1863. The general theory of holomorphic automorphic 
forms of one complex variable has been developed mainly by H. Poincare, F. Klein 
and R. Pricke. This theory is not only interesting from the function theoretic point 
of view; it provides many important applications to other field of mathematics, 
to physics and to the applied sciences. Areas of applications include number the- 
ory, the representation of Riemann surfaces, partial differential equations, function 
spaces, Yang-Mills theory, quantum gravity [23, 4] and many more. 
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Already in the first half of the twentieth century higher dimensional (but 
complex- valued) generalizations have been developed within the framework of sev- 
eral complex variables theory, starting with O. Blumenthal [3] in 1904, continuing 
with the school of C. L. Siegel and H. Maafi in the thirties and early forties [56, 43]. 

One of the first authors who considered automorphic forms in a hypercomplex 
variable was R. Pueter. In 1927 R. Fueter constructed in his paper [18] automorphic 
forms and functions related to Picard’s group in a three-dimensional hypercomplex 
variable. However, the functions treated in his paper, are not in kernels of Dirac 
type operators. 

In 1949 H. Maafi proceeded to introduce in [44] a further different kind of 
automorphic forms in a hypercomplex variable. The class of automorphic forms 
introduced by him consists of complex-valued non-analytic eigenfunctions of the 
higher dimensional hyperbolic Laplace-Beltrami operator. 

Many authors extended these fundamental higher dimensional theories from 
a large variety of viewpoints. Just to give a few examples, see e.g. works of J. El- 
strodt, F. Grunewald and J. Mennicke, [15, 16], E. Preitag and C. F. Hermann 
[17], A. Krieg [37, 38, 39], 0. Richter and H. Skogman [49, 50] which are some of 
many authors who provided important contributions in this direction. 

If one looks for analogous extensions within the framework Clifford analysis 
and its regularity concepts, then, as far as we know, one finds only very few 
contributions to higher dimensional versions of the doubly periodic holomorphic 
Weierstrafi functions (as e.g. [13, 19, 21, 23, 51]) before we started in the period of 
1998-2002 to fill this gap step by step, and to develop systematically a theory of 
monogenic and polymonogenic hypercomplex- valued modular forms in the setting 
of real and complexified Clifford analysis. In [27, 28, 30, 31, 32, 33]) the basis of 
this theory has been developed. Applications to function spaces, spin geometry and 
partial differential equations have been developed in joint works with J. Ryan and 
D. Constales (see [35, 36, 8, 7, 10]). In this chapter we give an overview about the 
development of the theory of monogenic and polymonogenic automorphic forms 
within the more general context of Minkowski- type spaces. We furthermore show 
how an order theory, an argument principle and versions of Rouche’s theorems can 
be extended to the framework of monogenic functions on more general conformally 
flat manifolds as for example on cylinders and tori. These results in turn extend 
the theory developed in the recent joint paper with T. Hempfling [26] for the 
Euclidean space 



2. Groups and Dirac operators on real and complex 
Minkowski-type spaces 

2.1. Clifford Algebras over Minkowski type spaces 

Let K stand for the field of real numbers IR or complex numbers C. Let n be a 
positive integer, and let p, q be non-negative integers with p+q = n. In what follows 
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we consider an n-dimensional vector space over K that is endowed with a non- 
degenerate bilinear form of signature (p, ^). By Clp^q(K) we denote its associated 
Clifford algebra in which one has the following multiplication rules: 

e- = 1 for i = l,...,p 
= — 1 for i=p-hl,...,n 

and 

“h • 

A K-basis for Clp^q{K) is given by the set {ca : A C with ca = 

e/^e /2 • • • where 1 < Zi < . . . , < /^^ < n, = eo = 1. The scalar and the vector 
part of an arbitrary element a = ^ cla^a where G K will be denoted 

AeC{l,...,n} 

by Sc{a) and by Vec{a). Each element a G Clp^q{(C) can be written in the form 
a = ao + iai with real Clifford numbers ao,ai from Clp^q(R) where i denotes the 
complex imaginary unit. We write further Re{a) = ao and Im{a) = ai. In this 
notation a complex vector Z G shall be written in the form Z = X-\-iY where 
A, y G If we do not want to specify if the variable is concretely from 
or (D^’^ we just use small letters, say for example 2 :. 

The “Clifford” conjugation in CZp,g(K) is defined by a = where 

eX = eiZi . . . ^ = —ej for j = 1, . . . , n and ^ = eo = 1. The reversion 

is defined by a* := where |A| stands for the cardinality 

of the set A. Both (anti) automorphisms act on the basis elements they leave 
the complex unit i invariant. The “complex” conjugation mapping and element 
a = ao + iai from Clp^q{(C) onto ao — iai shall be denoted by in what follows. 

P a 

The Euclidean (Hermitian) scalar product in defined by {z, w) = — + 

3=1 

^ ZjWj extends to C/p,g(K) by regarding CZp^g(K) as a 2^-dimensional vector 
i=p+i 

space with the basis elements ca> In C/p,g(K) a vector z G is invertible if 

p n 

and only if the expression M{z) := ^ zf — Yh not vanish. In 

z=l i=p-\-l 

this case z~^ = zjM{z). The set 5o := {z G = 0} has in general the 

geometrical structure of a cone. Only in the case K = IR with additionally p = 0 
or ^ = 0 it reduces to a single isolated point. Let us further use the notation 
:= {zGK^’^A^(;^-zo)=0}. 



2.2. Half-spaces and related modular groups 

Modular forms are usually defined on half-space type domains. The structure of 
the null cones motivates the consideration of the following half-spaces in K^’^. In 
the case K = IR consider 

p n 

^P+(]RP,9) = {xe W I y > 0} 

j=l j=p+l 
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p n 

^q+(]RP.9) = {X € ]RP’« \^X]< Y, X„ > 0}. 

j^l j=p+l 

Notice that in the case p = 0 one obtains = 0 and = {X G 

I Xn > 0}. In the case q = 0 one gets similarly that i?^+(R’^’°) = 0 and 
^p+(Rn,0) ^ {X G R^’^ I Xi > 0}. 

In what follows we assume without loss of generality that p < q and use for 
simplicity the notation J?+(R^’^) for i7^+(R^’^). In the complexified case consider 
in the case p = 0 the following half-cone (compare with [1]) as its complexification: 

n— 1 

if+(C0>") = {Z = X + iYe €°’" I ^ 7/, Xn > 0}. 

i=i 

In the case p = l,q = n - I consider the classical Siegel half-space 

n—1 

^+((pl,n-l) = {Z = X + iY e \Y^>Y Xj, Yn > 0}. 

i=i 

In the remaining complexified cases with p,q > 2, p < q consider the following 
domains 

p n—1 

H+{<CP'^) = {Z = X + iYe CP’« \Y^>Y Yf + Y Xj,Yn> 0} 

j=i j=p+i 

which of course are Siegel type domains as well. Similar domains are considered 
when p > q. One can verify by a direct calculation that these half-spaces have no 
intersection with the nullcone. 

Mobius transformations in can be described in terms of the Vahlen groups 
SVK{p,q) (see for instance [15, 53]). For convenience, let us recall its definition. 



Definition 1. Let M 



d 



be a matrix with coefficients a, b,c,dG Clp^q{lK) 



that can all be written as products of vectors from IR^’'^. Then M belongs to the 
Vahlen group SVk{p, q) if and only if a, b, c, d satisfy 

ac * , cd * , db * , 6c* e and ad* - be* = 1. 

The Vahlen group acts on by its associated Mobius transformation 

a b 
c d 



M{z) = (az+b){cz+d) ^ where M 



e SVk(p, q)- The group SVk(p, q) 



is generated by the inversion matrix J ^ ^ ^ j and by matrices inducing 

the translations zi-^ z + a where a e The group SV([<(p, q) contains the real 

Vahlen group SVii{r, s) where r < p, s < q, as a, subgroup. Each arbitrary discrete 
subgroup of 5V(p(p, q) is contained in a group that is isomorphic to T^(n) where 



r 



c - 



J:= 



0 -1 

1 0 



T 

5 -‘-UJ 



1 Wi \ rp ^ ) \ 

0 1 / 0 1 / / 
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where cji, . . . , u) 2 n are IR-linear independent vectors from Of course, the whole 
group does not act discontinuously for any arbitrary choice of lattice. 

However, in this paper we restrict ourselves to the particular case where uji = 
= iei^...^U 2 n = i^n which involves discontinous actions. 
In relation to the half-spaces introduced above the following groups are of special 
interest. 

The group T°’^(]R) = (J, . . . ,Ten-i) leaves invariant when 

k < q - 1. One observes that the case where p = 0, g = n (or similarly p = n, 
q = 0) IS special. Under this condition, is invariant under the mod- 

ular group with the maximal number of translative generators. The situation is 
different in the complexified case where all the cases turn out to be equivalent. 
In the complexified case we always have an invariance under the inversion and 
a translation group consisting of n linear independent translation matrices, inde- 
pendently from the choice of p and q. The space is left invariant un- 
der = (J, Te^, . . . ,Tg^_^,Tie^). Similarly, is left invariant under 

. . . ,Te^)- Analogously, for p, g > 2, is invariant under 

= ( J, Tei , . . . , Te^ , T^ep+i , • • • , ^ ) • All these groups act discontinu- 

ously on the respective half-space. These half-spaces serve as definition domains 
for modular forms related to the associated hypercomplex modular groups. 



2.3. Dirac operators on Minkowski type spaces 

Some of the first contributions to Dirac operators on Minkowski type spaces have 
been developed by W. Nef and R. Fueter in the second half of the 1940s. See for in- 
stance [47] and [21] pp. 264. Unfortunately, most of their results remained unknown 
for a rather long time. The theory of Dirac operators on arbitrary Minkowski type 
spaces had a remarkable renaissance in the 1980s and 1990s. See for example 
[52, 53], or [5]. The main reference for our purposes is [53]. The Dirac operator in 
is given by 



p 

Di<iP,q := ^ ^ 




n 



E 

j=p+l 




and functions annihilated by it from the left are called left K-(p, g) -monogenic. 
When it is clear to which space we refer, then we simply say left monogenic. 
Sufficiently smooth functions, satisfying D^p,qf = 0 shall simply be called left 
/i-monogenic. Notice that 



D 



2 

KP-<? 



A 22 

3 = 1 ^2 



E 



j=P+l 



3 



which coincides in the cases or IR’^’^ with the real Euclidean Laplacian or, 
in the cases or with the complexified Laplacian. The left and right 
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fundamental solution to D^p,q is given by 






% 






h odd integer with h < 



— h even integer with h <n^ 

mx)\\^ 



and the left and right fundamental solution to Dj^p,q by 



) Af{Z)^ 2 



^ — i-h h odd integer with h < n, 



h even integer with h < n. 

M(Z) — 



( 1 ) 



( 2 ) 



These functions in turn, together with their partial derivatives qm\z) := 
^ generalize the classical complex negative power func- 

tions to the Clifford analysis setting within the framework of D!^p,q. Here m = 
(mi, . . . , rrin) G is a multi-index and |m| = mi + . • . + rUn is its length. 



3. Cliflford-analytic Eisenstein series related to translation groups 
and their applications 

The classical Eisenstein series to translation groups in complex analysis are given as 
Mittag-Leffler series of the negative power functions 1/(2: +0;)"^ summed up over a 
one or two dimensional lattice. In the higher dimensional Clifford analysis setting 
where we consider nullsolutions to in the negative power functions 

are generalized by the functions qm\z + a;), as explained in the previous section. 
Generalizations of the classical Eisenstein series to the context considered here are, 
roughly speaking, thus given by summations of the expressions qm\T{z)) over the 
corresponding translation group T. 

Indeed, in the simplest case = IR^’’^ or one can introduce 

higher dimensional generalizations in the /i-monogenic setting as follows: 

Definition 2. Let fc G IN with l<fc<n, /iGlN and 1 < /i < n — 1, and let 
cJi, . . . ,cjfc be IR-linear independent paravectors in IR’^. The /i-monogenic transla- 
tive Eisenstein series associated with the lattice flk are then defined for all multi- 
indices m G INq with |m| > max{0, fc — n + 1 + /i} by 

E (3) 

In the cases k — n-\- h > 0 one sets additionally for m G INq with |m| = /c — n -|- h: 

= E + (4) 

cx;G^^fc\{0} 
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Additionally one can define in the cases with fc — n— l + /i>0for multi-indices 
m G Kq with |m| = k - n — l + h: 



+ E [q^J^\X-a + oj)-q^J^\X-b~w) (5) 

- q^^\u;-a) + q^^\co-b)], 



where a, b are vectors from lC'\Qk with a^b mod 



Notice that all these series have only point singularities. 

In the other cases IR^’^ where p and q are both different from zero, we do 
not obtain a convergent series when considering a summation of the associated ex- 
pressions qm{X + Lo) over any arbitrary lattice in independently how large 
|m| is chosen. This behavior is due to the fact that these expressions do not only 
have singularities in isolated points but in cones. Therefore, restrictions on the 
periodicity group need to be made. We get a convergent series (under the same 
conditions for |m| as mentioned above), when the lattice Q is additionally com- 
pletely contained in or in R^. This shows that the configuration (p, q) = (0, n) 
or (p, q) = (n, 0) is special. In these particular cases one obtains even /i-monogenic 
Eisenstein series to n-dimensional periodicity lattices. In the general case working 
in R^’^ one gets in the best case Eisenstein series for a translation group with 
max{p, q} translation matrices. In the complexified case however, one has again 
a more equilibrated relation between the corresponding spaces. In one can 
always define convergent Eisenstein series for a group that has n translation gen- 
erators. In one needs the period lattice to be contained in the linear manifold 
g 2 </>(RP where (j) G [0, 2tt) is an arbitrary real parameter. Under this condi- 

tion we get the same convergence conditions for |m| as mentioned above. Thus, in 
the complexified case we can always introduce (independently from the signature) 
fc-fold periodic h-monogenic Eisenstein series, for 1 < fc < n. We get a divergent 
series whenever k > n. 

In the cases k < n these function series provide us with fc-fold periodic gen- 
eralizations of classical trigonometric functions to the Clifford analysis setting (cf. 
[27, 28]). In the case k = n one obtains generalizations of the elliptic functions to 
the Clifford analysis setting. Notice that one cannot define n-fold periodic Eisen- 
stein series within the setting of R^’^ whenever p, q are both different from zero. 

Some very first contributions to the study of some particular types of func- 
tions that belong to that function class of Eisenstein series have been provided by 
A. C. Dixon [13], R. Pueter [19, 20, 21, 22] and J. Ryan [51]. In these papers the 
authors introduced the particular series associated with the case k = n (elliptic 
functions) in the Euclidean spaces R^’^, H, R^’’^, and studied some basic prop- 
erties. In [48] T. Qian introduced a general function class defined on particular 
sector domains and studied Lipschitz pertubations of the {n — l)-torus within a 
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cylinder in order to obtain special Fourier multipliers for these particular domains. 
The special function associated with the orthonormal lattice makes part of 

that special function class. 

A more extensive and systematic study of 1-monogenic Eisenstein series in the 
Euclidean space IR^’^ has been started in [27, 28] within a more general framework. 
In [32] we studied their complexification to C^’^. /i-monogenic Eisenstein series 
within the framework of IR^’’^ have been introduced as a special case of Poincare 
series in [31] and their complexification to in [32]. They in turn contain the 
holomorphic Cliffordian Weierstrassian functions from [23, 41] which are solutions 
of the quaternionic Fueter-Sce equation as special cases. 



3.1. Function theoretical properties 

The Eisenstein series Q.k) provide a powerful tool to construct a large fam- 
ily of /i-monogenic fc-fold periodic functions in that have the property that 

the centers of their singularity cones all lie in Here, and in all that follows, 

stands for IR^ or IR"^ when K = IR and for the linear domain manifolds 
of the form e^"^(IR^ + ilR^) with 0 G [0,27 t), when K = C. In particular, the 
series Q>k) admit the construction of higher dimensional vector valued vari- 

ants of many elementary trigonometric within the framework of D^p,qf = 0, as 
for example (cf. [27, 28]): 



coik,h{z) 
tenik, h{z) 



CSCk,h{z) 

sec/e,/i(^) 



4^1 (2:) > 

cotk,h{z + v/2), 

veVk{2)\{o} 

cotk,h{z/2) - cotk,h{z), 
csck,h{z + v/2). 

veVk{2)\{o} 



Here k < n and Vfe(2) {0, . . . , . . . , ]. stands for the canonical 

system of representatives of the quotient module By means of the series 

with |m| = 1 one can furthermore construct /i-monogenic fc-fold periodic 
generalizations of the cosecant-squared and the secant-squared function, etc.. See 
also [9] in which we provided a detailed discussion on their relation to their planar 
counterparts. 

The functions 

Pr+r(z),/i('^) •— i = (6) 

where r G INq with |r| = h — \ provide natural fc-monogenic generalizations of the 
Weierstrafi p- function to IR^’’^ or q = n). Their partial derivatives gen- 

eralize the derivatives of Weierstrafi p- functions. Analogues of them in the spaces 
]RP’^ where p, q both differ from zero cannot be defined. All the functions from (6) 
are generated by partial differentiation from one single fc-monogenic primitive 
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that then satisfies ■^Cr,h{^) = Pr+r(z),/i(^)- The function Co,i is the monogenic 
generalization of the Weierstrafi (-function which has the form 

n— 1 

C{z) = qo{z)+ ^ ^qo{z + u;)-qo{u;) + '^qrQ-){u;){zj + Znenej) (7) 

u;Gr2n,\{0} j = l 

with 2 ; G or 2 : G C^’^. Here r{j) stands for the multi-index having the entry 
1 at the j-th position and the entry zero at the remaining ones. The function 
(7) was introduced in the setting of real quaternions by R. Fueter in [21], [22] 
and in the setting of real Euclidean space R^’’^ by J. Ryan in [51]. The function 
Cr,n-i(^) when X G R^’^ (n odd) or 2 : G R^’^ with p + ^ = n is the holomorphic 
CliflFordian generalization of the Weierstrafi (-function that has been introduced 
in the setting of real quaternions by G. Laville and I. Ramadanoff in the recent 
work [41]. The functions are in general not n-fold periodic (r,h- However, there are 
vectors . . . , 77 ^ such that 

Cr,h{z + UJj)~ Cr,h{^) = 

where the Uj denote the primitive periods of the underlying lattice. 

By applying Mittag-Leffler’s theorem for real and complexified Minkowski 
type spaces we can deduce by similar arguments as presented for the monogenic 
case in the Euclidean space R^’’^ in [27, 29] the following structural result. The 
following theorem points out the central role of this type of Eisenstein series in the 
study of meromorphic p-fold periodic functions in higher dimensional Minkowski 
type spaces K^’^. 

Theorem 1 (Representation theorem). Let be a k- dimensional lattice in 
that lies completely in Let a G Nq with a > max{0, k — n — 1 h}. Let 

i 

f : IJ 6'a^+rifc) ^ C/p,g(K) be k-fold periodic. Suppose that all the centers 

2=1 

of the singularity cones lie all in Suppose further that the center points 

of the singularity cones within an arbitrary period cell modulo Qk isolated 

and that its cardinality per period cell is finite. Denote them by ... ,ai. Suppose 

i 

that f is left monogenic in |J ^a.+^fc)* Suppose that the singularity order 

2=1 

of Oi with {1 < i < 1) is N{ai), that N{ai) — n h > a for a// z G {1, . . . , 1} and 
that the principal parts are given by Qm {z — ai)bm • Then there is a left 

\m\=a 

s-entire function g : Clp^qfK) with 

I iV(oi)— n+/i 

+ 9{z)- (8) 

i=l |m|=o; 

( k) 

In the cases |m| = a with a = k-n — l-\-h the function ^ with an arbitrarily 

chosen b ^ Oi mod Dk ct'f^d b ^ 
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The proof is based on applying Mittag-Leffler type theorems for Minkowski 
type spaces. 

We shall see briefly that we get an even stronger result for the class of h-monogenic 
n-fold periodic functions in the Euclidean space The speciality of this func- 
tion class within the particular framework of or IR^’^ becomes clear by means 
of the following theorems providing generalizations of the classical Liouville theo- 
rems. 

Theorem 2 (1. Liouville theorem). Every n-fold periodic function that is h-mono- 
genic in a whole period cell is a constant function. 

For 1-monogenic functions this theorem has already been proved by R. Fueter 
for the quaternionic case (cf. [19]) and by J. Ryan for (cf. [51]). Within the 
framework of the quaternionic Fueter-Sce equation a proof has been provided by 
G. Laville and I. Ramadanoff in [41]. It can easily be extended to the class of h- 
monogenic functions since every arbitrary h-monogenic function that is bounded 
in R’^ also reduces to a constant function as proved for example in [2]. From the 
compactness of the period cell of an n-fold periodic function the statement thus 
follows immediately. 

In the particular case k = n working in the Euclidean space R’^ the function 
g{z) from the previous theorem thus reduces to a constant. For the other cases, a 
similar statement cannot be provided in such a generality. 

From this theorem one infers furthermore that in this special case a non- 
constant n-fold periodic monogenic functions must have singularities in each of its 
period cells. Moreover, we have: 

Theorem 3 (2. Liouville theorem). The sum of the residues of an n-fold periodic 
monogenic function within an arbitrary period cell vanishes. 

This statement has been proved for the quaternionic case by R. Fueter (see 
[19]) and for arbitrary dimensions in [27, 26]. In the case of dealing with non- 
isolated singularities the notion of a residue has to be understood in the sense of 
Leray-Norguet residues as introduced by W. Nef in [45, 46] and, more generally 
in [11]. In particular, each non-constant n-fold periodic monogenic function needs 
to have at least two point singularities of order n — 1 or one point singularity of 
higher order. 

Furthermore, we proved recently in [26] the following balance relation between 
c-points and poles for a particular case: 

Theorem 4 (3. Liouville theorem). Let f be an n-fold periodic monogenic function 
that has only isolated singularities and that takes all its values in R’^. Moreover, 
let us suppose that f has only isolated c-points (c G R^J and only isolated singu- 
larities. Let P be any period cell with no poles and c-points on its surfaces. Let 
bi,. . . ,bk be the poles within P. Let e\,. . . ,Sk >0 be sufficiently small such that 
B{bi,Si)\{bi} contains no c-points and poles. 
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Then 

k 

y^ord(/-c;a) = -y^p(/-a;6i), (9) 

aGP i=l 

where 

p{f - a; h) ^ j qo{f{z) - a){Jf)*{z)d(7{z), 

dB{bi,€i) 

An standing for the surface measure of the unit ball from and (J/)* for the 
adjunct of the Jacobi matrix. 

For the exact definition of the order, see [25]. 

For the proofs of the second and third Liouville theorem, the use of Cauchy’s 
integral formula for monogenic functions is central. It is thus not clear whether 
these theorems have similar extensions to the more general function class of h- 
monogenic functions where h>2. Under additional conditions both theorems can 
be extended to R’^-like linear domain manifolds within the framework of a com- 
plexification of the n-fold periodic functions in satisfying the complexified Dirac 
equation. Whenever, the cones of the singularities and the manifolds of the c-points 
have only point intersections with the linear domain manifold, generalizations of 
Theorem 3 and Theorem 4 can thus be obtained. 

Similarly to the classical complex case the functions e^^^ can be characterized 
in terms of special functional equations that generalize the well-known duplication 
formula of the classical cotangent. For details, see [34]. By direct rearrangement 
arguments one can readily deduce: 

Theorem 5. Let be a k-dimensional lattice lying completely in Suppose 

that m e INq with |m| > max{0, k — n 1 h}. In these cases 

= E (10) 

veVk{r) 

where Vk{r) is the canonical system of representatives of 

By integration arguments one infers further that (10) is satisfied at least up 
to a vector constant C also for the cases with |m| = — n + /i, /c<n, 

such that the points of the associated lattice all lie in For the particular 

cases mentioned in the previous line where additionally |m| -f /i is odd and for all 
cases dealing with n-dimensional lattices, we managed to show that (7 = 0. See 
[34] where we provided a detailed proof within the framework of working in the 
real Euclidean space Under the condition that fl/c C the proof can 

easily be adapted to the more general setting working in K^’^, therefore we omit 
it here. We can say more: 
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Theorem 6. Let h < n and m G Nq be a multi-index. Let = Zu;i + . . . + Zouk 
be a k-dimensional lattice lying completely in Let m G INq with |ml > 

max{0, k-n-^h}. Let further g : ^ Clp^q(K) be a left or right h-monogenic 

function with principal parts qm\z — cu) at each a; G fi/e. If g satisfies 

ru^\^\-hg{rz)= + ( 11 ) 

'i^GVfc(r) 

then there is a C ^ Clp^q(K) such that 

+ C (12) 

for allzeKP'^\Sa,. 

Proof. Define the function 5 ( 2 ) = g{z) — which is left /i- monogenic in the 

whole space K^’^. Let us first treat the case where |m| + h is odd. In this case we 
have the certaincy that 

'^eVfc(r) 

with an sq G Clp^g(K). Let us assume that s ^ sq. Let (3 := \\uji ujk\\. 

Notice that the maximum principle holds for the class of /i-monogenic functions. 
Therefore, there is an element c G dB{0^rl3) such that 

||s(z)|| < ||s(c)|| 

for all z EB {0,r/3). Here H(0,r/?) = {z e K^’^| || 2 ;|| < r(3} stands for a “ball” in 

o 

with radius nf3, B (0,r/?) for its open kernel and 9B(0,r/?) for its boundary. 
Notice that 

k ^ ^ 

(c + aiUJi)lr < P-\- (3 < 2(3 

for all 0 < < r, so that we can infer from (13) that 

r"+H-/*l|s(c)|| = II ^ s(^)l|< E P(^)ll<"''IN(c)ll 

veVk{r) veVk(r) 

<r"-'^+|m|||s(c)||, 

which provides us with a contradiction, and the assertion is hereby proven for 
|m| + h being odd. In the case where |m| + ft is even, consider the first partial 
derivatives Si{z) := ^ for i = l,...,n. The Si satisfy definetely the integer 
multiplication formula 

+ ^ E Si{z + v/r), Si{Q) = Sio. 

veVp{k) 

Applying a similar argument yields finally that Sf = for all i = 1, . . . , n. From 
ttV/e(r) = follows s^q = 0 and the assertion is hereby proven. □ 
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By similar arguments one can further show that there are no non-constant 
entire /i-monogenic functions satisfying these functional equations. Theorem 6 pro- 
vides a generalization of Theorem 6 from [34] to the setting of arbitrary Minkowski 
type spaces K^’^. 

3.2. Number theoretical properties 

The classical complex-analytic Eisenstein series have many highly interesting num- 
ber theoretical properties. 

Those complex-analytic WeierstraC p-functions that are associated with lat- 
tices that have complex multiplication play a central role in class field theory. 
Putting Q 2 = and 53 = ^11 division 

points of the normalized Weierstrafi function V{z) = lie all in an 

abelian Galois field extension of an imaginary quadratic number field, and the 
trace itself is an element from that proper imaginary number field. The p function 
plays thus a basic role for the construction of algebraic number fields. 

The Fourier expansion of the Eisenstein series is explicitly related to repre- 
sentation numbers of sums of divisors and to the Riemann zeta function involving 
further interesting number theoretical relations. 

In [34, 30, 6 ] we analyzed whether generalizations can be obtained or expected 
within the framework of the higher dimensional /i-monogenic Eisenstein series. 

Let us concentrate in this section on the monogenic Eisenstein series in the 
Euclidean space For more general results we refer to the above cited papers. 

3.2.1. Lattices with hypercomplex multiplication and hypercomplex division 
points of the generalized p-functions in IR’^. A two dimensional lattice in the 
complex plane is said to have complex multiplication whenever there is a A G C\Z 
so that Af2 C In turn each element rj E where Pt is such a lattice satisfies 
rjQ C Q. Assume without loss of generality that = Z + Zr (r G iL^(C)). Then 
n has complex multiplication if and only if r G Q[y/—D] where D is a positive 
square-free integer. 

In [34] we were concerned with analyzing which lattices from generalize 
those of the complex plane that have complex multiplication within the framework 
of Clifford analysis. The question of generalizing the complex multiplication of 
lattices to the Clifford analysis setting is far from being trivial. Notice that if 
A G IR’^ and if a; G where ft now denotes a p-dimensional lattice in , then Xlu 
is not a vector from IR^ anymore. Because of the non-commutativity it is suggestive 
to focus on lattices that satisfy XPt/j. C for some vectors A,^ G If C 
is an arbitrary lattice, then the relation Xfl/i C is in general only satisfied 
when A, // are integers. However, there are indeed some special lattices where this 
relation is also satisfied for some special vectors A,/i G IR^. We call these kinds of 
lattices then lattices with vector multiplication (or with paravector multiplication 
when working in the paravector formalism) in the general sense. The concept of 
vector multiplication can be regarded as an adaptation of the general theory of 
Z-orders in rational Clifford algebras (cf. [16]) to the framework of working in the 
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vector space IR’^ which is not closed under usual multiplication for general n. The 
simplest examples for lattices with vector multiplication in the general sense are 
for instance rectangular lattices. Notice that 

ei(Zo^iei + . . . + Zo^pep)ei = Zo^iCi + . . . + ZoLpep. 

Here aj G R. Among the lattices that have with vector multiplication in the 
general sense, a special role is played by those that also satisfy 

oir/firy C (14) 

for every o: G Z and every arbitrary ry G fi. Actually, these lattices in turn shall be 
regarded as the canonical ones generalizing complex lattices with complex multipli- 
cation to the Clifford analysis setting. This viewpoint is justified by the following 
argument. 

Suppose that we have the more general situation that there is a vector A G R’^ 
and another element /x G (7io,n(R) so that Afi/i C fl. Assuming now that / satisfies 
f{X -h a;) = f{X) for all uj G fip, then the function f\^p{X) := pf{XX/a)X also 
satisfies fx,p{X = fx^p{X) for all uj from the same lattice. 

However, if / : R’^ C/on(R) is an arbitrary left and right monogenic 
function and if A is an arbitrary vector from R^, then in general fx,^{X) = 
iaf{XXja)X remains only left and right monogenic, if p = aX with a real a G R. 
This motivates us to regard lattices with the property (14) as very canonical 
ones within the theory of hypercomplex multiplication of Clifford- valued periodic 
functions. 

Next one needs to investigate which lattices satisfy (14). In [34] we proceeded 
one step in this direction. We proved: 



Theorem 7. If the primitive periods o;i , . . . , cjp from a lattice flp = Zui + . . . -h 
ZcJn C R’^ satisfy the number theoretical conditions 

V(o;i) G Z, {u>i,0Jj)eZ \fi,j e{l,...,p}, (15) 

then every integer a and every vector rj from that lattice, satisfies 

arjflr] C (16) 

Conversely, if ^p C R’^ is a p-dimensional lattice with (16) for any a G Z and 
any rj G fip, then the primitive periods satisfy all (15). 



Examples of lattices with (15) are lattices where the primitive periods . . ., 



Up have the form 



k 

E- 

j = l 






(17) 



where aij G Z and where the elements are positive integers, as proved in [34]. 



Remarks. When working in the paravector formalism, one needs to claim that 
furthermore 2Sc{ui) G Z and that ft = is satisfied in order to have (14), as 
shown in [34]. 
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Treating the paravector space IR 0 WC in the cases n = 1, 3, 7 with numbers 
from C, H or © respectively, then we have one important speciality. Considering 
in these cases lattices of the form where the primitive periods satisfy 

= (^io + ( 18 ) 

or 

= (^io + ail^/7i^el 0 ai 2 y/i ^62 + (19) 

or 

+ai^y/^y/m^e 4 . 0 0:^5 

(20) 

where aij G Z, mi, m2, m3 are distinct square- free positive integers and where 
the 6j shall be identified with the complex or with the corresponding quaternionic 
or octonionic units, respectively, then we have that each element 77 from such a 
lattice satisfies r/fi C In these special cases the lattice is closed under multi- 
plication. Notice that the octonions do not form a Clifford algebra, as they are 
non-associative. 

In the classical complex case one knows furthermore, that (18) is the most 
general form of a complex lattice that has complex multiplication. 

Some first contributions to the quaternionic case were provided by R. Fueter 
in [20, 21]. The more general theory has been developed recently in [34]. 



The quaternionic and the octonionic case have also a function theoretic spe- 
ciality. Whenever Q is a lattice satisfying (15) and 2Sc{Q) G Z, then /i/(AX/i)A 
is left and right monogenic and p-fold periodic with respect to Q for all arbi- 
trary elements A, /i from fi, whenever / is quaternionic (octonionic) left and right 
monogenic and periodic with respect to Q. 

Let us now turn again to the more general case working in IR’^ for arbitrary 
n. 

The fact that both fa\^x{X) and f{X) are left and right monogenic p-fold 
periodic functions associated to the same period lattice involves explicit relations 
between both functions. In particular one obtains for the monogenic Weierstrafi 
functions (i = 1 , . . . , n) that 






[«A^(A)I 



n—2 



E 









a-^X-^tuX-^eP\{0} 



( 21 ) 



\&hiax( -M{\/aXf QhiVh^ 

L ^j = l / -1 h=l 



as proved in [34]. 



detW 
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/ LOii . . . LUin \ 



n 

Here, we used the notations ooh = det W = det 

i=i 



^21 



^2n 



\ ^nl • • • ^nn / 

and Qhj stands for the adjoint determinant associated with the element ujhj- Also, 
P denotes the fundamental period cell. 



The relation (21) in turn involves an explicit formula for the trace of the 
hypercomplex division points of the generalized p- functions pr{i)- Applying the 
limit to zero on (21) namely leads to 



a-iA-iu;A-i€P\{0} 



h=l L ^7=1 ' h=l 



% 



[I] 



( 22 ) 



detW^ 



for i = 1, . . . , n. If we denote by TZ the ring to which the real components of the 
primitive periods ujh belong and by 1C its associated quotient field, then we can 
say that the real vector components of the trace of the vector division values of 
the generalized monogenic p-functions lie thus all in the field generated by /C and 
by the real components of the quasi-periodicity constants of the monogenic 
Weierstrafi p-function. In particular, dealing with a lattice of the form (17) where 
the elements mi, . . . ,mn are all pairwise distinct positive square- free integers, /C 
is the multi-quadratic number field Q[y^mi, • . . , y^m^]. Implicitly, we have treated 

the quaternionic and the octonionic case, too: the series ^(Aiei + . . . + X^e^) 
can be introduced similarly as in the beginning of Section 3 into the quaternionic 
and octonionic setting. Simply re-express their formulas for n = 2,4, 8 in the 
paravector formalism, and then substitute the unit paravectors by the canonical 
quaternionic and octonionic units. The components of the associated quaternionic 
or octonionic periods of the special lattice (19) or (20) generate a biquadratic or 
triquadratic number field, respectively. 

For a further progress, a number theoretical analysis of the quasi-periodicity 
constants (and the relation between them and the periods) needs to be provided. 
From the generalized Legendre relation for the generalized Weierstrafi (-function 
proved in [21, 51] it follows that the periods and the quasi-periodicity constants rjh 
cannot all be algebraically independent. Could it be that the monogenic Weierstrafi 
p-function plays a similar role for the construction of field extensions of multi- 
quadratic number fields as the complex p-function does for imaginary quadratic 
number fields? 

Such a result would be really of interest for algebraic number theory. Remem- 
ber that E. Hecke [24] tried managed to construct some higher algebraic number 
fields by using four- fold periodic Abelian functions in two complex variables. The 
Abelian functions can be imbedded as special cases within the more general class 
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of four-fold periodic monogenic functions. However, in contrast to Clifford anal- 
ysis, the periods of the Abelian functions additionally always need to satisfy a 
special quadratic relation, the so-called Riemann condition. The Riemann condi- 
tion in turn leads to significant restrictions for the construction of the class fields. 
E. Hecke was only able to construct subfields. See [24, 21, 22] for more details. 
In the Clifford analysis setting, the periods of the monogenic elliptic functions do 
not have to satisfy the Riemann condition. This in turn might be a significant 
advantage for the construction of class fields. 

3.2.2. Relations to divisor sums and Dirichlet series. In classical complex analysis 
one can use the Weierstrafi p-function as the generating function for the following 
Eisenstein series 

Gm{^) = ^ + d)~'^ m G 21N, m > 4, Im{z) > 0 (23) 

(c,d)ez2\{(o,o)} 

which have a very interesting Fourier expansion explicitly involving representation 
numbers of sums of divisors and the Riemann zeta function. In [27] and [30] we 
showed that similar results can be obtained in the higher dimensional case within 
the framework of monogenic Eisenstein series. Notice first that (similarly to the 
complex case) one may restrict oneself to the consideration of lattices of the form 
+ Zr where r G and where fin-i is an (n- l)-dimensional lattice ly- 

ing completely in spann{ei , . . . , Cn-i}. Every arbitrary n-dimensional lattice can 
be transformed by a simple rotation into a lattice of this special form. Restricting 
oneself to lattices of this special form, and regarding r as a hypercomplex vari- 
able of the upper half-space then the monogenic Weierstrafi p- function 

generates the following natural generalization of the series (2) to the framework 
of CliiBFord analysis. 

Definition 3. (cf. [27, 30]) For a multi-index m G Nq with |m| = 1(2) the 
monogenic Eisenstein series associated to the generalized monogenic Weierstrafi 
p-function is defined by 

Gm{X):= qtn{aX+uj) X £ F+(R"), |m| > 3 (24) 

(q ez xr 27 T,_i\-[(o,o)j- 

where fln-i denotes a non-degenerate lattice in spann{ei ^ . . . , e^-i}. 

More generally, we can introduce /i- monogenic generalizations in i7“^(K^’^) 
with respect to a lattice C ^(K^’^) with Qk H i7+(K^’^) 0 as follows: 

{a,io)eZxQk\{{0fi)} (25) 

zeH+{KP'^), \m\>2 + h, |m| + /i = 0 mod 2. 

Notice that (25) would vanish identically if |m| + /i = 1 mod 2. The series 
is absolutely convergent on /f+(lK^’'^) whenever |m| >2 + h. 
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Let us first restrict ourselves again to the case of with k = n — 1. 

Later, in Section 4, we also need their generalizations. From the monogenicity 
of Gni and its (n — l)-fold periodicity with respect to fin-i h follows that Gm 
can be represented by a normally convergent Fourier series on In what 

follows let us write a vector X G in the form X = X + X^Cn where 

X G spanR{ei, . . . , e^-i} and X^ > 0. Without loss of generality we may restrict 
ourselves to the case where f^n-i = Zei + . . . + Ze^-i is the orthonormal lattice 
within the following analysis. As a consequence of the Dirac equation we can 
furthermore restrict to multi-indices of the form m = (mi, . . . , m^-i, 0). 

Theorem 8 (Fourier expansion, cf. [30]). The Fourier series representation of the 
Eisenstein series Gm, m = (mi, . . . ,mn-i,0) with |m| = 1(2), |ml > 3, associated 
with the orthonormal lattice on the upper half-space reads 

Gm{X) = 2CM”-(m) + ^ a^(s)(ie„ + 

(26) 

Here, An stands for the surface of the unit ball in Furthermore, stands 

for the generalized Riemann zeta function introduced in [27] which equals in the 
case |m| = 1(2) 

CM-^(m) = i qM (27) 

o;Gr2ri-i\{0} 

and 

<^m(s) = y^r“ (28) 

r|s 

where r|s means that there is an a such that ar = s. 

One way to obtain this result is first to expand the subseries {X) (|m| > 
2) on into a Fourier series of the form 

r^Ln-i 

A direct computation yields 

a/(r,X„)= f ( qm{X + rn))dX,...dXn-i=0. 

For r ^ 0 one applies the partial integration method successively (integrating Qm 
until getting qq and differentiating the exponential terms) to obtain 

a/(r,X„) = (27rz)l'"lr™ f 

R ^-1 
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The value of the remaining integral is well-known. See for example [57, 42, 6]. It 
can be evaluated by applying the residue theorem, 

SO that we finally obtain for > 0 that 

rez^-i\{0} '' '' 

By rearrangement arguments we can now rewrite Gm(A) in the form 

oo 

G™(X) = 2C''"-(m) + 2 Y e™(aX) (30) 

Oi=l mez^-^ 

where we used the notations introduced above. Applying (29) to (30) leads then 
to 



Gm{X) 



A ^ 

= 2C^-(m) + 2(2;rOH(^)y: ^ + 

which in turn can be further rearranged into the form (26). 



g27r2(ar,X)g-27r||ar||X^ 



Here we have a nice similarity between the form of the Fourier expansion of 
the classical Eisenstein series (23) and the structure of the Fourier expansion of the 
higher dimensional variant defined in (24). The ordinary Riemann zeta function is 
replaced in the higher dimensional monogenic setting by the expression (27). This 
expression in turn coincides with the ordinary zeta function, when rewriting it in 
the special case n = 2 in the paravector formalism. 

Furthermore, as illustrated in [27, 30], it is closely related to the Epstein zeta 
function. In a recent paper [6] we illustrated that each vector component of (27) 
can be written in terms of a finite sum of scalar- valued Dirichlet series of the form 

S{P{-),s)^ Y P{s){9! + ---+9Li)-^ (31) 

g€Z— 1 \{ 0 } 

where P is a real- valued polynomial in and where s is a complex 

number satisfying Re{s) — deg{P) > (n — l)/2. 

The Fourier coefficients a/(r) for r / 0 of the complex Eisenstein series 

am{s) = Y^"~' (32) 

r\s 

where r\s means that there is an a G IN such that ar = I are thus generalized by 
the expression (28) which in turn can be expressed in terms of (32): 



O-m(s) = S™<T_|m|(fifCd(si, . . . , S„_i)). 



(33) 
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As a consequence of the monogenicity, the monogenic plane wave function ap- 
pears as a natural generalization of the classical exponential function in the sense 
of Cauchy-Kowalewski extension. Notice further that infinitely many Fourier co- 
efficients do not vanish, so that the series Gm{X) are indeed non-trivial functions 
whenever |m| is odd. In Section 4 of this chapter we will see furthermore, that 
they provide elementary building blocks for the generation of families of modular 
forms to larger discrete groups, in particular also to the full modular group which, 
in turn provides us with an analogy to the classical complex case. 

However, the series Gm{X) themselves are not yet modular forms to the 
full modular group. Only their set of singularities Qei + . . . + Qe^-i is totally 
invariant under the full hypercomplex modular group Fn-i- This in fact provides 
a difference to the complex case. 

3.3. Applications to function spaces, pde’s and order theory of monogenic func- 
tions on some conformal manifolds 

3.3.1. Explicit formulas for Bergman and Szego kernels of strip and rectangular 
domains. The results outlined in this subsection have been obtained in collabo- 
ration with Denis Constales (Ghent University). For details, see our joint papers 
[8, 7]. 

Let V C IR’^ be a strip or rectangular domain in IR^ , and assume without loss 
of generality that its sides in the first ki dimensions (1 < fci < n) Xi, . . . , Xk^ are 
of positive finite lengths di , . . . , , that its sides in the next ^2 — ki dimensions 

(fci + 1 < ^2 < are semi-infinite and that its remaining (n - ^ 2 ) dimensions 
extend infinitely in both directions. Without loss of generality we may assume that 
V has the form 



0 < Xj < dj j = 1, . . . , ki 

0 < Xj < 00 j = fci + 1, . . . , ^2 

—00 < Xj < 00 j = ^2 + 1, . . . , n 

Write further K :={1,...,A:2} and denote by A C X an arbitrary subset. 

For any w G IR’^ put {w"^)j := where 

The translative Eisenstein series allow us a closed and explicit representation of 
the Bergman kernel of these types of domains. In terms of the notation introduced 
above one obtains (cf. [8]): 

Theorem 9. The reproducing Bergman kernel of V has the following explicit rep- 
resentation 

” A&K,A^$j=l 
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In the case dealing with a strip domain that is unbounded in at least one di- 
mension, the Bergman kernel is thus given in terms of the first partial derivatives 
of the monogenic generalized cotangent type functions. In the case of a rectangular 
domain, bounded in all directions, the Bergman kernel is given in terms of general- 
izations of the Weierstrafi p-function. This provides a nice analogy to the situation 
in the classical complex case. We can say more. Remember that the Szego kernel 
of a strip domain in the complex plane is given in terms of the complex-analytic 
cosecant function. In [7] we showed that a similar result can be obtained in the 
higher dimensional case in terms of the one-fold periodic monogenic generaliza- 
tions of the cosecant functions csc^^^ introduced in Section 3.1. Precisely speaking, 
the Szego kernel of a strip domain bounded in one direction, being without loss of 
generality of the form 

Di := {X G ]R^|0 < Xi < d}. 



is given by 

Sd,{X^W) = ~csc^^\X -W^^\2dZei)ei. 

An 

The functional equation of the series (Theorem 5) provides us furthermore 
with an explicit relationship between the Bergman kernel and the Szego 
kernel 5 'di( 0 of this domain: 



T> 



Bdi 



,X + dei W + de 






The detailed proof can be found in our paper [7]. Extensions to the more general 
framework working in shall be discussed elsewhere. 



3.3.2. Boundary value problems on conformally flat cylinders and tori. The re- 
sults outlined in this subsection have been obtained in collaboration with John 
Ryan (University of Arkansas). For details, see our joint paper [35]. 

The main idea is that conformally flat cylinders of infinite extension as well as 
conformally flat tori can be constructed by the factorization IR^/T^, as suggested 
in a more general but different framework in [55]. In the cases where k < n we 
are dealing with flat cylinders which shall be denoted by C^. In the remaining 
case k = n, we get a conformally flat n-torus T^. Since the universal covering of 
these manifolds is the Euclidean space IR’^, there is a well-deflned projection map 
Pk : Ck {k < n) and Pn : IR^ T^. If /7 C IR^ is A:- fold periodic with respect 

to a lattice C then U' = Pk{U) is a subset of (7/c, so that each X e U 
induces an element X' = pk{X) G C/c- This map induces further a Dirac operator 
on C/c, simply viz D' = Pk{D). Functions in the kernel of D'^ are simply called 
/i-cylindrical (toroidal) monogenic. Provided f : U ^ (7/on(R) is fc-fold periodic 
with respect to fi/e, then pk induces a well-defined function f' : U' ^ C/on(R) 
defined by f{p^^{X')) for each X' G U'. 

In the cases k < n — h the translation invariant Eisenstein series €^^{X — Y) 
induce global Cauchy (Green) kernel functions viz 6 'q^^(A', T') on the associated 
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flat cylinders Ck = since they are the fc-fold periodic periodizations of 

the Euclidean Cauchy (Green) kernel functions. 



Theorem 10 (cf. [35]). Let h < n— l,fc < n — h. Let G C Ck be a domain 
and U' C G be a compact orientable n-dimensional differentiable manifold whose 
boundary dU' is an n-chain. Let g' : G' ^ (7/o,n(lR) be cylindrical h-monogenic, 
h ' ° 

that means that D' g'(X') = 0 for all x' E G' . Then for each Y' gC/' one has 



weu^{r)g\r) = 



dU' 



(34) 



where WdU'{Y') denotes the wrapping number of dU' at Y' and da'(X') the ori- 
ented surface measure on dU' . 



Also for the case k = n — /i + l, in particular for 1-monogenic functions 
on a torus, a local Cauchy (Green) integral formula is provided by means of the 
1-monogenic translative Eisenstein series More precisely, we obtained: 

Theorem 11 (cf. [35]). Let G C Tn be a domain and U' C G' be a compact ori- 
entable n-dimensional differentiable manifold whose boundary dU' is an n-chain. 
Let g' : G' CZo,n(R) be a toroidal left monogenic function. Furthermore suppose 
that b' = Pk{b) does not belong to the closure of [/' := Pn(U — a). Then for each 
y'eV' 

W9U'Aya)9'{Y') = f-[ e'if^^,{X'X)da\X')G\X') (35) 

JdU'^ 

where Y^ = PniX ~ (^) ci'nd G{X) = g{X + a). 

These formulas enable us to study Hardy spaces in this context of flat cylin- 
ders and tori, as for example Plemelj projection formulas and Kerzman-Stein for- 
mulas. For more details, see [35]. 

One can prove similar results within the more general framework of working 
in K^’^, when putting additional restrictions on the extension and the location 
of the period lattice, so that the associated Eisenstein series converge. A detailed 
discussion shall be provided elsewhere. 



3.3.3. Order theory and an argument principle on conformally flat cylinders and 
tori. By means of the monogenic Eisenstein series Cq ( one obtained in the partic- 
ular case h = 1 Cauchy integral formulas on Ck for all 1 < fc < n, where Cn := T^. 
They in turn can be used further to deduce an argument principle and a gener- 
alized version of Rouche’s theorem for monogenic functions on conformally flat 
cylinders and tori. To proceed in this direction we first introduce 

Deflnition 4. Let k G {1, . . . ,n}. Suppose that G' C Ck is an open set and that 
f' : G' Ck is cylindrical (toroidal) left monogenic and that c' G G' is an 
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isolated zero point on Ck so that there is an e > 0 such that B\d ^e) C Ck and 
/'Ib'(c',£)\{c'} 7^ 0. Then the integer 

ord(/';c'):= {X') (36) 

is called the order of / in c. In the case k = n take the function ^ and choose 
£ SO small that b' 0 B'{c',e). 

In order to show that ord (/'; c') is an integer, we use the Cauchy integral 
formulas on cylinders and tori. In the cases where fc < n, take g' = I and replace 
Y' by f'{Y') and further dU’ by df'{U'). This then leads to 

Y I ei^\x',f{Y'))da'{X') = W9f,^u')ifiy'))- 

Taking now U' = 5'(c',e) and Y' = c', then ord(/',c') = '^a/'(B'(c',e))(0) is an 
integer counting how often the image of the ball around the isolated zero wraps 
around the image of 0. 

For the case k = n, put also G' = 1, replace F'c by f'{Y^) and dU'^ by df\Uc). 
Afterwards apply the Cauchy integral formula for the torus. Putting furthermore 
[/' = B\d and Yj = d leads to the analogous result for the toroidal case. 

More generally, in Definition 4 the ball could be replaced by a nullhomolo- 
geous (n — l)-dimensional cycle parametrizing an (n — l)-dimensional surface of 
an n-dimensional simply connected domain inside G like in the simpler case in 
Euclidean space (cf. [25]). 

Since f':G'^ Gk is continuously diflFerentiable, we can apply the general 
transformation rule for differential forms (cf. [58]) 

da'ifiX')) = {jmX')d<j'{X'). (37) 

Here J/' denotes the Jacobi matrix and ( J/')* hs adjoint. Notice that /' is a local 
diffeomorphism (near a'), so that (37) may be rewritten in the form 

da{f'{X')) = det Jf{X'){{JfT")'^{X’)d<T’{X'). (38) 

This allows us to rewrite (36) in the following form, providing us with an argument 
principle on conformally fiat cylinders and tori. 

Theorem 12 (Argument principle on Cylinders and Tori). Let G' C Gk be a do- 
main, f G' Gk cylindrical (toroidal) monogenic in G' and c' G G' an isolated 
point. Then, under the same conditions for B'{c',e) C G' as in Definition 4, 

ord(/'; = [ e'i^\f'{X')) det jr{X'){{jn-^)^{X')da'{X'). 

For the case k = n take again ^ . 
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We also obtain a generalization of Rouche’s theorem within this context. To 
proceed in this direction we introduce a norm on Ck by 

IIX'llc, :=min{||X+a;||}, X'^Cu- 

Theorem 13 (Generalized Rouche’s Theorem for isolated zeroes). Let G C Ck be a 

simply connected domain and let T be a nullhomologous (n - 1)- dimensional cycle 
parametrizing an {n—l)~ dimensional surface of an n-dimensional simply connected 
domain D C G. Suppose f,g \ G Ck are cylindrical (toroidal) monogenic 

o 

functions having only a finite number of zeroes in D and no zeroes on the boundary 



dD. If 








\\f{X)-g{X)\\<\\f{X)\\ ^XedD, 


(39) 


then 








ord(/; a) = ^ ord((/; o). 


(40) 



aeD aeD 



For the proof we mention that this relation is a consequence of the fact that 
the definition of the order which is a topological mapping degree, is invariant 
under homotopy. To be more explicit, for a real A G [0, 1] we define the function 
h\ := f \{g - /). Then we consider 

N{X) := ^ord(/iA;a) 

aeD 

= + ^9{x) - Xf{x)){J{f + \g- Xf)rda{x). 

<^n+l J 
r 

Here again, take ^ for the case k = n. The integrand depends continuously on 
A. Hence, N{X) is a continuous function. Since N{X) 6 Z we conclude that N{X) 
does not depend on A. Therefore, N{X) = const, thus A^(l) = X{Q). Notice that 
we used (37) instead of (38) to simplify our notation. 



4. Automorphic forms related to more general hyperbolic 
polyhedron groups emd perspectives 

The function series treated in the previous section are totally invariant under 
the action of translation groups in They provide useful building blocks for 

the construction of automorphic forms to larger discrete subgroups of Vahlen type 
groups. In order to construct for example monogenic and polymonogenic functions 
that show an invariance behavior under the action of a translation group and 
additionally also under a finite rotation group it issuggestive at the very first to 
sum the series or over that rotation group. Suppose that ui, . . . ,Wt are 
]R-linear independent unit vectors in satisfying nf = 1 for a positive integer 
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G IN (j = 1, . . . , t). We write 




Suppose that the parameters fc, m, h are chosen so that the series or 

are normally convergent, as described in Section 3. Under the same conditions, the 

series 

and 

G^^,h^{uzu)u 

are well-defined A-monogenic functions, too. Notice that the centers of the singu- 
larity cones of the first series are isolated points in However, these series 

do not turn out to be translation invariant for any arbitrary lattice G To 
have the translation invariance, the primitive periods cuj and the vectors Ui have to 
satisfy UiUjUi G fip Vi, j. fip needs to be a lattice with vector multiplication. The 
functions give then examples of /i- monogenic modular forms transforming 

in the way 

for all ^ 

and 

= + for all ca £ 

as a direct rearrangement argument shows. 

Similarly, the series of the form transform under translations and 

rotations. It is more difficult to include also an invariance behavior under inver- 
sions. In [31, 32, 33] we proved two construction theorems that meet this end, in 
which the multiperiodic functions from the previous section can again be used as 
generating building blocks. 

To proceed in this direction let us recall that from the conformal invariance 
formula for the iterated Dirac operators on Minkowski type spaces (see e.g. [53]) it 
follows that if / : ^ Clpq{K) is a left d-monogenic function (1 < d < d), 

then Dz^i^P,Q[q^\cz + d)*f{M{z))] = 0 for every positive integer I with I > h and 
for all M G F/e. Here, and in all that follows, Tk shall always stand for in the 
case K = R (where we always assume that additionally k < q — 1) and for T^^ 
in the complexified case, where 1 < k <n. For simplicity we use the abbreviation 
for etc.. 

Starting now with an appropriate monogenic generating function / from Clif- 
ford analysis that is totally invariant under the action of the maximal translation 
group Tk that is contained in and summing the expressions of the form 



if\hM){z) := qll'\cz + d)*f{M{z)) 
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over a complete set of representatives of right cosets in modulo 7^, will lead 
to several classes of non-trivial Clifford- valued modular forms with respect to 
within the function classes Ker for all positive integers I satisfying I > h 
whenever h is an even positive integer, as we will explain now. In the sequel the 
notation M :Tk\Tk means that M runs through a system of representatives Bk of 
the right cosets of F^ with respect to 7^, i.e. = Tk and T^M ^ TkN 

for M,N e Bk with M ^ N. More generally as in [31] we may thus formulate: 

Theorem 14 (1. Construction theorem). Let nGlN,/iG2]N,/i<n, k <n — h — l, 

and in the particular case K = IR assume additionally that k < q — 1. The groups 
Tk and Tk are given as previously mentioned above. Let f : ^ Clp^q(K) 

be a bounded and left monogenic function on that is totally invariant 

under the translation group Tk . Then 

/(^)= E if\hM){z) zeH+{KP’^) (41) 

M:Tk\Tk 

is a Clifford-valued function which is bounded in any compact subset 
Moreover, f satisfies D^f{z) = 0 for all I > h and f{z) = {f\hM){z) for all 
M G Ffc on the whole half-space. 

For the proof in the arbitrary Minkowski type space one can proceed 
in a similar way as for the case in which we presented in a detailed form for 
K = ]R in [31] and for K = C in [32]. 

This construction theorem provides us with non-vanishing hypercomplex 
modular forms for the whole modular group Fp in the classes Ker with I > h 
where h is even, as for example in the class of the Fueter-Sce solutions. To con- 
struct concrete examples of vector-valued non-cusp forms within this setting, the 

(k) 

series can be used, as shown in the above cited works for the special case 

{p,q) = (0,n). 

Notice that whenever h is an odd integer, then the construction (41) generates 
only the zero function. See [31] for details. More generally, whenever we have 
a group that includes the negative identity matrix, then all functions satisfying 
f{^) = if\hM){z) for all M from that group vanish identically whenever h is odd. 

In order to construct non-trivial h-monogenic examples satisfying f{z) = 
{f\hM){z) for h odd we thus need to restrict ourselves to smaller groups, as for 
example congruence groups. In the space let us for instance consider congru- 
ence groups of the form 

Tk[s] := {M G Ffcl M = / mod sO} (42) 

where s is a positive integer with s > 2. 

Here I stands for the identity matrix and O := Consider for instance 

s = 3. Taking for example / = 1 or f{z) = Gm{z + e^), then 

/(^) •= X!/ q^\cz dyf{M < z >) k<n-h-l 

M:Tfc[3]\rfc[3] 
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provides us with non-trivial examples of Clifford- valued modular forms (also for h 
odd) satisfying 

f(z) = + d)*f{M <z>) VM G rfe[3], 

as one can show by applying limit arguments. To be precise, in the case where 
/ = 1 we obtain 

lim /(X„e„) = q^Q\cXnen + d)* 

M:Tfc[3]\rfc[3] 

Y I™ qo^\cenXn + d)* 

M :Tk [3] \r k [3] ,cm 7^0 ^ ^ , ✓ 

=0 

+ Y 

M:Tfc[3]\rfe[3],CM=0 

= 1 . 

In the case f{z) = Gm{z + e^), a similar calculation leads to lim /{Xn^n) = 

Xn—^OO 

lim Gmi^nCn) = {ui) where is the vector-valued generalized 

Xn^OO 

Riemann zeta function from Section 3.2.2. Since the expressions in turn 

are the Laurent coefficients of the series there must be indices m for 

which ^ 0. Otherwise we would obtain = qr{z) within a whole 

ball, which would be a contradiction. 

One possibility to construct also non-trivial modular forms in Ker 
{I > h) where h is odd (in particular for h = 1), with respect to the whole modular 
group Tp and even with respect to the full modular group T^-i, is to consider two 
weight factors (one from the left, another from the right) and to introduce a second 
auxiliary variable. We exploited this idea recently in [33] in order to construct 
monogenic and polymonogenic Hilbert modular forms on Cartesian products of 
the upper half-space. 

In what follows we focus on the construction of non-trivial monogenic and 
polymonogenic modular forms on H 2 (K^’^) = i7+(K^’^) 0 that trans- 

form in the way 



f{z,w) = {f\\h^iM){z,w) for all M eTk (43) 

and whose restriction to the diagonal z = u; is at least a non-constant C°°-function 
satisfying /(z,z) = {f\\h,iM){z,z) for all M G T^. 

Here 



{f\\h,iM){z,w) = q^Q^\cz-\-d)*f{M <z>,M <w >)q^Q\wc* +d*). 
The following construction theorem provides many non-trivial examples. 
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Theorem 15 (2. Construction theorem). Let k < 2n - {h 1 ) - 1. Additionally, 
assume that k < q - 1 in the case K = H, or k < n in the complexified case. 
Let h-\- 1 = 0(2). Suppose f : Clp^q{lK.) is a bounded function that 

satisfies the relation D^[f{z,w)] = [f{z,w)]Dl, = 0 and f{T{z),T{w)) = f{z,w) 
for allT ^Tk for all {z,w) G Then 

f{z,w):= {f\\h,iM){z,w) (44) 

M-.nVk 

is left h-monogenic in the variable z and right l-monogenic in w and satisfies 

f{z,w) = {f\\h,iM){z,w) for all M G r^. (45) 

for all {z,w)eH^{KP^^). 

The {h, 1 ) biregularity is a consequence of the conformal invariance formulas 
for Dirac operators which were proved in [53] within the framework of working in 
general Minkowski-type spaces. In the case K = R we get even convergence for 
k = q-1 whenever h-\- 1 < q-l. Even for the monogenic case, i.e. h = I = 1, we 
get non-trivial Clifford- valued modular forms for the full modular group provided 
we are in the half space of the Euclidean space of dimension n > 3. The 
simplest non-trivial examples for monogenic modular forms for the whole modular 
group are the biregular Eisenstein series 

€{z,w) = Y ('^ 6 ) 

= qi^\cz + d)*q^^\wc*+d*) {z,w) E H+ 

M:Tk\rk 

To verify that these series are non-trivial transcendental functions, consider for 
instance in the case K = IR the expression, 

lim Eie^iXji, 

^ n i^n 

= Y\ li™ q^\cBnXn + d)*q^Q\enYnC* + d*)+ Yj 

M-.Tk\Tk,CM^fi' ^ M:Tp\rp,CM=0 

=0 

A 

where we put z = YTj^i ^ particular S{z,z) ^ 0, oo, 

so that we do indeed have non-trivial modular forms. In the complexified cases a 
limit argument can be applied, simply choosing the adequate coordinate direction 
for which we have the positivity condition. 

Once again, the series Gm can be used to generate classes of non-trivial 
examples for hypercomplex modular forms transforming in the way (43) — in this 
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setting, even for obtaining families of non-trivial monogenic modular forms for the 
full modular group F^-i in Euclidean space — namely by applying (44) to 

f{z^ w) = Gm(^ + ^n)Gm{'W + 6^) (47) 

which is bounded on 7f^(K^’^). To show the non-triviality we consider again 

S Qo + d)*Gm(Af < > +6^) 

Xn,Yn^oo M:Tk\rk 

X Gtn{M < enYn > +e„)q'o ^ (y„g„c* + d*) 

A 

As mentioned above, there must be at least some indices m G INq of odd length, 
for which C{m) and hence ||((m)|p is different from zero. For these indices we have 
then that the limit considered is different from zero proving the non-triviality of 
the associated series YjM:Tk\rSf\\h,i^){^^'^) in particular its restriction to 
the diagonal ( 2 ;, z) is a non-constant automorphic form. 

Final remarks 

Special variants of the monogenic and polymonogenic automorphic forms discussed 
in this section admit the treatment of similar problems as outlined in Section 3.3 
but within a much more general geometrical context. 

Partial results in these directions have been developed in [10] where closed and 
explicit representation formulas for the Bergman kernel for wedge shaped domains 
are obtained in terms of more general Eisenstein series, and in [36] where boundary 
value problems of partial differential equations on more general conformally flat 
spin manifolds are treated. 

Further to this, these families of automorphic forms open the door to deriving 
explicit argument principles for monogenic functions with isolated a-points on more 
general conformally flat spin manifolds that can be constructed by factoring by 
a discrete subgroup of Vahlen’s group, extending our discussion from Section 3.3.3 
in a natural and systematic way to a much more general geometrical context; 
roughly speaking simply by replacing the translative Eisenstein series of lowest 
singularity order by those automorphic forms of lowest singularity order that are 
associated to the group which parametrizes the spin manifold. 

The author is very thankful to Prof. Freitag and the members of his research 
group from Heidelberg University (Germany) for the very fruitful and helpful 
discussions on this topic. 
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Abstract. We report some of our recent progress on using Clifford bracket al- 
gebra to simplify automated geometric theorem-proving via the homogeneous 
model, and on systematic expansions of Clifford expressions with the purpose 
of finding the shortest expansions. With such simplification and expansion 
techniques, we are able to finish some pure geometric computation tasks that 
are too difficult for other algebraic methods to finish even with the aid of a 
good PC, and we get better results through a readable procedure. 
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1. Introduction 

Automated theorem proving started in the 1950s as a branch of artificial intelli- 
gence (AI). At that time the prevailing approach was database searching and logic 
programming. In late 1970s, an algebraic approach appeared. It was Wu’s method 
of characteristic sets [18]. The theoretical foundation is no longer logic deduction 
based on a set of axioms. Geometric theorems are first algebraized, i.e., changed 
into polynomial equalities and inequalities, then the proving of the conclusion, now 
algebraized as well, becomes verifying if the zeroes of the conclusion polynomial 
are included in the zeroes of the hypotheses polynomials. In the 1980s, another 
algebraic approach - the Grobner bases method occurred [9]. In the 1990s, several 
invariant algebraic methods were proposed, including the biquadratic final poly- 
nomials [6], Gayley algebra [15], bracket algebra [14], the area method [5], Glifford 
algebra [10], Grassmann algebra [16], etc. 

What is the reason for people to switch from a logic approach to an alge- 
braic one? Because a pure logical approach is very inefficient, even for easy but 
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nontrivial tasks of geometric theorem proving. Why do people continue to de- 
velop invariant algebraic methods? In history, invariant algebras were developed 
after coordinate algebra for the purpose of more advanced and abstract treatment 
of geometric problems. Since Descartes’ analytic geometry, coordinates have been 
playing a crucial role in the algebraization of geometry. Still, people want more ad- 
vanced algebraic representations so that the algebraic manipulations become more 
“geometric”, or invariant. Leibniz had dreamed of a geometric calculus dealing di- 
rectly with geometric objects rather than with number sequences, or coordinates. 
Gauss realized Leibniz’ dream in 2D geometry by his complex numbers method, 
and Hamilton extended Gauss’ 2D numbers to 3D by his quaternions. Then Grass- 
mann, Cayley and Clifford continued the extension to nD numbers by the algebras 
now bearing their names. In the 19th century, the Cambridge formalist school, led 
by de Morgan, Peacock, et ah, formulated the symbolic algebra used in geometry 
as follows [19]: 

‘^Symbolic algebra is the science of symbols and their combinations, con- 
structed according to their own rules, which may be applied to arithmetic and 
other sciences by means of an interpretation. ” 

The algebraic approach to automated geometric theorem proving is an inte- 
gration of classical symbolic algebra with modern AI techniques, which makes this 
subject a branch of mathematics. The invariant algebraic approach is a trend for 
producing short and readable proofs by simplifying algebraic representation and 
computation. Many difficult geometric computing tasks can only be finished by 
means of algebraic invariants. 

While Cayley algebra and bracket algebra are for invariant computation in 
projective and afSne geometries, Clifford algebra is for invariant computation in 
metric geometry [8]. CliflFord algebra has three major forms: hypercomplex num- 
bers, matrices and abstract symbols. In automated geometric theorem proving, it 
is the symbolic form that is used. 

Invariant algebras can provide succinct representations for geometric enti- 
ties and relations. Such representations are potentially very helpful in simplifying 
geometric computation. In applications, however, some difficulties will inevitably 
occur. They further stimulate the development of invariant algebras. 

Difficulty one: Multiple algebraic representations for the same geometric entity 
or relation. 

For example, in the homogeneous model of Euclidean plane [11], let there 
be two circles or lines passing through points 0, 1, 2 and 0, 1', 2' respectively, 
then their second point of intersection (the first is point 0), can be represented 
uniquely up to scale by 

012 n 0T2' 

= 1 • 2[011'2'][021'2']0 + [12; l'2']o([021'2']l - [011'2']2) ( 1 - 1 ) 

= 1' • 2'[0121'][0122']0 - [12; l'2']o([0122']l' - [0121']2'), 
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which are two equivalent but different representations. Here 

[12; l'2']o = 01 [021'2'] -0*2 [01l'2'] =0-2' [0121'] -01' [0122'j. ( 1 . 2 ) 

The efficiency of a good prover should be independent of diflFerent rep- 
resentations of the conclusion. On the other hand, an efficient prover should 
be able to choose different representations for the same geometric entity in 
different places of an algebraic expression. 

Difficulty two: Multiple expansion results. 

(1.2) is the simplest example of expansion^ i.e., transformation from an 
abstract form to a simpler one. In invariant algebras, the expansion results 
are generally not unique. For example. Let A,B,C be three points in the 
projective plane. If A = 12 fl 34, B = 1'2' n 3'4', C = 1"2" n 3"4", then in 
the Cayley algebra we have 

A = 12 A 34, B = 1'2'A3'4', C = 1"2"A3"4". (1.3) 

Substituting them into the bracket [ABC], we get 

[(12 A 34)(1'2' A 3'4')(1"2" A 3"4")], (1.4) 

which has 16,847 different expansions into bracket polynomials. 

Difficulty three: Simplifications in invariant algebras are difficult. 

Simplifications generally include combination, i.e., reduction of the num- 
ber of terms, and factorization, i.e., decomposition of an expression into the 
product of smaller ones. For example, the nD bracket algebra over a field 
/C of characteristic 7^ 2 is the algebra of n x n determinants. Since any 2n 
vectors Ai,...,A^_i and in an nD vector space satisfy the 

Grassmann-Pliicker (GP) syzygy 

n+l 

■ ■ ■ An-iBi][Bi ■ ■ ■ Bi . . . Bn+i] = 0, (1.5) 

2=1 

combination and factorization of a bracket polynomial are much more difficult 
than those of a polynomial in coordinate algebra. It is an open problem how 
to use the GP syzygies to reduce the size (degree and number of terms) of a 
bracket polynomial. 

When applying Clifford algebra to automated theorem proving in Euclidean 
geometry, how should we handle the above difficulties? In this paper, we report 
some of our most recent work on using Clifford bracket algebra [12] in automated 
geometric theorem proving via the homogeneous model [11], on how the three 
problems are tackled, and on the systematic extension of the Clifford expansion 
formulas of [4] , as stimulated by the need of finding the shortest expansions in the 
Clifford bracket algebra for the homogeneous model. With the powerful expansion 
and simplification techniques, we are able to finish some pure geometric computing 
tasks that are too difficult for other algebraic methods to finish even with the aid 
of a good PC, and we get better results through a readable procedure. 




348 



Hongbo Li 



2. A theorem proving example 

In [12], there are examples in automated geometric theorem proving which are 
difficult for other algebraic methods to finish in reasonable time but which can be 
finished with the Clifford bracket algebraic method within a fraction of a second. 
That version of Clifford bracket algebra should be called inner-product bracket 
algebra, as no Clifford multiplication is involved. In this paper, we are going to 
develop the inner-product bracket algebra into a sincere Clifford bracket algebra, 
or the second version of Clifford bracket algebra, which has completely different 
algebraic elements with the first version. The same geometric theorems can be 
tested once again, and it turns out that the algebraic computations can be finished 
by hand now - no computer aid is needed. 

We use an example in [12] to show how the basic algebraic elements in the 
second version of Clifford bracket algebra pop up naturally in geometric problems. 



Example 1. (Miquel’s Theorem) In the 
plane there are four circles as shown 
in Figure 1. If points 1,2, 3, 4 are co- 
circular, so are points a, b, c, d. 

In the homogeneous model, bold-faced 
characters are used to denote the null 
vectors representing the corresponding 
points in italic font. The hypotheses of 
the theorem are 

a, 6, 1, 2, 3, 4 are free points in the plane, 
c = 12a n 236, d=UaH 346, 

[1234] = 0. 

The conclusion is [abed] = 0. 




Below we prove the theorem. Substituting the intersection formula (1.1), i.e.. 



d 



1 • a [23bl][23ba] 2 + [la; 3b]2([23ba] 1 - [23bl] a) 
1 • a [43bl][43ba] 4 + [la; 3b]4([43ba] 1 - [43bl] a) 



(2.6) 
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into [abed] , we get 
[abed] 

expand 



contract 



coordinates 



1 a[23ba][43ba] {l a [ab24][23bl][43bl] 
[ab41][43bl][la; 3b]2 - [ab21][23bl][la; 3b]4} 

-1 a[123b][134b][24ab] 

+ 1-4 [12ab][123b][34ab] - 4 • a [12ab] [123b] [134b] 
- 1 2 [134b][14ab][23ab] + 2 a [123b] [134b] [14ab] 

a b [124a] [123b] [134b] 

+ 1-4 [123b][12ab][34ab] -1-2 [134b][14ab][23ab] 

0 . 



Explanation of the proof. 

The criteria for a good representation are that it should lead to (1) a factored 
expression, when this is impossible then (2) an expression with minimal number 
of terms, and when neither is possible then (3) a contractible expression. 

By (1.1), e, d each have two representations. The representations in (2.6) lead 
to an expression with three monomial factors 1 • a [23ba][43ba], and are optimal. 
The first step is eliminating c, d by choosing suitable representations. In the end 
of the step, the underlined factors are discarded. 

The second step is expanding [la;3b]2 and [la;3b]4. Each expression has 
two different expansions, and the criteria for a good expansion are the same as 
those for a good representation. In this example, no expansions can lead to either 
a factored expressions or an expression less than five terms. The expansions used 
in the proof lead to a contractible polynomial, and are optimal. 

By contraction we mean reducing the number of terms by syzygies. In the 
third step, the following GP syzygy equality 

-1 a [24ab] + 2 a [14ab] - 4 a [12ab] - a b [124a] (2.7) 

is used to reduce the number of terms by two. 

The last step is introducing a global coordinate system, changing the expres- 
sion into a polynomial of coordinates, and computing its remainder with respect 
to the polynomial corresponding to [1234]. The remainder is zero, showing that 
[1234] is a factor of [abed]. 

So [abed] must be a homogeneous function of [1234]. However, this function 
is difficult to find out using coordinates, nor using inner and outer products only. 
It took us some efforts to find the integrated invariant hidden in the 3-termed 
polynomial 



P 



a • b [124a] [123b] [134b] -h 1 • 4 [123b][12ab][34ab] 

-1 2[134b][14ab][23ab]. 



(2.8) 
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The invariant is [12ab34], which changes its sign by a left shift, a right shift or a 
reversion, and which has the following rational binomial expansion: 



[12ab34] = 2 



a • b [124a] [134b] + 1-4 [12ab][34ab] 
[14ab] 



(2.9) 



With this invariant, factoring (2.8) becomes very easy: the first two terms of 
p are in the following form: 



[123b](a • b [124a][134b] + 1-4 [12ab][34ab]). (2.10) 

The first and third terms are in a similar form: 



[134b] (a • b [124a][123b] -1-2 [14ab][23ab]). (2.11) 

Applying (2.9) to (2.10), we get [123b][14ab][12ab34]/2, so 

p = [14ab](^[123b][12ab34] -1-2 [134b][23ab]). (2.12) 

This is the first factorization. Now apply (2.9) once again to (2.12), by the unique 
correspondence 

l<^b, 2^ a, 3^4, (2.13) 

we get the second factorization: 

p = -[14ab]3 • b [a21b][2143] = 3 • b [1234][12ab][14ab]. (2.14) 



If we apply (2.9) to (2.11) instead of (2.10), we have a similar procedure of 
factorization. Collecting all the common factors we have discarded, we obtain a 
nice theorem as follows. 



Theorem 2.1. For 6 generalized points a, 6, 1,2, 3, 4 in the plane, let c = 12a fl 
236, d = 14a fl 346, then 



[abed] [1234] [12ab] [34ab] 
a cb d “ 1 23 4[23ab][41ab] 



(2.15) 



If the juxtaposition of elements in [12ab34] represents a product, then we 
get an invariant algebra suitable for geometric computing involving lines and cir- 
cles. Can we take the juxtaposition as the multiplication in the Clifford algebra 
and take the square bracket as the dual of the pseudoscalar part of the 
multiplication? Since 1, 2, 3, 4, a, b are in the same 4D space, they satisfy Cramer’s 
rule 



3 = 



(2.16) 



[34 ab]l + [13ab]4 - [134b]a + [134a]b 
[14ab] 

Substituting (2.16) into the left side of (2.9), and using the formula that for any 
null vector 1 and any sequence of vectors 2, 3, . . . , r in a Clifford algebra [13], 



12 • ■ ■ rl = 2 ^(-1)’-‘(1 • i) 12 • ■ • i • ■ • r, 

i=2 



(2.17) 
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we get 



[12ab34] 



[34ab][12abl4] - [134b] [12aba4] 

[14ab] 

1 4 [12ab][34ab] + a b [124a] [134b] 
[14ab] 



(2.18) 



So we can indeed take the juxtaposition as the Clifford multiplication! 
Furthermore, the peculiar symbol [12;l'2']o defined in (1.2) can be taken as 
-[01201'2']/2, because by (2.17), they have the same expansion. 

The importance of this identification lies in that the Clifford algebraic struc- 
ture turns out to be unique in constructing more advanced algebraic invariants 
in Euclidean geometry. Before it shows up, the only basic invariants are inner 
products and brackets which are determinants of homogeneous coordinates. They 
prove to be inefficient in doing factorization in the first version of Clifford bracket 
algebra. The Clifford multiplication introduces two kinds of basic invariants: the 
scalar part and the dual of the pseudoscalar part of the CliflFord multiplication of a 
sequence of vectors. On one hand, they are complicated polynomials of inner prod- 
ucts and brackets when expanded. On the other hand, they occur and function 
naturally in geometric problems and as a whole represent certain geometric invari- 
ants. In the next section we shall establish some properties of the new invariant 
algebra and its connection with Euclidean geometry. 



3. Clifford bracket algebra - second version 

The extension of bracket algebra from a vector space to an inner product space 
is called Clifford bracket algebra in [12]. The basic algebraic elements are inner 
products and brackets of n vectors, where n is the dimension of the space. 

Let /C be a field of characteristic ^ 2. Let n < m be two positive integers, 
and let the a. fixed element in /C — {0}. The n-dimensional Clifford bracket algebra 
generated by m symbols ai, . . . , a^, is the quotient of the polynomial ring over K 
whose indeterminates are elements of {a^ • a^, . . . a^^jll < j, ii, . . . , in < 

modulo the two-sided ideal generated by the following five types of elements: 

Bl: [a^^ • • • for some j ^ k. 

B2: [a^^ . . . a^^j — sign(cr)[a 2 ^i . . . for any permutation cr of 1, . . . , n. 

B3: a^ • a^ — a^ • a^ for i ^ j. 

n+l 

GPl: • ai, [ai, . . . a^, . . . ai„^ J. 

GP2: [a^^ . . •a^^][aj^ . . .aj^j — ^det(a^^ • 

To further simplify algebraic manipulations, more advanced invariants are 
needed. In the second version of Clifford bracket algebra, the basic algebraic ele- 
ments are the scalar parts and the duals of the pseudoscalar parts of any sequences 
of vectors, as long as they exist. 
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Let /C be a field of characteristic ^ 2. Let n < m be two positive integers, 
and let the a. fixed element in /C - {0}. The n-dimensional Clifford bracket algebra 
generated by symbols ai, . . . ,am, is the quotient of the polynomial ring over /C 
whose indeterminates are elements of {(a^^ . . . a^ 2 p), . . . a^^^ 2 q- 2 ] I P? ^ ^ < 

^ 1 ? • • • ji? • • • 5 jn+ 2 q -2 < modulo the two-sided ideal generated by the 
following seven types of elements: Bl, B2, B3 in which a^ -a^ is replaced by (a^aj), 
GPl, GP2, and 

21 

DFl: (aij ■ ■ • - ^{-ly (ai.Ri.) • • • a,^ • • • a^,,). 

J=2 

DF2: [ai, ^ sign(CT 2 (,CT 2 i)(o- 2 z(aj)) [& 2 i{ai)]. Here a 2 i, 

l'^(72l‘^Tl-\-2l — 2 

& 2 i is a partition of 1, 2, . . . , n -f 2Z — 2 into two subsequences of length 21 and 

n — 2 respectively. 

It can be proved that all the properties on the scalar part and the dual of 
the pseudoscalar part of the Clifford multiplication of a sequence of vectors in a 
Clifford algebra, can be derived from the above seven kinds of generators. This 
justifies the term “Clifford bracket algebra” . 

In the homogeneous model of Euclidean geometry [11], the square of any vec- 
tor representing a geometric point is zero, and the corresponding Clifford bracket 
algebra is called null bracket algebra. We use the homogeneous model of the Eu- 
clidean plane to show the geometric interpretations of the basic algebraic elements 
in the null bracket algebra. 

First of all, for any vectors ai,a 2 representing two points, 

ai • H2 = -^|aia2|^- (3.19) 



For any three points 01,02,03, 

(eaia2a3) = (03 - 02) • (0i - O2) = |0i02||0203|c0sZ(0203,020i), 

[eaia2a3] = 2Sa,a2ai = |0i02||0203|sinZ(0203,020i). 

(3.20) 

Here e represents the Gaussian point at infinity of the Euclidean plane, 

Z(a2a3,a2ai) is the oriented angle from vector 020^ to vector a2Ui, and 5aia2as is 

the signed area of the oriented triangle 010203. For any four points ui,U2,a3,a4, 



[eaia2ea3a4] = ~4.Sa, 

03020.4 

= 2|aia2||a3a4| sinZ(a3a4, aia2), 

(eaia2ea3a4) = 2{o2 - oi) ^ {04 - 03) 

= 2|aia2||a3a4| cos Z(a3U4, aia2). 



(3.21) 



Here 5 a 10302 04 is the signed area of oriented quadrilateral aia3a2U4. 
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By means of the relations 

ai • a 3 (aia 2 a 3 a 4 ) = (aia 2 a 3 )i • (aia 3 a 4 )i 

ai • a 3 [aia 2 a 3 a 4 ] = (aia 2 a 3 )i • (aia 3 a 4 )^ 

[aia 2 a 3 aia 4 a 5 ] = 2 (aia 2 a 3 )i • (aia 4 a 5 )^ 

(aia 2 a 3 aia 4 a 5 ) = 2 (aia 2 a 3 )i • (aia 4 a 5 )i 

and 

(ai • • -a 2 /+i )3 == (ai • • • a 2 /+i)i 

- - 22 ^“i(ai • a 2 )(a 2 • a 3 ) • • • (a 2 / • a 2 /+i)(a 2 /+i • ai), 



( 3 . 22 ) 



( 3 . 23 ) 



(ai • • • a2/)^ -h [ai • • • a2/]^ = 2 ^^ ^(ai • a2)(a2 • a3) • • • (a2/_i • a2/)(a2/ • ai), ( 3 . 24 ) 
it can be proved that 



(aia 2 a 3 a 4 ) 

[aia 3 a 2 a 4 ] 



Pai 0203 Pai aaa4 *^aia2aa *^ai 0304 //atcii 

^^^^G^oi 0203’ ^''010304/ 

, Po 10203^0-1^30-4*^010-2^3 ^aiasCiA • / ( 

^ |aia3p ^V'^^010203 5 '^''010304/ 



(aia 2 a 3 aia 4 a 5 



SP010203P010405 *^010203 *^010405 cos 



^ai 

Oi O4O5 



[ai a2a3a]^ a4a5 j ^Poi 0203 Poi 0405 *^010203 *^010405 sin , "^010405 ) * 

( 3 . 25 ) 

Here P010203 is the radius of circle aia2a3, and A^aia203 i^ outward normal 
direction of the circle at point ai. 

Using aia2ai = 2 (ai • a2)ai and the relations 

[aia2a3a4aia5 • • • a2/+5] == 2((aia2a3a4) [aias • • • a2/+5] 

+[aia 2 a 3 a 4 ] (aias • • • a 2 /+ 5 )), 



(aia 2 a 3 a 4 aia 5 • • • a 2 /+ 5 ) 
[aia2a3aia4a5aia6 • • • a2/+6] 



2((aia2a3a4) (aias • • • a2/+5) 

— [aia 2 a 3 a 4 ] [aias • • • a 2 /+ 5 ]), 

( 3 . 26 ) 

2 ([aia 2 a 3 aia 4 a 5 ](aia 6 • • • a 2 /-fe) 
+(aia2a3aia4a5)[aia6 • • • a2/+6]), 



(aia 2 a 3 aia 4 a 5 aia 6 • • • a 2 /+e) = 2 ((aia 2 a 3 aia 4 a 5 )(aia 6 • • • a 2 /+e) 

-[aia 2 a 3 aia 4 a 5 ][aia 6 • • • a 2 ^+ 6 ]), 

we find that all the basic algebraic elements in the null bracket algebra are the sines 
and cosines of the sums of some oriented angles, multiplied by rational monomials 
of distances, radii and signed areas. 



4. Clifford expansion 

Changing a Clifford expression into an equivalent expression of inner and outer 
products is called Clifford expansion. In Clifford bracket algebra, like in other 
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invariant algebras, factored and shortest expansions are extremely important. The 
proof of Miquel’s Theorem is a typical example. 

The earliest work on Clifford expansion is [4], where two fundamental dimen- 
sion-free expansion formulas are established. The first formula is Caianiello ’s first 
identity [3]: 



Theorem 4.1. Let ai, . . . , be vectors. Let (ai • • • 8Lk)k-2i be the {k — 21) -graded 
part of the Clifford multiplication of the k vectors. Then 



(ai---afc)fc_2; = ^ sign(cr2i, CT2;)((T2/(a)) Aa2i(a). (4.27) 

l<CT2l<k 



Here the summation is over all partitions of the sequence 1, 2, . . . , fc into two subse- 
quences Cf2h^2i of length 2l,k — 2l respectively, <72/ (a) is the Clifford multiplication 
of the a’s with a2i as indices, and A<j 2 /(a) is the outer product of the a^s with &21 
as indices. 



The scalar (ai • • • 3.21) is traditionally called the pseudo- Pfaffian of the vectors. 
It has the following recursive expansion: 



21 

(ai---a2i) = ^(-l)*(aiai)(a2---ai---a2/). (4.28) 

i=2 



In our application, the grade is either 0 or the dimension n of the base vector 
space. The expansion given by (4.27) turns out to be too long. For example, in 
4D null bracket algebra, the bracket [aia 2 a 3 a 4 a 5 ae] is expanded into = 15 
terms by (4.27). On the other hand, the expansion we use in proving in Miquel’s 
Theorem is binomial. 

Even if the expansion is restricted to be polynomial, Caianiello’s first identity 
still gives too many terms. When the grade is n, as long as the characteristic of 
the field is not 2, we have the following much shorter expansions: 
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Theorem 4.2. 

(ai * • • 3.ji^2l)n 

^ sign((J 2 fc 5 d2fc)(cT2/c(a)) (d-2/e(a)a^4-l • • • 3 ^n-\- 2 l)r 



ct 






k Qi 

+ I XI Sign(r2i,f2i)(r2j(a)) (ai---a„f2i(a)). 



= A X sign(T2fc,f2/c)(T2fc(a)) (ai---a„,f2fc(a))r 

^ m-l-l<r2fc<n+2/ 






+ ^(-1)''^^^ I XI sign(a2i,(J2i)(a2z(a))((j2z(a)a^+i-*-an+^ . 



2 = 1 



\\<(j2i^m 



It can also be written as a change of {O^n) -typed summation: 

^ ^ sign((J2fc, ^2k){^2k{^)) (d’2/c(a)a77i,_|_i • • * a7^_|_2/)n 
l<<^2fc<m 

k 

= X XI (-l)*<^f- 7 sign(T 2 i,T 2 i)(T 2 i(a))(ai---a„f 2 i(a))„. 

2=0 m+l<r2i<n+2/ 



(4.29) 



(4.30) 



To see that the number of terms is greatly reduced, let us check the simplest 
case m = n + 2l — 1 and k = 1. Then 

(ai • ■ • a„+2i)n = X sign(cT20 d2z)(<T2i(a)) (d2i(a)a„+2i)n- (4.31) 

1 ^CT 21 <n+2/ — 1 

So it is the sequence 1, 2, . . . , n + 2Z — 1 that is partitioned instead of the whole 
sequence 1,2, . . . ,n + 2/ in (4.27). The number of terms is reduced by C^_^ 2 /-i- 
When m takes other values, the number of terms can be further reduced. 

Below we prove Theorem 4.2. By symmetry we only need to prove the first 
equality in (4.29). The theorem is true in the following three special cases, whose 
proof can be found in [13]. 

Case 1. fc = 1 and any 0 < m < n + 2/. 

Case 2. m = n + 21 and any 1 < k <1. 

Case 3. m = n + 21 - 1 and any 1 < k <1. 

Now assume that the first equality in (4.29) is true for fc = r — 1 and any 
0 < m < n + 2Z, where r < 1. We prove that it is true for fc = r and any 
0<m<n + 2/ — 2. There are three cases to consider: 

Case 4. 2r < m. 
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Let (J 2 r -2 be a sequence of 2r — 2 elements in 1, . . . , m, and let its remainder in 
1, . . . , m be X = Xm- 2 r+ 2 - Let T 2 be a subsequence of 2 elements in m+1, . . . , n+2/, 
and let its remainder in m + 1, . . . , n + 2/ be 'Kn+ 2 i-m- 2 - Let (j) 2 i be a subsequence 
of 2i elements mir = 'Kn^ 2 i-m- 2 , and let its remainder in tt be -0 = ' 0 ^+ 2 /-m- 2 - 22 * 
By the hypothesis of the induction, 



• • • ^n^2l)n 

Sign(o-2r-2, x)(<^2r-2(a)) (x(a)a„+i • ■ ■ a„+2l)r 

I l<(72r-2^'?^ 

. ^r-1 






i+i 



i=l 



1 



c, 



Y sign(r2i,7r)(T2i(a)) (ai • • • a„7r(a)). 



^ \ m + l < T 2 x < n + 2 / 



sign(a2r-2,x)(«J’2r-2(a))(x(a)a„+i---a„+2;)r 

^ l < 0 ' 2 r - 2 <’Tl 

^-1 

\2+l ^r-1 






1=2 
r 



Cl 



Y sign(r2i,7r)(r2i(a)) (ai • • •a„7r(a)). 



m + l < T 2 i < n + 2 / 

sign(r2i, 7r)(T2i(a)) (ai • • • am7r(a))„ 

m 4 - l < T 2 i < n + 2 / 

y sign(T2i,7r)(T2j(a))(ai---a,„7r(a))„, 



m + l < T 2 i < n + 2 / 



(4.32) 



and 



(ai • • • a 7727 r ( a )) T ^ 

= sign((T2r-2,x)(o-2r-2(a)) (x(a) 7 r(a))„ 

+ [ XI sign(^ 2 i,V’)(< 72 i(a))(ai---a„V'(a))„ 

i=l \{02i}C{7r} 



(4.33) 
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First, let be the ascending sequence formed by elements in {t2,02z}- 

Then its remainder in m + 1 , . . . , n + 2 / is 0)22+2 = tt. We have 



X! S sign(T 2 , 7 r)sign(<?i 2 i+)(r 2 (a)) 

^=1 m+l<T 2 <n+ 2 / {(/)2i}C{7r} 

(fe(a))(ai---a„V’(a))n 

= X) E sign(r2,+sign(fli2i+) 

i=l ^“1 m+l<W2i+2<«+2/ {t2}C{w2,+2} 

(T2(a)) (^2i(a)) (ai • • • a„V’(a))„ 



= D-i)‘ 



(•+i)c;_, 

w;_, 



E 



sign(w2i+2 , <^ 2 i+ 2 ) +2i+2 (a) ) 



m+l^o;2z-f 2 

(ay • • • a 77 ^o) 22 + 2 (^))n 



r 

= X sign(T2i,f2j)(r2i(a))(ai---a„f2i(a))„. 

1=2 ^ m-\-l<T2i<n-\-2l 

( 4 . 34 ) 

Second, let ^2 be a subsequence of 2 elements in x, and let its remainder in 
X be ?7m-2r- Let ^2r be the ascending sequence formed by elements in {cT2r-2,^2}- 
Then the remainder of ^2r in 1 , . . . , m is rjm-2r- By the conclusion in Case 1 , 



sign(T2, + (T2(a))(x(a)7r(a))„ 

m+l<T 2 <n+ 2 Z 

= (/ — r T 1) (x(3-)3-m+l * ‘ ‘ ^n+2/)n (4.35) 

- X r/m_2r)(6(a))(j?m-2r(a)a„+i • • • a„+2;)„. 

{€2}c{x} 



By the conclusion in Case 2, 



1 



E 

l<a2r-2'^'m 



Y sign((72r-2,X)sign(6,»?m-2r)(o-2r-2(a)) (6(a)) 
{« 2 }C{xl 

2r(a)am+i ■ ■ ■ an+2;)ri 



IC: 



-I E E sign(C2r, ??m-2r)sign((T2r-2, 6)(<^2r-2(a)) (6(a)) 

(^m— 2r(a)ajn^-i ' • ' ^n-\-2l)r 



i-1 l<C2r<m {?2}C{C2r} 



1 



Y sign(6r, 6r)(6r(a)) (6r(a)a„+i • • • a.n+ 2 l)n- 



( 4 . 36 ) 
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Using (4.33), (4.34), (4.35), (4.36), we get 

-y sign(T2,7r)(T2(a))(ai---a„7r(a))„ 

m+l<T2<n4-2/ 

= -TT^T E E sign(a 2 r- 2 , x)sign(r 2 , tt) (<72^-2) (M^)) 

l<CT 2 r- 2 ‘^'>T^ m+l<T2<n + 2/ y 

(x(a) 7 T(a))„ I Y 1 sign(r 2 , 7 r) 

J i=l m+l<T 2 <n+ 2 / {02i}C{7r} 

sign{4>2i,ip){T2{a)) (^2i(a)) (ai • • •a„V'(a))n 



1/ / I X » 

= — ^r-1 ^ sign(a2r-2,x)(<^2r-2) (x(a)a^-^i • • *an+2/)n 

l<CT2r-2^UT' 

E E sign(<J2r-2? x)sign(^2? ^m-2r)(^2r-2(a)) 

l<a2r-2<m {6}C{x} 

{Vm- 2 r{^)^m-{-l ' ’ ‘ ^n-\- 2 l)n 



r 

+E(-i)'"‘i? E sign(r 2 i,f 2 i)(r 2 i(a))(ai • • • a„f 2 i(a))„ 

1=2 ^ m-\-l<T2i<n-\-2l 



sign((T2r-2, X)(c^2r-2) (x(a)am+i • • • a„+2()r 



XI ®igii(C2r, 6r)(C2r(a)) (C2r(a)a„+i • • • a„+2;)n 

r 

+ ^(-l)*‘^^-^ ^ sign(T 2 i,f 2 i)(r 2 i(a))(ai---amf 2 i(a))„. 

2=2 ^ m+l<T2i<nH-2Z 

(4.37) 

Substituting (4.37) into the last term of (4.32), we get the first equality of (4.29) 
for k = r. 

Case 5. 2r — 2 < m but 2r > m. 

In this case, the right side of (4.35) contains only the first term, and (4.36) 
does not occur. The middle term on the right side of the last equality in (4.37) 
vanishes. The previous proof is still valid. 

Case 6. 2r - 2 > m. 

In this case the first term on the right side of the last equality in (4.32) 
vanishes, so does the first term on the right side of (4.33). The proof can be 
finished by substituting (4.33), (4.34) into the last term of (4.32). This finishes the 
proof. 
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Theorem 4.2 in its form (4.2), which is on the change of (0, n)-typed summa- 
tion, can be extended to other types of summations. 

Theorem 4.3. (Change of (0,0)-typed siunmation) 

Y, sign{a2i — mi ^21— m ^m^2l —m (a)) {^21 — m (a)) 

m+l<a2z-m<2A:+2/ 

[f] (4.38) 

= E E C'fc+/_TO®iga(7r2i,7r2i)(7r2i(a)) (7r2i(a)am+i • • •a2fe+2;)- 

where the combinatorial symbol is extended to any integers k,l: 

• For any 0 < I < k, Cl = ■ 

• For any I > k, or any I < 0 < k, Cl = 0. 

• For anyl>k>0, CZl = (-l)''+'C'f_y . 

Theorem 4.4. (Change of (0, n)-typed summation, general case) Let i < 2k and 

j < n + 21. Let u = n + 2k + 2l — i — j. Then for any vectors ai, . . . , a^, bi, . . . , hj, 

7 • • • 5 



Y sign((T2fc-i, (T2fc-i)(ai • • • ai<T2fc-i(c))(bi • • • hja2k-i{c))n 

min(/e, [^^]) 

= (_l)i(i+i) ^ cY_^sign{TYiC2m-i) (4-39) 

m=l^] l<T2m-i<i 

(ai • • • a^r2^^_^(b)) (f2^_i(b)ci • • • c^)^. 



Theorem 4.5. ((0,n)-typed summation, special case) Let kj > 0, and let u = 

n-{-2k-\-2l. Define 



Tk^i (o-i . . . 



= E 



sign(r2fc —mi ^2k — m )(ai-.. ^m^2k — m (a)) («72fe — m (a))n 



m-\-l<a 2 k-rn<u 



(4.40) 



for any 0 < m < 2k. Then 



'^k^l (^1 • • • ^m) 



0, 

• • • ^2i) (^2z+l ■ ' ’ ^u)r 



if m = 2i + 1, 0 < i < fc — 1; 
if m = 2i,0 < z < fc. 



(4.41) 
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Theorem 4.6. (Change of (n, n)-typed summation, general case) Let i < n+2k and 
j <n-\-2L Let u = 2n-\-2k-\-2l-i- j. Then for any vectors ai, . . . ,a^, bi, . . . 

5 • • • 7 y 



^ sign((j, a)(ai • • • aicr(c))„ (bi • • • bjCT(c))„ 

min(fc, [ 

= Y. Y CY-m^ign{r\f) (4-42) 

m — max(0, [ 2~^ ]) — + 

(ai • • • ajTt(b))„ (f(b)ci • • • c„)„. 



Theorem 4.7. ((n,n)-typed summation, special case) Let k,l > 0, and let u = 

2n-\-2k + 21. Define 

[/fc((ai ...a„) = Y sign(<T,d-)(ai---a„(T(a))„(<T(a))„ (4.43) 

m-\-l<(T = an + 2k-m<U 



for any 0 < m < n + 2k. Then 
Uk^l (^1 • • • ^m) 



= < 



0, 

0 , 

• • • ^n-\-2i)n ' ' ' ^u)m 



if m < n; 

if m = n + 2i — 1, 1 < i < k] 
if m = n + 2i, 0 < i < k. 

(4.44) 



Caianiello’s second identity [3, 4] is on the expansion of the Clifford multi- 
plication of two extensors (outer products of vectors). Recently, this identity was 
implemented into the Maple package CLIFFORD [1] to simplify algebraic compu- 
tation, called Rota-Stein formula [7]. 

Theorem 4.8. (Caianiello’s second identity) 



((ai A • • • A a^)(bi A • • • A hs))r-^s-2i 

= ^ sign(dz,a/)sign(r/,f/) (Ao-/(a)Ar/(b)) Ad/(a) A Af(b). 

l<(Ti<r l<Ti<S 



The above identity should be extended to arbitrarily finitely many extensors, 
just as Caianiello’s first identity. The extension was obtained by us recently [13]. 
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Theorem 4.9. Let be positive integers. For 1 < i < k, let Si = 

'^h‘ Let ai, . . . , he vectors, and let Ar^ = A • • • A a^. . Then for 

any I > 0, 



\/iri /Irfc )sk-2l 

E 






A + • • • + = 2/, ^ 1 < ^0) „ . 

0<Zj<min(/,rj), l<j<k ^ ~ ^ j ~ ’ 

l<j<k 

• • • > Af) • • • AAf(a)) 

When Sk is even, 

(4’ -^4’) 

Aj) 



*2 +. • _■ + + 1 < < s,- , 

0<in<rj , 2<j<k 

“ 2<j</e 



AP • (AaA(a) A • • • A ActJV))- 



(4.46) 



(4.47) 



Prom the above expansion formulas, we can obtain some nice summation 
formulas. The following are two examples. 



Theorem 4.10. Let A^^ = ai A • • • A a^, jBs = bi A • • • A bg. Then 

^ ^ sign((j;t, d'/;)(A(j^(a) ^5 A(Ji (a))-r_i_5_2/ — ( 1) b{t,r,l'j(^BsArp)j^^s—2i^ 

l<(Tt<r 

(4.48) 

where b{t,r,l) is the coefficient of in (1 — x)^(l + xY~K 



Theorem 4.11. For vectors ai, . . . , a^, 

sign{at,at){at{a)art{a))r-2i=c{t,r,l){ai---ar)r-2i, (4.49) 

l<(7t<r 

where c{t,r,l) is the coefficient of x^ in (1 + x^)^(l + xY~‘^K 

Coming back from the expansions into polynomials in Clifford bracket al- 
gebra, let us consider the expansions into rational polynomials in null bracket 
algebra. Many rational binomial expansion and summation formulas have been 
discovered by us in the procedure of automated geometric theorem proving. Still, 
a complete classification of all such expansions is far from being established. The 
following are two rational binomial expansions and two binomial summations in 4D 
null bracket algebra. They are essential in an algebraic proof of Miquel’s Five-Star 
Theorem [12] by hand. 
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[a 1 a2 as a 4 a 1 a2 as ae ] [a 1 a2 as a 5 ] 

= 2(a2 • a3[aia2a5a6][aia2a5aia3a4] - a2 • a5[aia2a3a4][aia2a3aia5a6]), 



( a 1 a2 as a 4 a 1 a2 as ae ) [a 1 a2 as as ] 

= 2(a2 • as(aia2asa6)[aia2asaia3a4] - a2 • as[aia2a3a4](aia2asaiasa6)), 

(aia2a3a4)[aia2asaiasa6] - (aia2a3aiasa6)[aia2asa4] 

= — 2ai • a2 a2 * as[aia3a4aiasa6], 



(aia2a3a4)(aia2asaiasa6) + [aia2a3aiasa6][aia2asa4] 

= - 2 ai • a2 a2 • as(aia 3 a 4 aiasa 6 ). 



( 4 . 50 ) 



5. Conclusion 

To find more efficient algebraic methods in automated geometric theorem proving 
we need invariant algebras, and to simplify algebraic manipulations we need more 
advanced invariants. Under this environment Clifford bracket algebra is proposed, 
whose basic algebraic elements are the scalar and pseudoscalar parts of the Clifford 
multiplications of vectors. Geometrically, this algebra is equipped with not only 
the basic invariants such as distances and areas, but also trigonometric functions 
of sums of oriented angles. The need to find factored and shortest expansions of 
the Clifford multiplication into inner and outer products leads to the study of 
Clifford expansions into polynomials and rational polynomials. Some important 
results are established, including the simplifications and extensions of Caianiello’s 
expansion formulas. Some rational binomial expansion and summation formulas 
in null bracket algebra are also established. The classification of all such formulas 
is to be completed in the future. 
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Quaternion- valued Smooth Orthogonal Wavelets 
with Short Support and Symmetry 

Lizhong Peng and Jiman Zhao 



Abstract. In this paper, we define the quaternion- valued multiresolution anal- 
ysis of L^(M, H). We give the properties of the scaling functions, wavelet func- 
tions and their corresponding low- pass and high-pass filters, and present a suf- 
ficient condition for the existence of the quaternion- valued wavelet. By solving 
the system of equations, we obtain some kinds of low-pass filters and high- 
pass filters with short support and symmetry of smooth orthogonal wavelets. 
We also construct quaternion-valued wavelets of a quaternion variable on 

Keywords. Quaternion- valued multiresolution analysis, scaling function, wave- 
let function, low-pass filter, high-pass filter. 



1. Introduction 

Wavelets, multi- wavelets, multi-band wavelets, and matrix (vector) valued wavelets 
have been extensively studied. Many papers and books on these topics appeared, 
for example [5], [6], [10], [11], [13], [14], [16], etc. 

It is well known that an orthogonal wavelet function with compact support 
and certain regularity can not have any symmetry (see [5], [6]), but multi- wavelets, 
multi-band wavelets, and matrix (vector) valued wavelets may have symmetry 
properties as well as other good properties. 

In this paper we construct quaternion-valued wavelets, which, among other 
good properties, have the symmetry properties. In [8], by identifying the quatern- 
ion-valued function with the duplex complex matrix-valued function, J. X. He and 
B. Yu introduced quaternion- valued multiresolution analysis of L^(M, H), and con- 
structed three kinds of quaternion-valued scaling functions and wavelet functions 
using a method similar to what is given in [15] (in matrix viewpoint). Only the 
trivial one of them had the symmetry property. In this paper we offer an approach 
that directly constructs quaternion-valued scaling and wavelet functions rather 
than by identifying the quaternion with the duplex complex matrix. 
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Firstly we give the definition of quaternion- valued multiresolution analysis 
of L^(R, if), scaling function, wavelet function and the corresponding low-pass 
and high-pass filters. Then we study the properties of the scaling function and its 
corresponding low-pass filter, and present a sufficient condition for the existence of 
quaternion- valued wavelets. Considering the orthonormal property of the scaling 
function, and by adding the compacted support, symmetry, proper smoothness 
to the scaling function, we get a system of equations for the coefficients of the 
corresponding low-pass filter. By solving these equations, we obtain low-pass filters. 
The cascade algorithm is still valid if substituting the real- valued coefficients with 
quaternion- valued coefficients. Finally we get the smooth scaling functions with 
short support and symmetry. We also get a formula to give the corresponding high- 
pass filters and orthogonal wavelets with smoothness, short support and symmetry. 
By using quaternion- valued wavelets on L^(R, if), we also construct quaternion- 
valued wavelets of a quaternion variable on L^(if, if). In this case, there are one 
scaling function and 15 wavelet functions. 

As a special Clifford algebra, the quaternion algebra if over R is an associa- 
tive, non-commutative and division algebra. It has the basis: 69,61,62,63, which 
satisfies 61 = 62 = —1,63 = 6162, and 6162 = — 6261. 

Let a = Ylk=o and b = Then their product ab is written as 

ab = (ao^o — — a2&2 — <^3^3)60 + (^i^o + ~ (^3^2 + 6^2^>3)6i 

+(a 2 &o + CL^bi + aob2 — aibs)e2 + (^369 — a2b\ + a\b2 + aobs)es. 

( 1 - 1 ) 

The conjugate quaternion to a is defined by a = aoco — Xlj=i and the 
norm by \a\ = (aa)i. 

It is easy to prove that 

\ab\ = \a\\b\. (1.2) 

For more details about quaternions, see ([7]), and for general Clifford algebras, 
see ([1]). 

Similar to the definition of Clifford modules in [1], we have the following 
definition. 

Definition 1.1. A quaternion module L^(R, if) is denoted by 

3 

L\R, H) = {f:R^H, f{x) = ^ fk{x)ek \ fk € L\R),k = 0, 1, 2, 3}. 

k=0 

The inner product of L^(IR, if) is denoted by 

(A^)= [ f{x)g{x)dx. 

Jm 

Like in the classical case, we observe that for f{x)^g{x) G L^(E, if), the Planchette 
formula is still valid, i.e., 

[ f{x)g{x)dx= [ 

Jr Jr 



(1.3) 
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where the Fourier transform for each real-valued function in quaternion-valued 
functions is defined as in [6] with For continuous wavelet transforms on 



7f), and for Clifford- valued admissible wavelets, see [9], [17], [2], 

[3], [4]. 



2. Quaternion-valued Multiresolution Analysis 

In [12], Marius Mitrea introduced one kind of Clifford- valued multiresolution anal- 
ysis. There he constructs Clifford-valued higher dimensional orthogonal wavelets- 
like bases. Instead of high dimension, here we define quaternion- valued multireso- 
lution analysis (QMRA) of one dimension on L^(R, i7), which is more similar to 
the conventional multiresolution analysis (MRA). 



Definition 2.1. A multiresolution analysis of L^(M, i7) (QMRA) consists of a se- 
quence {Vm}mei of embedded closed subspaces of H) satisfying the following 

conditions: 



1. V-2 c VLi C Vo c C ^2 c • • • 

2. = n4"i = m 

jez jez 

3. f{x) G Vj if and only if f{2x) G V^ 4 _i,Vj G Z 

4. there exists a function G Vb such that {ipo^ri{x) = (f{x — n) : n G Z} is an 
orthonormal basis for Vb? that is, for all / G Vb? 




TL^Z 



The function (p is called the quaternion-valued scaling function (or father wavelet) 
for the QMRA. 



If {Vj}j^z is a multiresolution analysis of L^(M, i7) and if Vq is the closed 
subspace generated by integer translation of a single function (/?, then we say that 
(f generates the multiresolution analysis. Then it follows from 3. that {(/9j^^(x) == 
2^(f{2^x — n)}nez is an orthonormal basis for Vj. 

The real importance of a QMRA lies in the fact that it enables us to construct 
an orthonormal basis for L^(E, i7). In order to prove this statement, first we 
assume that is a QMRA of L^(M, 77). 

Since Vm C Kn+i? we define Wm as the orthogonal complement of Vm in 
Vm^i. Like in the conventional MRA, we have / G Wm if and only if /(2-) G Wm-\-i 
and 

L^(M, 77) == 0mGzVFm. 

Now we are going to show that there is a function 'll; G Wq such that {V^o,nj ^ ^ Z} 
is an orthonormal basis for Wq (then it follows from the definition of QMRA that 
^ is an orthonormal basis of L^(E, 77)). 
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Following the conventional approach, by using the non-commutativity prod- 
uct (1.1) and the Plancherel formula (1.3) of quaternions carefully, we obtain the 
following two propositions (omit the arguments). 

Proposition 2.2. For any function f G L^(K, iJ), the following conditions are equiv- 
alent: 

1. The system {/o,n(^) = f{x — n),n G Z} is orthonormal 

2. ^ |/(^ + 2fc7r)p = 1, a.e. ^ G M. 

Proposition 2.3. For any two functions f^g ^ L^(K, if), the set of functions 
{fo,n{x) = f{x - n),n G Z} and {go,n{x) = g(x - n),n G Z} are orthogonal, 

i-e., ifo,n,go,m) = Sn,m,n,m e Z, if and only + 2A:7r)5(^ + 2kn) = 0, 

kez 

a.e. ^ G M. 

From Definition 2.1, we have 

ip{x) = y/2^^^^hn<fii2x -n), (2.1) 

ip{x) = V2 Y,n&L - n), (2.2) 

where hn^gn,'^ ^ ^ are quaternion-valued constants, and {hn} and {gn} are called 
low-pass filter and high-pass filter, respectively. 

Using the above two propositions, we obtain the following so-called orthogo- 
nality conditions (which are similar to [6] and [16]): 

\H{0\^ + \H{^ + 7 t )|2 = 1, a.e. ^ e K, (2.3) 

GiOHiO + G{^ + + 7t) = 0, a.e. ^ e R, (2.4) 

|G(0P + |G(^ + 7r)P = l, a.e.^eR, (2.5) 

where 

^ E ^ E 

nez nez 

the above are also called quaternion-valued low-pass filter and high-pass filter, 
respectively. 

In conventional MRA, the high-pass filter {gn} can be obtained simply from 
the low-pass filter [hn], the existence of correspondent high-pass filter needs to 
be proved, and it needs also to be designed after the low-pass filter in our case. 
Its existence can be proved by a similar argument for the case of a matrix- valued 
situation in [16]. By the existence of G{^), we obtain the existence of a quaternion- 
valued wavelet function. 

Proposition 2.4. Let if{x) be a quaternion-valued function, let its Fourier transform 
satisfy 
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where G{^) fulfills {2A)), (2.5). Then ^ 2} forms an orthonormal basis 

for Wo. 

Using the properties of the scaling function (f and the product of quaternions, 
we have the following proposition on the coefficients n G Z of the low-pass filter. 

Proposition 2.5. (a) ^ hn = V2 

n 

(b) 'y ^ /l72^n+2fe “ ^0,k’> fc G Z 

n 

(c) = 0 

n 

(d) V/i„ = 0, / = 0, 1, 2, . . . - 1 

n 

where p < [m/2] — 1, m is the length of the low-pass filter, and it is not to hard to 
see that (d) is equivalent to 

(e) = 0,k = 0,l,...,p-l. 

Remark, (a) and (b) imply that 

if) E'*2n = 5]/i2„+l = ^. 

Similar to classical wavelet theory, (e) can be explained as the vanishing moments 
of the scaling function and the wavelet function, which guarantees the smoothness 
of them. 

3. Construction of smooth symmetric orthogonal wavelets with 
short support 

In [8], the authors gave some design of wavelets by using the method given in [15], 
there the scaling function has no symmetry. In this section, by solving the system 
of equations, we construct some smooth orthogonal wavelets with short support 
and symmetry. 

To get such scaling functions, first we construct the corresponding low-pass 
filters. Denote 

^ 2N+1 N 2iV+l 

= E = E h2N+,-ke-^^^), (3.1) 

n=0 V ^ n-0 /c-N+1 

where h'^ = hn, n = 0, . . . , N; h'^ = h 2 N-\-i-n, n = A/' + 1, . . . , 2A^ + 1; while 
hn = hnQ + hniei + hn 20^2 + are quaternions, n = 0, . . . , N, N e Z. 

Now using Proposition 2.5 (adding proper vanishing moments) we solve the 
system of equations on {hn}n= 0 ' 

Design 1. Let N — 1, there are four coefficients satisfying the following equations: 
2(ho + hi) = 2(|/ioP + l^iP) — f? h()hi + hiho = 0, 
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i.e., 





ho + hi = — , 


(3.2) 




\hof + \hif = -, 


(3.3) 




hoohw + hoihn + /io2^i2 + /Jos^is = 0- 


(3.4) 


(3.2), (3.3) and (3.4) yield the following equation: 






^00 + ^01 + ^02 + ^03 — ^^00' 


(3.5) 


Thus we obtain 


hw — ~ ^00) hn = -hoi, 






h\2 = —hi2, hi3 = —ho3, 




which satisfies 


^01 + ^02 + ^03 = ~ 


(3.6) 



where hoo, hoi,ho 2 ^ hos are real- valued. So there are three free parameters. 

From (3.6), we know that /iqo ^ (0, and when hoo = fhe right 

side of (3.6) reaches its maximal value | and its minimal value 0, respectively. If 

/iQQ = the solutions of the above equations degenerate to the classical Haar 
low-pass filter. 



Remark. In this design, there are no solutions if we add vanishing moments. 

Design 2. When N = 2^ there are 6 coefficients. Using 2 vanishing moments (p=2), 
we have the following equations: 



2(/iq + /ii + /12) — \/2, 

2(|/ioP + \hi\^ + |/^2p) = I 7 

hoh2 + hih2 + ^2^1 + /i2^o — 0 ,i.e. i?e(/io/i2) -Re(/ii/i2) — 0 , 

5 /iq — Sh\ “h J12 — 0 . 

(3.7) and (3.10) yield 

hi 



-^ + ho, 



/I2 — n ~ 2/l0- 

O 

Substituting (3.11) and (3.12) into (3.8), we get 



5 1 

+ ^01 + ^02 + ^03 “ ^"^^00 = 



Now substituting (3.11) and (3.12) into (3.9), we obtain 



-h, 



00 



hm — hm — /ln.3 + + 



128 



(3.7) 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 



(3.14) 
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(3.13) and (3.14) yield 

/loo = (3-15) 

Substituting (3.15) into (3.13), we obtain 

^01 + ^02 + ^03 = 32 X 64 ‘ (3.16) 

So the solutions are as follows: 

hoo — ^01 ^02 “b ^03 ~ 32x64 ’ 

hio = ^11 — ^0l5 h\2 — /l02, /^13 = /^03? 

^20 = ^21 = “2/loi, /i22 = ~2 /Io25 /^23 = “ 2^03, 

where /iqi, /io 2 ? /^03 are real- valued. 

There are two free parameters in these solutions. 

If we set /iQi = /i '02 = /^ 03 ? the we can get one solution: 



t— ^ 

ol 


ol 


ol 


64 


■ 64 


64 




yio 


i/To 


- 64 


64 


CO 

o 




,\/io 


„\/io 


" 64 " 64 64 "" 



Design 3. When N = 3 ^ there are 8 coefficients. Using 3 vanishing moments (p=3), 
we solve the following equations: 

2(/iq + hi -f- /i2 “b h-3) = \/2, (3.17) 

2(|hop + |hip -h |/i2p + |h3p) = 1, (3.18) 

^0^2 + ^1^3 -h h2h^ + h^h2 + h^h\ -|- h2ho = 0, 

he., 

Re{hoh2) + Re{hihs) + Re{h2hs) = 0, (3.19) 

— 7/iq T 5hi — 3/i2 H“ h-3 = 0, (3.20) 

-343ho + 215hi - 117^2 + 37hs = 0. (3.21) 

(3.17) and (3.20) yield 



(3.20) and (3.21) yield 
By (3.22) and (3.23), we have 



2ho — hi + /i2 — — , 

14ho — 5hi h2 — 0. 



hi — — + 3/iq. 



(3.24) 
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Substituting (3.24) into (3.22), we have 



h 4-h 

h2- 32 +V 


(3.25) 


Substituting (3.24) and (3.25) into (3.20), we obtain 




h, = 32 51,„ 


(3.26) 


(3.24), (3.25) , (3.26), (3.18) yield 




,2 ..2 ,2 l2 42v/2 ^ 130 

+ /ioi + /*02 + Kz 32 X 18 - 322 ^ ig ■ 


(3.27) 


(3.24), (3.25) , (3.26), (3.19) yield 




.2 .2 .2 .2 15^2 , 120 

*00 *01 *02 '*03 + 32 x 19 *00 - 322 x 19- 


(3.28) 


By (3.27) and (3.28), we obtain 




155\/2 
32 x 528' 


(3.29) 


Substituting (3.29) into (3.27), we get 




,2 , ,2 , ,2 1583470 

*01 + *02 + *03 - 322 X 5282- 


(3.30) 



Thus by (3.24), (3.25), (3.26), (3.29) and (3.30), we obtain the solutions of 
the equations: 



hoo = 



155\/2 

32x528’ 



^01 + ^02 + ^n: 



02 



^03 



1583470 
32^x5282 ’ 



no 



^ + Shoo 



6372 

32x528’ 



hii = 3hoi, hi2 = 3/iq25 ^13 — Shos^ 



h20 



572 , L 



_ 2485 72 
32x528’ 



^21 = hoi, h22 = ho2, h23 — ho3, 



hso = — 5/loo = 32 x^ 5 ^ ’ ^21 = — 5hoi, /l 22 = ~ 5/1q2, ^23 — Sho3, 

where, hoi, ho 2 , ho 3 are real- valued. 

There are two free parameters in these solutions. 

If we set hoi — ho 2 = ho 3 > 0, the we get one solution: 

ho = -0.01297366845 -h 0.04299920158ei -f 0.04299920158e2 + 0.04299920158es, 



hi = 0.00527316846 + 0.12899760476ei + 0.12899760476e2 + 0.12899760476e3, 
h 2 = 0.20799720066 -h 0.04299920158ei -f 0.04299920158e2 + 0.04299920158e3, 



ho = 0.5068100805 - 0.21499600794ei - 0.21499600794e2 - 0.21499600794e3. 



Denote 



. 2iV+l 



(3.31) 
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and set 

G(0 = + 7t), (3.32) 

where H{^) is defined by (3.1). Then it can be written in the form 

1 2iV+l 
^ n=0 

Comparing with (3.31), we get 

Qn = (-l)^“"/l'2iV+l-n, n = 0, • ' ‘ , 2AT + 1, 

Therefore g„ = (-l)^“"h„, n = 0,- ■ ■ , N; g„ = (-l)^“"/i 2 Ar+i-„, n = N + 
!,■■■ ,2N + 1. 

If i7(0 is one of the above designs, we can prove by direct calculation that 
G{^) given by (3.32) satisfies (2.4) and (2.5). Therefore, by Proposition 2.4, we get 
three kinds of wavelets 'ip{x) = ^ gn^{2x — n). 

We say that there is also a cascade algorithm in our case. In order to get the 
cascade algorithm, first we prove the following theorem. 

Theorem 3.1. Suppose (j){x) G L^(R, if) with compact support in [— M, M], and 
satisfying J^(j){x)dx = 1. 

(1) If f is a continuous quaternion-valued function, then for all x G R, 

lim 2^ [ f{x + y)'^{2^y)dy = f{x). (3.33) 

3^00 

(2) If f is uniformly continuous, then (3.33) constitutes uniform convergence. 

(3) If f is Holder continuous with exponent a : 

\f{x)~ f{y)\ < C\x-y\^, 
then the convergence is exponentially fast in j : 

1 /( 2 ;) - 2 G f{x + y)^{2^y)dy\ < C2~^°‘. 

Jr 

Proof By the properties of (j), we have 

l/W - 2-^ /r f{x + y)^2^y)dy\ 

= | 2 ^ / r [/(^) - fix + y)m‘2^y)dy\ 

= I /r[/W - fix + 2-h)i^{z)dz\. 

Denote 

3 

E = ifi^i ~ fi^ + 2“^z)]^(2), 

r=0 

then by (1.1), we have 



\hr{z)\<4\f{x)- f{x + 2 ^z\\(l){z)\ 



(3.34) 
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thus _ 

\f{x) - 2 ^ /r f{^ + y)<l>{‘^^y)dy\ 

= \Jll=0 lR’T-r{z)dzer\ = (EI=o\ k^r{z)dz\^)^ 

< Hl=0 I Ir fir(z)dzl < ZLo Ir \ hr{z)\dz 

< 16 J^\f{x) - fix + 2-h)\\4>{z)\dz by (3.34) 

< 16 ||^||iSUp„< 2 -jM|/(a;) - fix + u)|. 

The theorem is proved. □ 





Using this theorem, (1.1) and the same technique as in [6], we can deduce 
our cascade algorithm, i.e., 

rjj+iix) = V2^hnVji2x - n), rjoix) = X[o,i]W> ‘fix) = hm^rjjix), 

n 

where hn are the quaternion- valued coefficients of the low-pass filter. Therefore 
the corresponding scaling functions can be obtained by this algorithm. 

As the quaternion-valued cascade algorithm is more complicated than the 
conventional one, it is difficult to draw the graphs of these scaling and wavelets 
functions. The above two graphs are the two scaling functions which are obtained 
from the conventional cascade algorithm by using the real part of coefficients in 
the above special low-pass filters {N = 2 and N = 3). We can get some idea about 
the smoothness of the scaling functions and wavelet functions we designed. 

Finally, by using the above quaternion- valued wavelets on L^(R, i7), we 
are going to construct the quaternion-valued wavelets of quaternion variable on 
H). For the quaternion variable xeo -h yei + ue 2 + there are one scaling 
function and 15 wavelet functions. Let — cj), = 'ip. For e G {0, 1}^, we define 

u) = {v) . 

Then there are a total of 16 functions supported on a cube, where the function 
^ 0 , 0 , 0,0 -g scaling function, the other 15 functions e G {0, 1}^\(0, 0, 0, 0) 
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are the wavelet functions. We can also select different scaling function and wavelet 
function for each component of the quaternion variable, we obtain the functions 
t?) supported on a rectangle. 
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